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The Application of Limit Analvsis to 
Punch-Indentation Problems 


By R. T. SHIELD? ann DRUCKER,’ PROVIDENCE, R 


Limit analysis is applied to obtain upper and lower 
bounds for the punch pressure in the indentation of the 
plane surface of an elastic-perfectly plastic material by a 
flat rigid punch. The two-dimensional flat punch and the 
three-dimensional flat square and rectangular punch 
problems are considered. The analysis assumes Tresca’s 
yield criterion of constant maximum shearing stress Fk, 
during plastic deformation. It is shown that the pres- 
sure required to produce indentation in the two-dimen- 
sional problem lies between 5k and (2 + r)k. The lower 
bound obtained for any rectangular punch is again 5k 
while the upper bound for a smooth punch lies between 
5.71k for a square and (2 + 7)*& for a very long rectangle. 
A value of 5.56k is found for a ratio of length to breadth of 
3. The limit pressure for a uniformly loaded area, as 
distinguished from an area loaded by a punch, is bracketed 
by 5k and (2 + ©)k when the area is convex. 


INTRODUCTION 


Hii plastic yielding of a semi-infinite body of perfectly 

plastic material due to indentation by a flat rigid punch 

under conditions of plane strain was first investigated by 
Prandtl] (1).4 An alternative solution was suggested by Hill (2). 
Both of these solutions involve a stress field together with an 
associated velocity field, and they indicate that there is a uniform 
pressure (2 + a )k over the area of indentation during the incipi- 
ent plastic flow. The solutions of Prandtl and Hill are incom- 
plete since it remains to be shown that the plastic stress field 
around the punch can be extended into the rigid region in a satis- 
factory manner. However, limit-design theorems (3, 4, 5) show 
that the value (2 + 7)k is an upper bound for the pressure exerted 
by the punch because the velocity fields associated with the 
Prandt! and Hill solutions are kinematically admissible. This 
bound applies to an elastie-perfectly plastic material (6). 

In the first part of the following work the limit-design theorems 
are applied to obtain the lower bound 5k for the pressure on the 
punch, The lower and upper bounds, 5£ and (2 + m)k, respee- 
tively, determine the pressure with sufficient accuracy for prac- 
tical purposes. 

Hencky (7) and Ishlinsky (8) have used a hypothesis of Haar 
and von Karman (9) to consider the problem of the indentation 

1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
N7onr-35801 with Brown University 

2 Research Associate in Applied Mathematics, Brown University. 

! Professor of Engineering, Brown University. Mem. ASME 

«Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presente1 at the National Conference of the 
chanics Division, Minneapolis, Minn., June 18-20, 
American Socrety OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
until January 11, 1954, for publication at a later date. Discussion 
received after the closing date will be returned. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division. August 8, 1952. Paper No, 53—APM-21 
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of a plane surface by a flat eireular punch, The authors caleu- 
lated the indentation pressure by obtaining a plastic stress field 
around the puneh, but it that the 
fields could be extended throughout the body in a satisfactory 


Also, it is unlikely that it is possible to associate ve- 


was not shown stress 


Thinner, 
locity fields with these stress fields Any such value obtained for 


is therefore not necessarily a lower 


the indentation 
bound for the pressure nor is it known when iteis an upper bound, 

In the last part of this work the problems of the indentation 
of a plane surface by a flat square punch and by a reetangular 
At the present stage of elastic-plastic 


pressure 


punch are considered, 
analysis the exaet solutions of these problems would be difficult 
if not impossible to obtain. Limit analysis is used in the paper 
to obtain upper and lower bounds for the indentation force, assum- 
ing Tresea’s vield condition of constant maximum shearing stress 


during plastic deformation. 


A general method has been developed recently for determining 
the point at which collapse will occur in assemblages of rigid and 
of elastic-perfeetly plastic bodies (5). The term collapse is used 
to deseribe conditions for which plastic flow would occur under 
constant loads if the accompanying change in the geometry of 
the body were disregarded. The limit-design theorems in the 
form required in the following work are outlined briefly here 

The boundary conditions are assumed to be of the stress type 
of the components 7, Ty, of the surface traction is 
given on the surface of the body except where the corresponding 
or the corresponding relative ve 


velocity component Py, OF 
locity component at an interface of an assemblage is preseribed 
to be zero. A stress field is ealled statically admissible if the 
stress field satisfies the equations of equilibrium throughout the 
volume V of the bodies, satisfies the stress boundary conditions, 
and if the stress field nowhere violates the vield condition. The 


equations of equilibrium are 


and two similar equations 

Stress fields which have surfaces of discontinuity are permis- 
On either side of such a surface the 
1}. Also, if'n,, n 


are the components of the unit normal to the surface of diseon- 


sible and are often useful 


stress Components must satisfy Nquation 


tinuity, then the expression 


sa 


and each of the two similar expressions, must have the same value 
whether it is evaluated from the stresses on one or the other side 
of the discontinuity surface. 

Strain rates can be derived from any given velocity field. 
Considering the strain rates as purely plastic strain rates, the 
internal rate of dissipation of energy can be caleulated, A 
velocity field is said to be kinematically admussible if the velocity 
components v,, ry, v, satisfy the incompressibility condition and 
any imposed velocity boundary condition, and if the rate at which 
the applied tractions do work on the velocities of their points of 


2 


oo, OT,, 
- 0 [1] 
or OV 
tA, + 7,4, + 
fs 
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application equals or is greater than the internal rate of dissipa- 
tion of energy. 

The following theorems have been formulated for the case of 
all surface tractions increasing in proportion: 

Theorem 1, Collapse will not occur until the largest values of 
the surface tractions are reached for which it is possible to find a 
statically admissible stress field. 

Theorem 2. Collapse will occur under the smallest values of 
the surface tractions for which it is possible to find a kinematically 
admissible velocity field. 

These two theorems provide a method for determining lower 
and upper bounds for the limiting values of the surface tractions. 

Tresea’s criterion of constant maximum shearing stress is used 
in the following work. In this case statically admissible stress 
fields must nowhere involve a shearing stress exceeding the value 
k. The maximum shearing stress is equal to one half the differ- 
ence between the maximum and minimum principal stresses. It 
follows that if the principal stresses 0,, 02, 0; are used as rectangu- 
lar Cartesian co-ordinates in a diagram representing states of 
stress, the states with the maximum shearing stress k ure repre- 
sented by the points on the surface of a right prism which has a 
regular hexagon for its cross section. The axis of the prism 
passes through the origin and is equally inclined to the o;, 2, 0% 
Fig. 1 shows a section through the prism by a plane per- 


f 


hia. Tresea’s Conprrion 


pendicular to the y-axis and at a distance os from the origin. It 
can be verified easily that points on the hexagon A-B-C-D-E-F 
represent states of stress with the maximum shearing stress /. 
The center G of the hexagon has the co-ordinates (a5, 03, 5). 

In deriving the limit design theorems in reference (5) it was 
assumed that the yield surface in the principal stress space had 
a unique normal at each point, Subsequent work (11) employed 
Tresea’s criterion which gives a surface which has sharp corners. 
This extension is permissible because the rate of dissipation of 
energy is uniquely determined by the plastic strain rate. 

According to Tresea’s criterion, plastic flow can occur under a 
constant state of stress which is represented by a point on 
the prism in the (a), 02, 03) diagram, for example, by a point on the 
hexagon in Fig. 1. Since the material is isotropic, the principal 
axes of the plastic strain rate must coincide with the principal axes 
of stress, and the principal components of the strain rate in 
the o;, 0», 03 directions will be denoted by €, €, €, respectively. 
It is convenient to represent the plastic strain rate by a ray with 
direction cosines proportional to €, in the (a), 02, dia- 
gram. The projection of this ray onto the plane of Fig. 1 is a 
ray with direction cosines proportional to €,, €. The third prin- 
cipal component €; can be found when €, € are known since the 
components satisfy the incompressibility condition 
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It follows that the projection of the ray representing the plastic 
strain rate onto the plane in Fig. 1 determines the plastie strain 
rate to within an arbitrary scalar factor 

Consider a point on the hexagon in Fig. 1) which 
The concept of perfect plasticity (10) 


does not 
coincide with a vertex. 
requires that the ray representing the plastic flow which would 
oceur under this state of stress is normal to the side of the hexag- 
The projection of the ray 
For a stress point 


onal prism on which the point lies. 
is normal to the side of the hexagon, Fig. 1. 
which coincides with a vertex, the ray representing the plastic 
strain rate is not determined uniquely. However, the ray must 
lie between the directions of the normals to the two sides of the 
hexagon which mect at the vertex. For example, at the vertex A 
the ray must lie in the angular space shown by the arrows in Fig. 
1, Although the correspondence between the plastic strain rate 
and the stress is not one to one, the internal rate of dissipation of 
energy is uniquely determined by the plastic strain rate. The 
rate of dissipation of energy is given by 


D = ae; + Ge, + [3] 


and in the following it will be shown that 

D = 2k max |€,..... 
where max € denotes the absolute value of the numerically 
largest principal component of the plastie strain rate. 

For a point on the side A-B of the hexagon, the normal to A-B 
is parallel to the oy-axis so that é& = 0. Hence = from 
the condition of incompressibility, Equation [2]. Equation [3] 
then shows that the rate of dissipation of energy is given by 

D= + = 
since a = 0; + 2k on A-B. Now max (€ = & in this case so 
that 2ké, can be written in the form of Equation [4]. If the stress 
point coincides with the vertex A, then a, = 0; + 2k, o, = o;.and 
therefore D = 2ké, on account of the incompressibility condition 
[2]. Since € is the absolutely largest principal com- 
ponent in this case, this again can be written in the form of lqua- 
tion [4]. 
holds at every stress point of the hexagon. 


In the same way it can be shown that I-quation [4] 
For the particular case of plane strain, é = —€ and e, = Oso 
that 


max € 


where Ymax is the maximum rate of (engineering) shear strain, 
Thus for plane strain 


D = kYmax... [5] 


Expression |4| for the rate of dissipation of energy was ob- 
tained previously by Hodge and Prager (11) for the special ease 
of plane stress, a; = 0. 

In view of Expression [4] it follows from the definition of a 
kinematically admissible velocity field that the velocity field 
v,,U,,0, must satisfy the inequality 


£ 


Ss(T, + Ty, + Ted > Sy 2k max dV... . (6) 
if it is kinematically admissible under the Tresea yield condition. 
The surface integration extends over the surface S which bounds 
the body or assemblage of bodies, and max |é! denotes the abso- 
lutely largest principal component of the derived plastic strain 


rate. Rigid bodies in the assemblage contribute nothing to the 
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right-hand side of Expression [6] since the strain rate is zero for 
arigid body. Also, any variation in the value of k from one body 
to another in the assemblage must be taken into account in the 
evaluation of the volume integral. A kinematically admissible 
velocity field may contain discontinuities in the tangential veloe- 
ity across fixed surfaces. This type of discontinuity is an ideali- 
zation of a continuous large variation in velocity across a thin 
transition layer. When surfaces of discontinuity are present, 
the expression 


S spk Av dS, 


must be added to the right-hand side of Expression [6]. In this 
expression Av is the magnitude of the relative change in velocity 
across the discontinuity surfaces Sp, and the expression repre- 
sents the rate at which energy is dissipated in the thin transition 
layers as the thicknesses of the layers approach zero. 


Srarevent or INDENTATION PROBLEM 


The problem under consideration is the indentation of the 


Riaip Punen on Plane Surrvace ovr Marentatr 


plane surface of a semi-infinite perfectly plastic 
material by a normally and centrally loaded 
flat rigid punch. It is assumed that the foree (a) 
on the punch is increased until penetration 
oceurs as a result of plastic flow in the material 
The punch and the semi-infinite body constitute 
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cally admissible. The foree 2? on the end of the punch is 
equal to the uniform pressure p between the punch and the 
material multiplied by the aren of contact 

The omission of shearing stresses over the area of indentation 
does not in itself require that the punch surface be smooth. If 
the kinematically admissible velocity fields which are used are 
such that slip occurs between the punch and the material, then 
the punch must be smooth. The bounds obtained later for the 
indentation foree in the two-dimensional punch problem apply to 
either a rough or a smooth punch. Tn the three-dimensional 
punch problems, the square and reetangular punches, the upper 
bounds obtained are applicable only toa smooth punch, although 
the lower bounds are applieable to either rough or smooth 
punches, 


Fuar Puneu 


As remarked previously, the Prandtl and Hill solutions of this 
problem provide an upper bound for the indentation foree, which 
is distributed uniformly over the area of indentation in each case 
Fig. 3 shows the cross section perpendicular to the 
plane surface of the material, A-B is the flat surface 
of the punch which is of infinite length in the direction 
perpendicular to the plane in Fig. 3. The incipient 
velocity field according to the Hill solution is shown im 
Pig. 36a). Plastic flow is confined to the region above 
the line of discontinuity D-F-G-C--AK-E. The stream- 
lines are parallel to this line and if the initial down- 
ward velocity of the punch is yr, the velocity has the 

With 
identical 


constant value 2» along each streamline 


Tresea’s criterion of yielding, which is 
with von Mises’ ertterion for plane strain, the velocity 
field Is kinemiatioally admissible if the assumed pressure 


on the punch equals or is greater than (2 4 mk. It 


an assemblage of bodies to which the limit-de- 
sign theorems of the previous section can be ap- 
plied. Fig. 2 shows a punch on the surface of 
the plastic material. The foree 
of the punch not in contact with the material 


on the end 


may be a concentrated force or may be distrib- 
uted in any manner over the end of the punch 
In determining statically admissible stress fields 
in the problems considered below, it will be as- 
sumed that the pressure between the punch and 
the material is normal to the plane surface and (b) 
distributed. 
unnecessarily restrictive but 


is uniformly These assumptions 
may be they do 
agree with the requirement that the resultant 
force over the free end of the punch be a normal D 


force passing through the centroid of the contact 
area which is the only restriction on the distri- 
bution of force on the free end of the punch — It 
always will be possible to find a stress field in 
the punch which satisfies the equations of equilib- 
rium and the boundary conditions, viz., uniform 
normal pressure over the contact area and a cer- 
tain distribution of traction over the free end 
Since the material of the punch is rigid, any Fic. 3 
equilibrium stress field in the punch will be stati- 


VELocITY 


Punen Accorping 


‘Two-Dimenstonat 
Puanvtt 
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follows from Theorem 2, stated earlier in the paper, that the col-The points labeled /:, Pu, Pus are the poles of the corresponding 
par i i 


lapse value of the average pressure is not greater than (2 + w)k. 
Since there is slip between the material and the punch, the 
punch must be frictionless, The Prandtl velocity field is shown 
in Fig. 3(b). The region A-B-G moves downward with the 
punch as a rigid body and the lines A-G, B-G, and D-F-G-K-E 
are lines of discontinuity in the velocity field. The streamlines 
in the regions A-D-F-G, B-E-K-G are parallel to the lines G-F-D 
and G-K-E, respectively, and the velocity has the constant value 
2 along each streamline. As in the Hill solution, the veloe- 
ity field provides the upper bound (2 + w)k for the average in- 
dentation pressure 
material and the punch, which can be considered rough, and 
therefore the upper bound is applicable to either a smooth or 
a rough punch. 

To obtain a lower bound for the average indentation pressure 
we first use a particular case of the discontinuous stress pattern 
obtained by Winzer and Carrier’ (12). The pattern is a statically 
admissible stress field for the loading of a truncated wedge, and 
Fig. 4(a) shows the stress system when the angle of the wedge is 
taken to be 60 deg. The Mohr’s circles for the regions marked 
I, in Fig. 4a) are shown in Fig. This stress system 
at once gives the value 3k as a lower bound for the average in- 
dentation pressure for the flat-punch problem, if A-B is taken to 
be the surface of the punch indenting the material below the line 
G-H. The region vertically below D-F is then in a state of 
uniaxial compression which does not violate the yield condition, 


In this ease there is no slip between the 


* A more recent discussion of this stress pattern has been given by 
Prager and Hodge (13). 


Stress ror Loapep 


Webpage 


STATICALLY 


I_ 


Via. System or Mour's ror bia. 4(a) 


bia. Sia) 


Mohr’s circles. Line is parallel to F-B in Fig. and 
PuPutis parallel to 

More generally when the angle of the wedge is 2a, the pressure 
on A-B has the value 2k(1 + sin @). To improve the lower 
bound a vertical compression of amount Q is superimposed in the 
region vertically below A-B, increasing the pressure on A-B to 
2k(1 + sin a) + Q, and a horizontal compression of amount Q 
is superimposed throughout the material, Q and @ must be 
chosen so that the yield condition is nowhere violated in the re- 
sulting stress field. Q must not be greater than 2k in order that the 
vield condition be not violated in the previously unstressed region 
The region vertically below A-B is subjected to an additional 
hydrostatic pressure Q which does not affect the yield condition 
there, Sinee Q S 2k, it is found that the critical region which 
decides which values of Q and @ are permissible, is that part of 
region Il which is not vertically below A-B. The values which 
give a maximum value of 5k for the pressure on A-B are Q@ = 2h 
and a@ = 30deg. The value 5k is therefore a lower bound for the 
average indentation pressure and the corresponding statically 
admissible stress field is shown in Fig. 5(a). In order to show the 
effeet of adding the compressive stress 2k in the eritical region, 
the Mohr’s circles for region II in Fig. 4(a) and for region d in 
Fig. 5(a) are shown in Fig. 5(b). The stress point L gives the 
stress acting on a horizontal-line element of regions IT and d, 
while the stress points VW, N give the stress acting on a vertical 
line element in regions IL and d, respectively. 


wave 


60° 60° 


Monr’'s Ciretes ror Reaion IL Fie. 4(a) anp Recion 
din Fie. 5(a) 


Pig. 5(b) 
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SQUARE AND RECTANGULAR PUNCHES 


In this section, upper and lower bounds are obtained for the 
vllapse pressures in the indentation of a plane surface by a flat 
square punch and by a flat rectangular punch, using Tresea’s 
eriterion of yielding 

Considering first the lower bound, a modification of the stress 
held in Fig 
By drawing two lines through / 
stress field in Fig. 6 is obtained 


4(a) is useful for extension into three dimensions 
‘ parallel to A-D and B-E the 

The pressure on A-B is sup- 
ported by uniaxial compression of amount 2k in the two “legs” of 
material, A-F-J-D and B-F-AK-E, which extend to infinity, and 
the rest of the material is stress-free. (The addition of a hori- 


zontal compression 2k and a vertical compression 2k inthe region 
vertically below A-B gives an alternative stress field for the lower 


hound 5k of the plane-strain problem 

The corresponding three-dimensional stress field for the rec 
tangular punch is shown in Fig. 7. L-M-N-O is the reetangu- 
lar area of indentation in the plane surface of the material, L-O 
and M-N being the longer sides of the rectangle. The triangular 
region A-B-F in Fig. 6 becomes the volume L-M-N-O-N-Y. The 
line X-¥ is parallel to the longer sides of the rectangle, and the 
two triangular faces and the two trapezoidal faces of the volume 
ire all inclined at an angle of 60 deg to the plane of the rectangle. 
The pressure 3k on the rectangular area is supported by uniaxial 
compression of amount 2k in the four prisms, two triangular and 
two trapezoidal, extending from the inclined faces of the volume 
L-M-N-O-X-Y. For clarity, only two of the prisms are shown 
in the diagram, The axes of the prisms are inclined at an angle 
of 60 deg to the plane of the rectangle. Fig. 6 is then the vertical 
cross section through the mid-points of the longer sides of the 
rectangle 

By superimposing an all-around horizontal compression 2k 
throughout the material and a vertical compression 2k in the region 
vertically below the rectangle L--N-0, the pressure on the ree- 
tangle is increased to the value 54. Also, it can easily be verified 
that Tresca’s criterion is nowhere violated in the resulting stress 
field so that the field is statically admissible. Tlence, by Theorem 
1, 5k is a lower bound for the collapse value of the average 
punch pressure. 

The lower bound 5k for the reetangular punch is obvi- 
ously applicable to a square punch as a special ease. For 
Yin Fig. 7 coineide with 
can be 


the square punch, the points Y, 
the point F. In facet, the stress field in Fig. 7 
modified so that it applies to any area of contact which 
is convex, and the value 5k is then a lower bound for any 
convex area of indentation 

The velocity condition on kineniatically admissible ve- 
locity fields for this problem is that the area of indentation 
move as a plane Suriace because the h is rigid 
When a velocity field which satosties this condition 
ound, the 


“body. 
and the incompressibility. condition has been 
lowest value of the average pressure over the punch which 
will make the field 
bound for the collapse pressure, 


kinematically admussible is an upper 
\ simple discontinuous 
velocity field for the square punch is shown diagrammati- 
eally in Fig. 8 L-M-N-O is the square arca of indenia- 
tion on the plane surface of the material, and the ini- 
The 


ais accommodated 


tial downward velocity of this area is taken to be? 
downward movement of the square ar 


by movement of the material as indicated in Fig. S(a In 
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three dimensions of a simple modification of the two-dimen 
sional velocity field in 3(a). The angles B-E-AK and 
B-C-1, which are denoted by @ and B, are as yet unspecified 
Since the movement is symmetrical about X-Y, it is only neces 
sary to consider the movement on the right-hand side of Fig 
Sia The three triangular prisms of material move as rigid 
bodies in the directions parallel to C-/, I-K, and A-k. The 
internal dissipation of energy is due to the discontinuity sur 
fuces between the material at rest and the material in motion 
and the two discontinuity surfaces where the pristis have a com 
mon surface. Since the material must remain in contact with the 
punch, the prism in contact with the punch must move with 
the velocity 1 The velocity of the prism whose cross 
section is B-J-A is determined by the condition that the relative 
velocity between this prism and the prism in contact with the 
The velocity of the third 


cosee 2. 


punch must have the direction /-B 
prism is determined in a similar manner 

It is a simple matter to caleulate the areas of the surfaces of 
discontinuity. The rate of dissipation of energy is then found 
hy multiplving the area of cach discontinuity surface by & times 


of Stress in bia, 


Fig. S(4) is shown the plan and section in Fig. S(a@), and it 


ean be seen that this velocity field is an extension® inte 
* The analogous extension of the Prandtl velocity field ir 

big. 3(4) into three dimensions gives upper hounds which are 

higher than those obtained by extending the Hill solution 
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x 
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big, 8(b) 


the discontinuity in velocity across the surface and summing over 
all the surfaces. It is found, after some simplification, that the 
rate at which work is done by the applied tractions, i.e., the force 
on the punch, will not be less than the internal rate of dissipation 
of energy if the average pressure on the punch is not Jess than 


k 
S (a, B) = 4 {sec B 4+ 8 cosee 2a + 8 cosec 28 + 4 cota 


+ 4cot B + tan (cot 4+ cosee + 1] 


By Theorem 2, f(a, 3) is an upper bound for the collapse value of 
the average indentation pressure. The function has a minimum 
value near the point a = 57 deg, 8 = 48 deg, where it has 
the value 6.89k, so that 6.89% is an upper bound for the collapse 
pressure, 

A better upper bound is obtained as follows: In Pig. 0 L-A/- 
N-O is the square area of indentation which moves downward 
with initial velocity ». The square is divided into four equal tri- 
angles by the diagonals L-N, M-O. ‘Taking a typical triangle 
C-M-N, the downward movement of the triangle is accommodated 
by flow in the volume C-D-EH-F-M-N. D-C-M-N and E-F-M-N 
are tetrahedra, the points D, FE being vertically below the line 
C-F, M-B-D-E and N-B-D-E are two similar sections of right 
circular cones, the axes of which lie on M-N. Fig. 9(b) shows the 
plan and the vertical section through C-F. Vertical sections by 
planes parallel to C-F through the volume C-D-E-F-M-N are 
similar in shape to the section shown in Fig. 9(b) but are of vary- 
ing size. The streamlines of the flow are parallel to the line 


''2v 
Vertical Section 
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C-D-E-F and, if the angle B-C-D is denoted by B, the velocity 
along each streamline has the constant value v cosec 8. The 
downward movement of the other three triangles is accommo- 
dated in the same way, the remainder of the material being at rest. 

Energy is dissipated in the discontinuity surface between the 
material at rest and the material moving in the volume C-D-E- 
F-M-N, and also in the conical regions M-B-D-E and N-B-D-E 
where the plastic strain rate is nonzero. The rate of dissipation 
of energy due to the discontinuity surface is equal to the area of 
the surface multiplied by kv cosee 3, since the change in velocity 
across the surface has the constant value v cosec 8. The flow in 
the conical regions is a plane-strain motion so that Expression [5] 
can be used to calculate the rate of dissipation of energy per unit 
volume, The total rate of dissipation of energy in this region 
can be found by calculating the rate of dissipation in a vertical 
cross section parallel to C-F and integrating in the direction M-N 
When these calculations have been carried out, it is found that 
the velocity field will be kinematically admissible if the average 
pressure on the square is not less than the value 


y(a,B) =kla + B 4 Vi + sin? B(a+ + cota + cot 
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where @ is the angle B-F-k. Term g(a, 8) is therefore an upper 
bound for the collapse value of the pressure, by Theorem 2. The 
function has the minimum value 5.80k when @ and 8 are approxi- 
mately 47 deg and 34 deg, respectively. 

The velocity field which will be discussed now provides an 
upper bound for the collapse pressure in the rectangular punch 
problem and also gives a better upper bound for the square 
punch than those obtained in the foregoing. In Fig. 10 L-M-N-O 
is the rectangular area of indentation on the plane surface of the 
material. The lengths of L-O and L-M are denoted by 2a and 
2h, respectively, a being greater than or equaltob. The velocity 
field has two planes of symmetry which are the vertical planes 
through the mid-points of opposite sides of the rectangle, and it 
is only necessary to consider the part of the velocity field which 
accommodates the downward velocity v of the area M-B-C-X. 
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The plan in Fig. 10(a) and the vertical sections through C-X 
and C-F are shown in Fig. 10(4). The point P is chosen on C-X 
ata distance ¢(c <a)from the point X, For brevity the volumes 
M-P-Q-R-S-X and M-P-C-B-E-I-K-7-U-W will be ealled the 
volumes | and 2, respectively. In volume 1 the streamlines of 
the flow are parallel to the line ?-Q-R-S and the velocity on each 
streamline has the constant value v cosee 0), where §, is the angle 
X-P-Q. In volume 2 the streamlines are parallel to the line 
C-I1-K-E and the velocity is » cosee B., where B, is the angle 
B-C-]. Energy is dissipated in the discontinuity surfaces be- 
tween the material at rest and the material flowing in the volumes 
land2. Energy is also dissipated in the conical region M-Q-R-X 
of volume 1 and in the conical and eylindrical regions M-7-U-V 
and T-U-V-B-1-K of volume 2. In these regions the flow is a 
plane-strain motion and the rate of dissipation of energy can be 
calculated as in the velocity field in Fig. 0. The total rate of dis- 
sipation of energy is obtained by adding the rate of dissipation of 
energy due to the discontinuity surfaces. 

It is found that the velocity field will be kinematically admis- 
sible if the average pressure on the rectangle is not less than 4 
times the expression 


cot + 
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le c* 
a + sin? (a, + By + cot ay 4 cot 
a 42 
+ sin? (at + By + cot ay + cot 


Slay + By 2 cot a, 2 cot | [8] 


where a,, are the angles, R-S-N, B-E-K, respectively. By 
Theorem 2, k times Expression [8] is an upper bound for the col- 
The substitu- 


17 °4' 


lapse value of the average indentation pressure 
tion of the values ¢ b/V 2, ay ih°17', B, 
3, = 34° in the expression gives the upper bound 


b 
5.24 + 0.17 [9] 
a 


a, Expression [9] gives the value 


39°, a 


Thus for a square, for which } 
5.71k, which is a better upper bound for the square punch than 
those obtained previously 0.553, 
a better upper bound than Expression [9] is obtained by putting 
Vv 2, a, 14°17", 39°, Ate 
togive 


For rectangles for which b/a « 


cal = 45° in Pquation 


| 
459 
. FR 
\ 
Y N 8 E 
a Vertical section through CB 
R | x 
~F 
Plan 
| 


JOURNAL OF 


b 
+ 0.66 10 
a 


5.14 


This expression tends to the value 5.14k for rectangles whose 
length is great compared with their breadth, in agreement with 
the upper bound for the two-dimensional flat punch. 

The same value of (2 + m)k is an upper bound for any uni- 
formly loaded area as distinguished from an area loaded by a 


punch. This follows direetly from the fact that kinematically 
admissible velocity fields for this problem are not restricted by 
the condition that the loaded area move as a plane surface 
Therefore the region immediately adjacent to the boundary of 
the area of contact can escape outward in a manner essentially 
that of the plane-strain motion as shown in the right half of Fig 
3(a). Point Bis then a point on the boundary; B-C lies in the 
interior; B-# is exterior, The value of (2 4. wk is obtained by 
letting B-C approach zero. 
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Flexural deflections of several plates and beams under 
an unknown transverse, concentrated, time-dependent 
forceare solved for various edge conditions. The considera- 
tion of displacements and the use of Hertz’s law of im- 
pact at the point of contact lead to a nonlinear integral 
equation for the contact force in all cases of transverse im- 
pact. Two methods are introduced to treat this equation: 
‘a) Generalized Galerkin method; (6) collocation method. 
Method (qa) is the generalization of the well-known Galer- 
kin method which is suitable for the problems in which 
part of the boundary is unknown in advance, while certain 
conditions are given there. The method is applicable to 
a very large class of differential and integral equations. 
The collocation method leads to a quick, reasonable, ap- 
Various auxiliary curves in both cases 
Examples are worked 
Deflections 


proximate solution. 
reduce the solution to a routine. 
out and plotted for various beams and plates. 
are plot ted. 


INTRODUCTION 


4 I SHE problem of central impact of a sphere on a simply sup- 
ported beam has been formulated and solved, first by 
Timoshenko (2, 3). He obtained a nonlinear integral 

equation for the contact foree and solved it by stepwise numerical 

integration procedure. Various other authors (4, 5, 6, 7, 8) have 
devised approximate methods to solve Timoshenko’s integral 
equation. A criticism of these methods is given by Lee (5) and 

Hoppmann (7) and the present author (9). 

The impact problem involving beams with different types of 
<upport conditions and plates with different shapes and noncentral 
impact problems are as yet untouched, except for the paper by 
KX. Karas (10). He treats the problem of central impact on 
simply supported rectangular plates using the method given by 
Lennertz (4) and the step-by-step integration method. Again, 
the Lennertz method is found to be unsatisfactory. 

Application of the energy method devised by Zener and Fesh- 
bach (6), and applied by Lee (5) and Hoppmann (7, 8) to beam 
problems gives very satisfactory results. Tlowever, appiication 
of this method to plate problems is rather lengthy and leads to a 
considerable inaccuracy in contact time and foree since neither 
is determined from the integral equation. 

In the present paper the problem of nonecentral impact on 
beams and plates having general edge conditions is formulated in 

‘ The results were obtained in the course of research conducted 
inder Contract N7onr-32909, sponsored by the Office of Naval Re- 
search, United States Department of the Navy (1).4 Presented at 
Phe Fighth Theoretical and Applied 
Mechanics, Turkey, August ZO 2S, 
1952. 
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Transverse Impact on Beams and Plates 


By A.C. ERINGEN,? LAFAYETTE, IND. 


such a way as to unify the transverse-impact problems. An in- 
tegral equation is obtained which is valid for all impact problems 
Two general methods are then introduced to solve the integral 
equation of the impact: (a) generalized Galerkin method; (6) 
collocation method.+ 

These methods are applied to various beam and plate prob- 
lems for the purpose of comparison and for obtaining an idea 
about reliability of the methods 

A few auxiliary curves are drawn to shorten the computation 
Moreover, equations of these curves are given for all plate and 
beam problems in « standard form, Consequently, to solve plate 
and beam problems involving new types of boundaries these 
curves can be drawn once and for all, reducing the problem of im- 
pact to a routine. Deflections also are given for the examples 
worked out in this paper, 


FORMULATION OF THE PROBLEM 


A beam or a plate is struck transversely by a mass m having a 
spherical surface at the point of contact, and striking velocity 
vo, Fig. 1. 

The problem is to determine the contaet force F(t), deflection 
w(x, t), and the flexural stresses 

Deflection and the stresses are funetionals of the contaet force 
F(t). Consequently, F(t) must be determined first 

The formulation of this problem can be effected only under 
namely, (a) all assumptions of the classical 
(b) the Hertz law of 
The last assumption states that 


azkF 


certain assumptions; 
theory of plates or beams are applicable; 
impact is valid (11 
1} 
where @ is the relative approach of striking bodies and & is the 
Hertz constant (12, 13, 14 The relative approach is the dif 


Pig. Skeren or Displacements 
ference between displ wements ot the pl ite and the stoking 
measured from the instant of initial eontaet, Fig. 1 Hence 
w w 2) 


shere wis the displicement of the sphere ander the action of the 
force F(t) and 


tact. Here w, is gi 


is the de {le etion of the pl ite at the pout of con 


ent 


‘I he defles tion of the beam or thy plate is in turn obtained ly 


solving the following differential equation 


‘hor other met |. see reference (9), 
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D = Eh®/121 A 
Here FE is Young's modulus, h is the thickness, p is the weight 
density per unit area, g is the acceleration due to gravity, q is the 
load per unit area. HMquation [4] reduces to beam equation if one 
takes 7 for D and y = 0/oy = 0. In this case, p and g must be 
interpreted as the weight density and the load per unit length. 
In the following analysis beam and plate problems are inter- 
preted as one. The difference is in the additional dimension y 
and the interpretation of D and p which can be adjusted easily to 
unify the method of solution. The resulting forniulas, however, 
will be given separately for beams and plates. 

The concentrated load F(t) is obtained as a limiting process of 
a uniformly distributed load q over a small area e? having the 
shape of the plate boundary. In beams, q is distributed uniformly 
over a range e. Thus, by letting q — © while e — 0, the con- 
tact force F(t) is obtained 


F(t) = lim f (6) 
e (A) 


Hence Equations [4] with q subject to [6] must be solved under 
appropriate initial and boundary conditions to obtain uy. Onee 
this is done, the foree F(t) ean then be evaluated by solving the 
integral equation obtained by combining Equations [1] to [3], 


namely 


t 
6) = f (t rT) dr Wo \7 
m 0 


PLexuraL Deriecrion 


Deflection w of a plate or a beam is uniquely determined when 
Kquation [4] is solved under appropriate initial and boundary 


conditions. Initial conditions are 


wir, = 0 4,0) = 0 IS | 


where the dot represents differentiation with respect to time. 
Boundary conditions used in practice have great variety. These 
conditions consist of specifying any two of the following four 
quantities or their linear combinations on the boundary: Given 


w, Ow/dn, M,, 


Here n represents the external normal to the boundary eurve and 
V7, is the bending moment and V, is the transverse shear result- 
ant which is represented by the Kirchhoff condition in classical 
plate theory. 

In what follows first a general solution of Mquation [4] is found 
which satisfies initial conditions, Mquations [8], and some arbi- 
trary boundary conditions. 


Dirac-delta function 6(2- — x9) is defined by 


} for = 2% 
0 for x 


/ ro) OC uo) dA 
(A) 


where the double integral in Equation [10] is taken over the whole 


and 


{10} 


area A of the plate 

Let the time-dependent concentrated load F(t) be applied to 
the point with co-ordinate (2%, yo). Differential Equation [4] 
ean be written in a convenient form by using Equations [6] and 
(10) 
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+ (p, = Lo) iy yo) F(0)... [il] 


The solution of this equation is a linear, homogeneous functional 
of F(t). Thus 


t 
w(x, y, t) = G(r, y, t tT) F(r) dr 


Substitution of Equation [12] into Equations [11] and [8] gives 
{13] 
{14} 


+ (p/g)G = 0 
G(r, y, O) = 0, (p/g G(r, y, O) = d(x — x9) — yw) 


The general solution of Equation [13] satisfying the first initial 
condition given by the first of Equations [14] and all bound- 
ary conditions is 


> Onn Inn (1, sin a@,,, (m,n 


min 


where a,,, are arbitrary, and g,,, are free of arbitrary constants 
and satisfy all boundary conditions and the differential equation 


— Gan. = 0 


Pan’ = P D (17] 


Functions g,,, are the eigenfunctions. Quantities p,,, are the 
eigenvalues and are determined from a frequency equation which 
will be known when the boundary conditions are given explicitly. 
Term a,,, must now be determined from the second of Equations 


[14] 


(P/Q W) = Ox — ry) (18 | 


mn 


When eigentunetions are not orthogonal this represents a difli- 
eult problem and there is no universal method of determining 
Ono In many esses it is possible to use the method used for 
orthogonal eigenfunctions except that the Series [15] must be 
employed to sum the resulting series. In many important prac- 
tical problems the eigenfunctions are orthogonal 
On, Can be determined simply by multiplying Equation [18] by 


g., and integrating over the total area of the plate and consider- 


Consequently 


ing the condition of orthogonality 


Hence 


Consequently 


> (1/bmn) Grn (Lo, Yo) (2, Y) 


mon 


wir, 


t 
(1/a,,,,) F(r) sin a,,, (t {21] 
0 


The deflection at the point of contact is therefore found to be 
t . 
(2/M) (1/a,,,) sin a,,, (t dr. [22] 
mon 
Can Wo’ A/2h 23] 


mn mn 


where A is the total area in case of plates and total length in case 
of beams, and .V is the total mass. 

When the free-vibration problems of beams or plates are solved 
the eigenfunctions g,,, and eigenvalues p,,, (consequently a,,,) 
will be known. Thus the determination of 6,,, from Equation 
{19} and ¢,,,. from Equation [23] presents no difficulty. 
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A few practical examples for beams and plates will be given. 
In all examples eigenfunctions are represented by g, or g.,, and 
the frequeney equation is marked by (FE). Symbols n and m 
represent positive mtegers. 

Kigenfunctions and eigenvalues of the following 
calculated by 


(a) Beams. 
examples are known (15). Thus 6, and c¢, are 
using Equations [19] and [23], since in all these cases the eigen- 


functions are orthogonal. The origin is at one end of the beam 


Simply Supported Beams 


= sinnwr/L, a, El/p (FE) 


[24] 


b, = L/2, = sin? nwro/L 


Beams Having Both Ends Clamped 


sinh Pal L sin p.(2r / 
/ 
sinh Pal. sin) Pull 
rl 
cos p, L sech p, (FE) [25 
p,»l + sinh p, L + sin p, ‘| 
Po eosh L 1 cos p,L 
Cantilerer Beams ¢ lam ped at r=) 
cosh Pp, COs Pp, 
cosh L + cos Po L 
sinh p, 4 Sin py, 2 
sinh p, Lo + sin p, 
os p i. sech Pa L (FE) 4 
4 eosh p COs p, L 
COs cosh pL 
sin p,L + sinh pb 


Beams Pinned ata Ound Clamped ats L 


sinh p, sin 
sinh p, sin p, L 


tanh > (27 


tan p,L 


sinh p, 


Kigenfunetions and eigenvalues of the 
Equations [19] and [23] 
give b, and ¢,, respectively, since in both of these eases eigen- 
The origin is taken at the center of the 


Plates 


following examples are known (15). 


(b) Circular 


functions are orthogonal 


The outer radius is a. Polar co-ordinates r and @ are 


plate. 
used. 


Simply Supported Circular Plate 


B= 


where J, and /, are the Bessel functions of the first kind with real 


2s 
and imaginary arguments 


1 


v 


(Pm) 


(Pw) 


Here v is the Poisson's ratio. 
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(c) Rectangular Plates Por rectangular plates a quick method 
stuikur to the one used for beams can be used to obtain boundary 
conditions which will produce orthogonal eigentunetions 


The tollowing is constructed from Equation [16 


. 


sa 
Jo 
Integration by part of the left side of this equation lends to 
(Pmn' Prat dy = 
Jv So 0 
Ou vr or out Or 
a 
dy | 


OV r “ 


and a similar equation for y Oand 6b which may be obtained by 


interchanging r with » The bracket on the right side of Iequa 
tion [35] is zero for two types of practical boundaries, namely 
simple support and clamped edge. Consequently, these two 
types of support conditions in any order lead to normal modes 
Many other conditions can be obtained by making the bracket on 
the right side of Mquation [35] zero, with the proper choice of g 
and its derivativ Ss The following two examples are most prac 
tieal: 

Rectangular Plat 
pendicular sides with lengths a and 6 are taken as the co-ordinate 


Senply Supported at All Edges: Two per 


origin being at corner 


gl 
Gantt, ¥ siti sit te 
a p 
mma)? + (nw/b)*|, b 46} 


Rectangular Plate Simply Supported Along x = 0, a; Clamped 


Along 0, 


Jinn 


cosh COs By B (sin By 


ay) 
sinh ay 

sinh ab) 


[$7 | 


B cosh al 


cos Bb) [sin ph 


tls 
Pant + = [p,,,? 


463 
L 
. 
Cu sm 
. 
2P 
> 


44 JOURNAL OF APPLIED MECHANICS 


(cos Bh cosh ah)? 4 (in Bh 


sinh a) 


(.in Bb 4 sinh a) = O(FE) 


ta 


B sinh a) 
x 


) sinh ah sin Bh 2 B cosh ab cos | 


ar 


( 
ah eos ab 


“ 


= Jinn ty, lab/2h,,, 


mn 


Turk Equation 


In the previous section it is shown that in all impaet probleme 
the flexural deflection at the point of contaet is given by Equation 
22]. The integral Equation [7] of impact can be written in a 
common nondimensional form as 


Lif) aftr) Kor wi fluidy = 0 
0 


Ty FCT /mry, 


Winn = Amy 


where 7 may be chosen in a suitable manner. Tere ¢,. and 
wa, are given by the solution of the flexure problen, 


Another form of Equation [40], whieh will be used later, ts 


r 
r+ Ply) dy =, dr) = 


GENERALIZED GALERKIN: Meritop 


In aecordance with the fundamental lemma of the caleulus of 
variations (16), in order that the integral / 


/ as... 


be zero for every permissible variation of an arbitrary funetion 
Wir), the operator L, applied to funetion flr), must be zero 
Theorem: Tet 


f(r) = As, it 
where a, are unknown parameters and f(r, ay, a... lias 


Of Oa, be linearly independent func 
Let a, be determined frome infinitely 


known form. Let alse f, 
tions and f, be complete 


many equations 


f L rr, ay, Qs, 


Then it will be proved that f(r, ay, a2, 


f, da = 5! 


) determined this way 


is a solution of the equation 


Lif) = 0 46! 
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Multiply Equations [45] by arbitrary constants 4, and 
Hence 


Proof: 
sum up with respect to ¢. 


L a, a@2,... )] > a1, a2, ... 


Here f, are linearly independent and complete. Hence > h fr, 


a, @,... )is the expansion of an arbitrary function Equa- 
tion [47| is thus identical to Equation [43]. Thus fir, a). 
a,...) by the fundamental lemma of the ealeulus of variations, 
satisfies Equation [46]. This completes the proof. 

In practice it is pot easy to solve such an infinite system of non- 
linear equations represented by Equations [45]. Thus approxi- 
mation may be made by choosing only a finite number of param- 
eters. Hence, in application of the generalized Galerkin method, 
Equation [40] is not satisfied exactly but an approximate f is 
used and chosen so as to make the error L(f) as small as possible 
in au average sense, over the interval of interest. This average 
takes the form of certain integrals which are minimized. 

The present method contains the well-known Galerkin method. 
This can be proved by letting a2, ... ) be linear in a,; 


that is, f(y = »¥ afc), which is the known form used in the 
classical Galerkin method 


APPROXIMATE SoLtutions OF Impact PROBLEM BY GENERALIZED 


Let Lf) be given by Equation [40]. 
Various functions of the following type are suitable to use as 


(a) f=a,sinaw, (h) f = a, sin aw 


F N-1 
(c) f = a, sin (dif = > a, sin ays 


Hence Equations [45 take the form 


> 
Lif) (of/oa,) dr = 0, 


10) a 
asindat 


g Fit) grams 


t.10* sec. 14 


2 16 
Beam No. } 


bic. 2) Gexer tizep Garerkin Meruop 


In all examples worked out, very good approximations are ob- 


tained Cases (hb) and ( give better result than ease (a see 


Por boundary-value problems, Euler's equation of the caleulus 
of variations leads to additional terms on ¢ onthe right side of Equa- 
tion {45}. Either these additional conditions on ¥ or the boundary 
conditions on f must be satisfied at the boundary. Another alterna- 
tive is to satisfy the conditions on ¥, on one part of the boundary, and 
the conditions on f, on the remaining part of the boundary. In the 
present problem these conditions are ¥ = O or L(f) = O at either end 
of the contact interval of which the latter is satisfied everywhere; 
hence we need not worry about the end conditions. 
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> ay is chosen as a of case (a 


Figs. 2, 3, and 4 
since a, of case (a) is found to be nearly equal to exact value. 
Explicit forms of Equations [48] will be given for cases (a 


(hb) and (2). Computations are earried out for cases (a), (ce), and 
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where 


3) 1.68247 
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d’ = (14 


For V in the following, 


which are obt rined by sing 


1, n, have the explicit forms given 


1.682621 4+ (3A 
= 1.228724 (2A, A, 
= O.152067 25714 
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a p and 6 a plotted in tor central 
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With the help of these curves, Equations (14) or (1e 


Versus 


ean be 


solved fora, and ay quiekty 
Which make 


ersus A 


Similar curves may be made for a, and 
the computation time very short 


If the contact time (mm is chosen bey an approximate method 
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Collocation (a) \\" 
Karas 


[eire ular Plate 


Curves FoR Metuop ror Beams 
PLATES 


Collocation (c) 
Collocation (a) 
G. Galerkin (a) 


hig. 7) Born ror Plare, 
hic. 9 Curves CoLttocatton Meruop ror 


as suggested by Zener and Feshbach and le. HE. Lee, then only the Piates 


first of quations [49] or [50] must be used to determine a, which 
cuts down the computation to a few minutes. Determination where A® is the unknown maximum amplitude. Equation [40] 
of ae is faster if one uses an iteration, namely: take 0 in must be satisfied at 4 r 2. Also df obtained from 
Iequation [49a]... and solve for ae using the curves for w) as" tion [40] must be zero at this point. This leads to two equations 
obtain functions 6 and ay, then using [49a] obtain ag! and = to evaluate A and vo, namely 
sa onl, 
Two simply supported beams and three simply supported 
plates under central impact have been worked out (Figs. 2, 3, 
1,6, and 7). Comparison between the present method and the 
reliable step-by-step method of integration used by 8. Timoshenko 
is excellent. The shape function (a) gives almost zero error in | where 
contuet time while maximum force has an error of 10 to 12 per cent. 
Shape funetion (¢) almost coincides with the exact force curve. 
Shape funetion (2) leads to a very reliable result. However, it 
is tedious and should be used as soon as contact time a /as is de- 
termined by use of one of the other methods, say, Case (a). It Equations [57] alo are valid if one uses Equation [42 
ix believed, however, that in most engineering problems it. is 
suflicient to use one of the shapes (a), (b), (ce). The results for 
case with dare also plotted in these figures dr) = At¥(xr), ¥(O) = 0. ¥(xr,/2) 


This method consists of satisfving the integral kequation [40] dy 

or [42] at various characteristic points. Ina contact-force curve 

the important points are origin, the point of maximum of contact Hence, if shape funetions V(r) or Vr), having the conditions 

force, the end of contact time. The contaet-force curve differs stated in Equations [56] or [58], are chosen, A and r.ean be ealeu- 


chooses 


slightly from a symmetric shape. Thus choice of a symmetric — lated from Equations {57}. 
curve is reasonable. Let xr. be the unknown nondimensional Three practical shape functions are 
contuet time. Also let 

(a) N(r) = sin mr sr, 


f(x) = AMNX(x), X(O) = N(x.) 
(bh) NOx) = sin? wr /r 


Sr) = K(x X dy (c) Y(r) = sin wr/r, 
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The results for S and S, in these cases may be written 


S(xr./2) = (x./w)? (d, + 
S_(2,/2) = (dz + R2) 
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Casella 


2 — 
sin (wA,,,, 2 1} 
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2), 


sin (wA,,,/2) 


‘ase 


d, = 0.457906, BR, = 0.915310 0.011300 R,” 
R, = 0.915310 RB.’ 0.033901 | 


O.SSLIO9, 


= Same as PR, of Case (a); 


= Same as of Cause (a) | 


((3/A,,.) sin (mA,,,,/2) + 1] 


For central impact on simply supported beams, simply supported 


circular plates, and rectangular plates f, and ty are plotted in 
- Figs, S and 9 which make the computation very fast. Ex- 


amples computed by this method using the shape function (a 


and (¢) are in excellent agreement with the result of step-by-step 
integration method (Pigs. 4,6, 7, 10, and 11 The first halves of 
° the contaet-foree curves of the two theories are indistinguishable 


Note that the energy method used by reference (5) gives correct 
maximum foree, but there is a shift in time which makes the con 
tact-force curve considerably inaccurate No computation is 
made on the basis of shape function (b). In case of multiple 
impuet the collocation method would not be suitable to determine 
the contact foree. In this ease, the contact-force curve has more 
complicated shape. Double peaked pulse ean occur. Hence 
the shape functions (a), (4), and (¢) of this section may not 


represent the contact force satisfactorily. It is believed, how- 
ever, that the yeneralized Galerkin method using shape function 


(d) would be suitable for this purpose. Otherwise, one must use 
the stepwise integration method. 

Finally, the collocation method may be generalized further 
based on satisfying the integral equations at various other 
points (9). 
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TABLE 1 


mg Mo 
Beam No. 1 33.34 122.2 ¢r 


Beam No. 2 0.0 Ib 298.5 Ib 


Circular plate (a = 2 0 kg 0 03334 kg 
10cm, h = 0.5 


em) 
Rectangular 

plates {a/b 1 2.55 ke 

a= 20 la/b = 2 


h= 


where & is caleulated from k = 1.230520 (B2/rs) 
and plates or beams and r,s is radius of sphere. 


0.03334 ke 


DEFLECTION AND FLEXURAL STRESSES 


Deflection w ean be calculated from Equation [21] as soon as 
F(t) is determined by one of the previous methods. Flexural 
stresses are then obtained by first finding bending moments 
which contain second derivatives of w. Convergence in w is good 
but in stresses is slow. Plots of wy are made for the examples of 
this paper, Figs. 12 and 13. In Fig. 12 is also plotted deflection 
obtained by using Dirac 6-function, having the same impulse as 
I(t), for the contact foree which is placed at the half of the con- 
tact time interval. The result is surprising the deflection is 
practically independent of the shape of F(t). Any shape for F(t) 
with the correet impulse gives almost correct deflection. Hence 
the deflection must not be used as a criterion of accuracy for the 
shape F(t). The situation for stresses, of course, is different. 

Deflection wy of a simply supported square plate obtained by 
Karas with the use of numerical integration method is also in 
excellent agreement with the present theory, Fig. 13. 

Finally, the data for the problems worked out in this paper are 
given in Table 1. Steel beams, cireular plates, and rectangular 
plates are simply supported at the outer edges. The impact is 
central. 
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Buckling of Multiple-Bay Ring-Reintorced 
Cylindrical Shells Subject to 


Hydrostatic Pressure 


By W. A. NASH,' WASHINGTON, D. C. 


An analytical solution is presented for the problem 
of the elastic instability of a multiple-bay ring-reinforced 
cylindrical shell subject to hydrostatic pressure applied 
in both the radial and axial directions. The method used 
is that of minimization of the total potential. Expres- 
sions for the elastic strain energy in the shell and aiso in 
the rings are written in terms of displacement com- 
ponents of a point in the middle surface of the shell. 
Expressions for the work done by the external forces acting 
on the cylinder likewise are written in terms of these 
displacement components. A displacement configuration 
for the buckled shell is introduced which is in agreement 
with experimental evidence, in contrast to the arbitrary 
patterns assumed by previous investigators. The total 
potential is expressed in terms of these displacement com- 
ponents and is then minimized. As a result of this 
minimization a set of linear homogeneous equations is 
obtained. In order that a nontrivial solution to this 
system of equations exists, it is necessary that the deter- 
minant of the coefficients vanish. This condition de- 
termines the critical pressure at which elastic buckling of 
the cylindrical shell will occur. 


INTRODUCTION 


HE first analvtieal treatment of the problem of the buek- 
ling of a evlindrieal shell of intinite length subject to 

external hydrostatic pressure was carried out by Bresse 
(1) in 1859. In ISSS Bryan (2) published his classical paper 
deriving the same expression as did Bresse, Bryan’s work was 
based upon the energy criterion for stability. In 1913 South- 
well (3) published the first of a series of three papers treating 
the elastic instability of a geometrically perfeet cylindrical shell. 
In the first of these papers he rederived Bryan's expression for 
the tube of infinite length in a manner different from that of the 
original author. In this same paper Southwell discussed the 
effect of circumferential reinforcing rings upon the hydrostatic 
buckling pressure of a shell of finite length and derived an 
expression for the minimum length of tube for which the effeet 
of the rings can be negleeted. He used an energy method to 
obtain the buckling pressure for a shell of finite length, neglecting 
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This considered 


~olution 


the effect of the 


reinforcing rings 
only radial pressure 

This paper also presented for the first time an analytical 
treatment of the problem of the number of lobes that would form 
on a shell subject to external hydrostatic pressure. In 1914 
von Mises (4) published his classical analysis of the buckling 
of a thin elastic shell of finite length subject to uniform radial 
However, this study failed to take into aeeount any 
In 1920 von Mises (5 


pressure. 
axial component of pressure, extended 
his original analysis so as to cover the case of hydrostatic pres- 
sure applied to the ends as well as to the curved wall of the shell, 
In neither of his analyses was there considered the effect of the 
elastic restraint of the ends (or any reinforeing rings in the case 
of a ring-reinforeed shell) upon the strueture 

In 1934 Windenburg (6) presented a simplification of von 
Mises equation for the buckling pressure of a evlinder subject 
to hydrostatic This result 
number of lobes formed upon buckling and differs on the average 
from the von Mises value by about 1 per Batdorf (7) 
in 1947 presented a new method of determining the buckling 
stresses of cylindrical shells under various loading conditions 
By this method he obtained a solution to the problem of the 
a cylinder of finite length loaded by hydrostatic 
His solution is almost identical with 


pressure, is independent of the 


cent 


collapse of 
pressure 
that presented by von Mises 


on all surfaces 


In a reeent series of four papers Salerno and Levine (8, u, 
10, 11) treated the elastie instability of 
shell reinforeed by evenly spaced circumferential rings having 


cireular eviindrical 


The scope ol their work is restricted 
thin-walled 


an T-type cross section 
by the assumption that the rings must be open 
sections. 

All the foregoing well as that 
here, are predicated upon the classical small deformation theory of 
i2 This 


Investigations, as presented 


elastic thin shells as presented by Love theory 


1 The shell is composed of a material whieh i elastically 
homogeneous and isotropie, 

2 The material follows Hooke’s law. 

3 The thickness of the shell at any point is small compared 
to either of the principal radii of curvature at that pout 

4 The normals to the middle surface of the shell before de- 
formation also are normal to the middle surface after deforma- 


tion 


In addition to these theoretical analyses of the buekling of a 


evlindriesl shell subyeet to hydrostatic pressure 
experimental investigations have been eonducted within the 
past hundred years. The principal investigators were Fair- 
bairn (13), Carman (14), Stewart (15), Carman and Carr (16), 


Southwell (3), Windenburg (17), Sturm (1S), and Kirkby (19 


ANALYSIS 


Fundamental Equations. The problem of the buckling of a 


multiple-bay ring-reinforeed cylindrical shell subjeet to hydro- 
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static be attacked by the method of minimum 
potential deseribed by ‘Timoshenko (20). Let 
eylinder of mean radius Ro and thickness A with stiffening ring- 


Such a shell is shown in Fig. 1. 


pressure 
us consider a 
spaced a distance L apart. 
The rings under consideration here are assumed to be spaced 
equally along the the eylinder and of uniform cross 
round the circumference of any ring. Further, it is 
identical, In the first part of the 
are discussed and they, of 
In the second part 
and their 


ol 
section a 
assumed that all rings are 
analysis rings of infinite rigidity 
may be of arbitrary cross section. 
rings of finite rigidity are 


course, 
of the analysis, 
cross sections must be rectangular, 

s, and z be orthogonal co-ordinates in the axial, tangen- 
The positive directions 
The shell is subjeet 
axially 


discussed 


Leto, 
tial, and radial directions, respectively. 
of these co-ordinates are shown in Fig. 1. 
to a hydrostatic p acting both radially and 
Let vy, rv, and wy be the components of displacement (in the 


pressure 


e-direetions) of any point in the middle surface of the 
and wu 


a, 8, and 
shell at an instant before buckling and further let uv, 2, 
denote the additional displacements during the buckling process. 

For the purpose of this analysis it is sufficient to isolate and 
study of the shell, Le., the 
between the centers of two adjacent rings, In the 
potential method it is first negessary to obtain values of the 
shearing elastic strain 


one bay portion of the structure 


minimum 
additional extensional, bending, and 
energies stored in one bay of the shell during the buekling process 
If the axial and tangential strains existing in the shell immedi- 
ately before buekling are denoted by €,5 and €., then, for the 
ease of uniform radial pressure p and axial pressure / 


h 

pr v’) 
h 


KE denotes the modulus of elasticity of the material and 
In Kquations [1] and 


these 


quantities are given by 


where 
v represents Poisson's ratio, 
effeet of the rings on the strains near the ends of the bay are 
neglected. The and tangential strains existing immedi- 
ately after buekling are given by 


aXial 


+ €20 4 uy (dr)? 4 lr 


and 


€, 
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[2] the 


The increase in the extensional elastic energy during the buckling 


process is given by 


2eR L 
ih 4 
2(1 v*) Jo 0 


+ ds [5] 


2VE,€, 


Av, 


— (€g0* T 


With the values of these strains given by Expressions [1] through 
{4}, the increase in extensional energy is found to be 


2eR pt 
AU, = of t 
2(1 
2eR 
R R 0 R 
2 Pi 
+ Ju ds J ds 
Ph o leds {6 | 
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2vu,r, 


The bending energy immediately before buckling is given by 
Love (12) and Salerno and Levine (8) to be 


*2aR 
f 


4 Wo) 


hk? 


2(1 Vv) = 9 ) | dar ds 


The bending energy immediately after buckling is obtained by 
and we by (wo + w) 


y of bending during 


replacing by + u), by (ro + 
Consequently the increase in strain energ 


the buckling process is 


| 


+ 21 v\(w,,)? dr ds 


This expression for the inerease in bending energy was obtained 
2 
by negleeting certain terms differing by h?/R?, h? —, or h? 

from corresponding terms appearing in AU’, 
Prior to buckling the eyliadrical shell is in a state of uniform 
After 


compression and the membrane shear stresses are zero. 
buckling, the shear energy is given by Love (12) to be 


Eh 
(1 2 ) 


where 
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R tr, {10} 


"lah 
Henee / u, +t, 2dr ds 
+ #) 70 


Knowing the elastic strain energy stored in the shell, it is 


{11} 


next necessary to calculate the work done by the external forees 
wtingon the shell, The total work done by the external forces act- 


ing upon the eylinder may be ealeuluted as the hydrostatic 


pressure p multiplied by the decrease of volume of the cylinder 


This deerease of volume may be considered to consist of a 


shortening of the radius in any fixed radial plane together 
with « sliding of the ends of the evlinder along a plate, Any 


radius is shortened by an amount, 


ina fined radial plane) and henee the deeresse in volume he- 
tween the initial end planes ts 


L °L 
whrdir / R 
0 2h Jo 
“Jah PL 
/ 


where terms of the third ond higher orders have been neglected 


(12) 


The correetion to the decrease of volume in the vietnity of the 
ends of the eylinder ts of the form 


Accordingly, the correction for both ends of the eylinder is 


R 
R / / 
ds 
2 Jo Jo 


The work done by the hydrostatic pressure pis thus given by 


p / au ds 
2h 2h 
“lak 

ph 
jg ul p (uw % ds 
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For the cylindrical shell, then, the total potential (which ts 
defined to be the algebraic sum of the strain energies and the 
negative of the work done by the external loads) may be found 
may be simplified by use of the staties relation 


by use of Equations [S}, and Equation [6 


pe 


2h 


P 


Also, Equation [18] may be simplified by using the following 
result obtained by integration by parts 


L / 


Let us first consider the ease of a evlindrical shell reinforced 
this rings 
contain no elastic strain energy and the total potential (Le., 


by infinitely rigid reinforeing rings. In case the 


the sum of the strain energies and the potential of the external 


loads) is 


BUCKLING OF RING-REINFORCED CYLINDRICAL SHELLS 


Se 2 "oR? R 


lattern For the ease of infinitely rigid rem 
foreing rings let us take the additional displacements during 
buckling te be 


mS 
1 cos sin Jou 


eos 


where A, B, 


waves (lobes 


and are arbitrary constants, mis the muniber of 


in the crreamferential direction, represents 
the period of the funetion defining the deformed generator mm 
one bay of the shell, and omeh 
mad the potential due to the external londs may now be ex 


1, Bo and by 


in the energy 


The elastic strain energies 


pressed in terms of the constants substituting 


the displacements, CN pPressions 


and integrating. kor brevity, us introduce the following 


rotation 


RL. 
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Minimization of Potential, The variation of the total poten- 
tial with respect to each of the constants A, #B, and Co must 
vanish for equilibrium. This means that 


ot ol, 
= 0: [17] 


ob 


When the [17] 


carried out they lead to the three linear homogeneous equations 


differentiations indieated in Mquations are 


+ + kal’ = 0 (18 | 


+ + = 0 


kA + + kal’ = 0. (20 
Zhiskis 
highs: 
Zhihs + 
Zhiky + 


+ + 


+ 


Zhiz + Vhao 


The trivial solution A = O is of no consequence, 
For a nontrivial solution to exist, the determinant of the eoef- 
ficients of the unknowns must vanish. When this is the ease, 
there exist deformed equilibrium configurations in addition to 
the original Such a neutral 
equilibrium: and the loads under which it exists are the buckling 
Here, the stability determinant is 


one, situation corresponds to 


loads, 


The expansion of this determinant leads to a quadratic equation 
in the unknown buekling pressure p. 
predicted by this theory is consequently the minimum positive 


The buckling pressure p 
root of this quadratic equation. It is of interest to note that for 


the case of an infinitely long evlindrical shell, the buckling 


pressure obtained by this analysis is 
kh 


23) 


which agrees with the well-known Bryvan-Bresse result (12). 
Other It might be thought that the 
somewhat tore general displacement pattern 


( si ms R 
in R in A L 


min 
( 
R 


Patterns 


mis ‘ 
cos (1 cos | 
R 


would lead to a lower buekling pressure since it contains six 
How- 
ever, by the minimum potential method it may be shown that 


the same stability determinant, Equations [22], 


constants jastend of three as used Equations [15], 


is obtained as 
in the ease of the configuration given by Equations [15] 

It is of interest to investigate a slight variation in the eon- 
figuration given by Equations [15]. Let the 
additional displacements during buckling are given by 


us assume that 
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ms. 
A cos sin 4or 
R 


ms 
B sin = (1 — cos 262) 


4 cos 26x) 
R 

Using the minimum potential method, three equations analo- 
gous to Equations [18], [19], and [20] may be written and a 
stability determinant However, this configuration 
will usually indicate a slightly higher buckling pressure than that 
found by use ef the pattern, Equations [15]. This is illustrated in 
the numerical example given later for one particular geometry. 
For an infinitely long cylindrical shell the buckling pressure 
found by use of the Configuration [25] again agrees with the 
Bryan-Bresse expression. 

The displacement configurations diseussed thus far are for 
the case of infinitely rigid reinforeing rings. In all previous 
analyses investigators have assumed displacement components 
corresponding to arbitrarily selected boundary conditions with- 
out any reference to experimental evidence. As the configura- 
tion oceurring during buckling of a eylindrical shell reinforced 
by rings having finite rigidity let us take 


formed. 


ms 
A sin sin 26r + Bsin cos 6x 
R R 


Fr 


ms 
+ cos 
R L 


sin + D cos — con bx + 
R 


ms e 
= sin R (G + Hsin 26r + J cos 26r) 


— ms 
(: sin R + M cos =) (1 — cos 26r) + N 


This configuration permits the ring to (a) bend out of its plane, 
(b) undergo a uniform radial compression, (¢) undergo tangential 
displacements, and (d) translate along the axis of the cylinder. 
Here, the form of the w-component of displacement was ob- 
tained from radial-displacement measurements taken shortly 
before and immediately after the formation of lobes in two ring- 
stiffened eylinders each subject to hydrostatic pressure. (The 
reinforcing rings were of rectangular cross section.) These 
measurements indicated that the ring did not undergo any bend- 
ing in its plane and further that the profile of the shell along a 
generator was given very closely by the expression (1 cos 26r) 
with n = 1, 
into the expressions given in Equations [26] in such a way that 
all other types of deformation of the ring, namely, (a) through 
(d), are possible. 

In calculating the total potential of a eylindrical shell rein- 
forced by rings of finite rigidity it is necessary to compute the 
potential of the rings. 
to that used for the derivation of the potential of the shell and 
the result, for a ring of rectangular cross section is 


9 Ms + ds 
0 r=0 


+ phbR | ds + 
=0 


where » denotes the width of the ring as shown in Fig. 1, 
denotes the depth of the composite ring-shell section (ie., 


This experimental evidence has been incorporated 


This may be done in a manner analogous 


where 
hy 
hea; 
kay = 
[26] 
he ke | 
hoe = 0.2, 
hy; kos w= | 
/ 
| 
sin 
R 
KI 
u..2] ‘ 
3 iz=0 ls 
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NASH 


the ring and the portion of the shell immediately contiguous to 
it is regarded as monolithic), A, represents the radius to the 
centroid of the composite ring-shell seetion, and J, denotes the 
moment of mmertia of the ring-shell cross section with respect to 
an axis through the centroid of the cross seetion and coinciding 
the shell 


ust be added to the potential of the shell 


with a diameter o! 

This potential m 
given in bquation 14). The elastic strain energies and the 
potential of the external loads may now be expressed in terms 
of the constants 4, B,C, \ by substituting the Displace- 
ments [26> in the energy expressions and integrating. Let us 


introduce the notation 


R3 


3R 


= 26°r RL. 


3 
SdpRL 
3 


The? 


2 
bhek 
y 4 
mmeh, 
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‘ 


BUCKLING OF RING-REINFORCED CYLINDRICAL SUELLS ws 


Again, the variation of the total potential with respect to each of 
the constants A, B,. 2. NV must vanish for equilibrium. This 
condition leads to the system of equations 
A BC D F GH M NSN 
he 
hes he: hes 
ha 


hwo 


hss 


where 
hee = Zhyhe + 
has = + hashes 
hae = + has 
hay = Zhyhs + hash; 
hug = + 


= 
hey = 4 
hn = 
= DQhihe 
= Qhyh; Zhong +- 
hh. 
+ Qha 


+ 


= Dhiho 


heo 2h ? 2h 


4 


These 


reinforced evlindrical shell. 


0 for all geometries of ring 
A, B, and A 


and no others each appear in only three equations and the 


equations show that // 
Also, the constants 


stability determinant of these three may be solved to obtain 
Also, the constants C, D, G, J, Vo and no 
others each appear in five equations and the stability determinant 


a value of p and 
of these five may be solved to determine another value of p 
Lastly, a stability 
equations containing / and NV and a third value of p determined 
(This last corresponds to the case of axial symmetrie buckling.) 
The critical buckling pressure is, of course, the minimums of these 


determinant may be formed of the two 


three values of p. For the particular geometries investigated in 


this paper the minimum value of pis given by the second of these 
determinants 


Numericant 
Let us consider a multiple-bay ring-reinforced cylinder having 
the following dimensions: 

2R = 26.753 in 
0 065 in. 
5.08 in. 
0 in 
0 71875 in. 


has he hes hus = 0 
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If the rings are first assumed to be infinitely rigid and the dis- 
{15}, the stability 
determinant, Equations [22], becomes 


placement pattern, Equations adopted, 


10 
S20211 x 


¥ 10" 1 374097 i'm 
¥ +1 10%p 


3 856708 10%m 


+1 224077 


4 024005 10 


3.856700 10m? 
S20211 


In this form n has been tuken equal to unity, as found by the tests 
but it is necessary to mini- 
It is found 
Iso 
psi. [tis of interest to note that if the p® term of the quadratic 
the 


of the two ring-reinforced ey binders, 
mize the value of p with respect to the variable m 
that the minimum value of p occurs with m 17 and is 


equation is (with m 17) “ame pressure is ob 
tained. 

If the displacement pattern, equations [25], be adopted it 
found that the minimum value ot 
199 pest. 


it is found that the fifth-order determunant 


poceurs when m 17 and is 

If the displicement pattern, Lquations [26], is adopted 
| ! 

lO vu lds 


a critieal buekling pressure of 179 psi, whieh is a lower value 


with on 


than may be obtained by use ot either the second or the third 
order determinants that also arose in conjunetion with configura 
tion, equations [26]. Consequently, for a cylinder having the 
geometry stated it is apparent that the deformations of the ring 
permitted by the buckling configuration, Equations |26), reduce 
the buckling pressure 5.3 per cent from that given for a eyvlin- 
Interest 


drieal shell reinforeed by infinitely rigid rings. It is of 


to note that the theory of Reference (10) predicts a buckling pres 


sure of 175 psi for a model having this geometry and remforeed 


by infinitely rigid: rings. 


CONCLI SIONS 


1 theoretical analysis is presented for the problem ot 
determining the pressure necessary to cause an elastic instability 
mode of failure of a geometrically perfect thin evlindrieal shell 
reinforeed by equally spaced rings and subject to hydrostatic 
pressure, 

2 The buckling pressures given by this, as well as by all 
other existing theories, are higher than those found during test 
residual 


Possible causes of this are initial out-of-roundness or 


welding stresses 
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Dynamic Load Characteristics in Plastic 


Bending of Beams 


By SYMONDS,? PROVIDENCE, R 


This paper continues work previously reported’ on the 
analysis of large plastic deformations of beams subjected 
to transverse dynamic loads. Here we discuss the numeri- 
cal analysis for central concentrated force pulses of arbi- 
trary shape, using a somewhat different formulation of 
the equations than in the previous paper.’ Results are 
then collected for three types of force pulse: A rectangular 
These 
show that the central angle of permanent deformation for 
all three cases can be computed from the empirical for- 
mula 4, = CPP,,’*, where Lis the impulse, P,, is the maxi- 
mum load value, and C depends on the dimensions and 
properties of the beam, with a numerical factor that varies 
by about +15 per cent from the value for the half-sine 


pulse, a half-sine wave, and a triangular pulse. 


wave pulse to those for the other two pulse types. 


INTRODUCTION 


This 
consists in taking the relation between bending moment and 


l(a) 


Hk basic hypothesis of a previous paper® is adopted. 
curvature as indicated in Fig Specifically, we as- 
sume the following: 


l 
deformations; 
unless the moment reaches and maintains a definite magnitude 1), 
termed the “limit moment,” or ‘fully plastic moment.” 

2 Ata section where Vf 
crease without limit. 


Elastic deformations are negligible compared with plastic 


the curvature at any section is assumed constant 


is maintained the curvature can in- 
Thus « discontinuity in slope can occur at 
such a section, which is termed a “plastic hinge.” (In real beams 
the plastic deformation oecurs in a small but finite length, as 
indicated in Fig. 1(b) 

3 
small enough so that shape changes can be neglected 


Relative displacements of parts of the beam are assumed 


The determination of M, from tests or by computation is dis 
cussed elsewhere®*® as are also the limitations and experimental 
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wy publication at a later date Discussion 


ing date will bee returned 


tio 


evidence concerning the use of the plastie-hinge concept in: the 
analysis of frame structures under static loads. The validity, in 
dynamical problems, of neglecting elastie deformations by com- 


parison with plastic ones depends on how much the energy ab- 


M, 


Bending Moment 
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Mi< 


Curvoture 


(b) 


hinge 


(a) 


relativon behavior 


im, M, 


ke ror Beam 


time t 


bia. Dynamre Loap Consipenep IN Paren 


sorbed in plastic deformation exceeds the maximum possible 


elastic strain energy. This was discussed previously,’ and a 
criterion for the validity of the method was put forward involving 
the ratio of the duration time of the force pulse to the funda 
mental j™ riod of elastic vibration of the bar Hlowever, the more 
precise evaluation of this eriterion will require expermental in 
vestigations, It is hoped that the present results will be useful in 
carrying out and interpreting such investigations 

We consider, as in the earlier paper,? the problem of a uniform 
9 


beam acted on by a force ? at the mid-point, big. 2. The beam 
has constant limit moment MW, mass per unit length m, and length 
2. We are interested in the plastic 
deformation produced by loads of the sort indicated in Fig. 3, 
i.e, in force pulses of finite duration, characterized by a maximum 
Although 


the force-time function is taken as one of the basic data of the 


The ends are unconstrained 


load value 7’... a duration time 7, and a definite shape 


analysis, in practice the shape of the force pulse usually cannot be 


wredicted or controlled with much accuracy. THenee a main pur 
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| t 


n°! 


Rectangular pulse 


bic. 4 


in time t ‘reference time 7; 


pose of this paper is to present results computed for three types 
of force pulse, which might be considered to cover the range of 
pulse shapes usually encountered. Therefore we give results for 
the pulses indicated in Fig. 4, with shape of a rectangle, a half- 
sine wave, and an isosceles triangle, respectively. The interesting 
empirical result obtained is that the final plastic deformation de- 
pends, over a wide range of maximum load values, primarily on 
the impulse / of the load, namely 


[= f, Pdt 
0 


It depends less strongly on the maximum load value (for con- 
stant /) and still less on the precise shape of the force pulse. 
This means that a simple formula can be given by which the 
final deformation can be estimated with reasonable accuracy for 
many shapes of force pulse, provided the impulse and the maxi- 
mum load value ean be reasonably well estimated. 
CENERAL EQUATIONS 

As discussed in the earlier paper,’ three phases of deformation 
secur, for sufficiently large loads. First, there is a rigid-body trans- 
lution, during which the bending moment at all sections is less in 
magnitude than Wo. Letting v be the velocity, the acceleration is 
given by 


dv 


= [1] 
dt 2ml 


This phase ends when 7? reaches a value 7’) such that the moment 
at the mid-section is Wy. Defining the load parameter «as in the 


previous reference 


the first phase ends at the value 
Mr = 4 


In the second phase the central moment has the constant mag- 
nitude My, and the two halves of the bar rotate with respect to 
each other as if hinged at the middle, Fig. 5(4). Let rn denote the 
transverse velocity of the mid-section, and @) the angular velocity 
(positive clockwise) of the right-hand half. The equations ef mo- 


tion are 


mi? di 0 


Tt 
nel + 


(a) (b) 


Half-sine wave 


get 


(c) 


Trnangular pulse 
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lp 


Staces iN Piasric oF Beam 


hia. 5 


This phase ends when the load parameter reaches the value jin, 
where 

Bu = 22.89 
At the load corresponding to this value, the bending moment at 
the cross sections whose distance from the mid-point is O.404/, in 
each half of the beam, reaches the magnitude J) with sense 
opposite to that of the bending moment at the mid-point. As the 
load increases further, these two lateral plastic hinges move in- 
ward, leaving behind them regions of permanent deformation as 
indicated in Fig. 

The analysis of this paper applies to deformations of the types 
indicated in Fig. 5. In the Appendix it is shown that at suf- 
ficiently large loads a different type of deformation may occur 
under certain conditions. Under the loading conditions con- 
sidered in this paper this new type of deformation either does not 
occur or introduces negligible differences in final displacements 

We define symbols and write equations of motion for the right- 
hand half of the beams as follows: Let &/ denote the distance of 
the Interal hinge from the mid-point, Pig. 3(¢ and v, the 
transverse velocities of mid-point and tip, respectively, and wo 
and w, the angular velocities of the segments to left and to right 


The four 


dynamical equations for the two segments of length &/ and 


of the hinge, respectively (positive when clockwise), 


(1 £)l are as follows 
mil? diy Qu 
My, dt 


: 
476 
fa (Hm) 
(7) 
| 
P 
read 
P 
[2] 
Mo dt 
mi dw 12 


SYMONDS DYNAMIC LOAD 
mil? dr, 
VY, 


(7h 


An additional equation relating the five unknowns g, Va, Cy, WM, 
w, is required. In the previous paper? it was shown that the 


transverse acceleration varies discontinuously across the moving 
hinge, and the equation expressing the amount of the jump may 


be put in the following form 


48 
dt 

so that the kinematic 

correct one. Equations [4] and [5} 
w, = Obut w It is seen that 

detormation is more difficult when the 

to must be used 


(7 to hold as long as @o > @), 


picture in Pag. Ste) as the 
apply im any Case when w 
the cal 


ulation of the 
oad is such that Equations [7] 
during par! of the motion than when only Equations [1], [4], and 


(5! are involved. In the latter case, which occurs when the 


matimium Value of uw does not exceed 22.89, the accelerations de- 
pend only on the instantaneous load value, and suecessive quadra- 


When the lateral 


the nature of the additional equation required 


tures give Velocities and displacements directly, 
hinges are present 
to determine the uuknown & makes it impossible to compute 


aecelerstions Without consideration of velocities, and this makes 


part of the numerical solution mueh more laborious, in general, 
An alternative equation relating the hinge co-ordinate & to 
the angular velocities can be derived from momentum considera- 
tions, and this has certain advantages over Equation [9], At 
any instant the linear impulse of the foree ?’/2 acting on the 
right-hand half of the beam is equal to the linear momentum of 
this halt Lat 
tion, Which at time Cis a distance &/ from the middle. 


denote the transverse velocity at the hinge sec- 
Then the 


linear momentum equation is 


| (10) 


An analogous equation can be written expressing the equality of 
angular impulse to the moment of momentum of the right-hand 
half of the beam, shout the mid-point of the beam. We note that 
the external moment acting on this half of the beam has the mag- 
nitude VM, at all times after the start of the second phase until the 
plastic deformation is completed. The transverse velocity of the 
beam at the close of the first phase is 


mM [" 
= 
2mil? Jo 


where ( is the time corresponding to wr = 4. Hence the moment 
of momentum about the mid-point at time t; is readily found to be 


t 
1 i 
‘ M, / wat. Using this, the equation for the moment of 


momentum af any time 
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BENDING OF BEAMS 


This equation is new combined with Equation [10 


eliminate the velocity The result is 


12] 
2 


This holds at all times ¢ until the plastic deformation ts com 
It ean be reg irded lent, ma sense, to the 
In tact 
the latter can be derived from it by differentiation and use of the 


pleted 
tion for the discontinuity of acceleration, equation [9 


acceleration Equations [8 

Our primary interest is in the final plastic deformation. Uy tar 
the largest deformation i that associated with the central angle 
Figs 


computed, 


and and this is taken as the main quantity to be 
As alrendy noted, if ya 
the final angle of deformation requires only simple quadrature of 


22 80, the determination of 


Hence the main task is the numerical integration 
It 
evident that to find the two angles, # at the center and @, at the 


Mquation 
of the equations which apply when literal hinges are present 


tip, there are only three basic equations to be solved simul 
taneously, involving the three variables we, w,, where w 
d6,/dt, @ = dé, dt 
(Sa], [Sh], and either Equation 
are determined, the ¢ orresponding angles 


These are the two acceleration 1 qjuations 
Mquation Onee the 
angular velocities w 
7, are easily found by direct integration 

It is convement to rewrite the basi equations in completely 
nondimensional form. Let 7 be a time associated with the force 
pulse, chosen for maximum convenience in numerical integration 
For example, in a ease of a symmetrical triangular pulse, 7) most 
conveniently might be half the duration time of the pulse: for a 
nonsymmetrical pulse it prot ably would be the actual duration 
time, In any event, a dimensionless time 7 can then be defined 


as 
t 
7 


We now can define dimensionless angular velocity and displace 
ment quantities as follows 
mo 


me 
mi 


mi? 


V7? 


The basic Equations |[Sa!, [12] now appear as tol 
lows in terms of 2, 

dQ 

ay 


dn 


” > 

3 udn 12n--m — {18 
" 

Here m denotes the nondimensional time at which the central 
1; the load parameter 

are determined-so as to 


hinge first occurs, corresponding to ji 
is a known function ulm). Once &, Q, 
satisfy Equations [16] to [18] and the initial conditions, the non 
dimensional angular displacements are found by direct integra 
tion from the relations 
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The actual deformation angles 0, 6, are then given by Equations 
[15] in termes of the basic data m, l, My, 7. 


3. Motion Arrern Conc.usion or Force Puuse 


In general, the integration of Equations [16 | to [18 | must be done 
by a step-by-step or iterative method. Only in the special case 
of the rectangular pulse, apparently, can the whole solution be 
obtained in simple analytical form. However, even for general 
pulsxe shapes, numerical integration of the equations is required 
only for the time interval 6 < 7 during which the external load 
is applied. Let 9, = ¢t/r be the value of 9 at which the force be- 
comes zero, Suppose we know the values £,, O,, at 
this time. Then we can compute the subsequent deformations 
in terms of these quantities by simple formulas. It seems de- 
sirable, since these formulas apply to all types of force pulses, to 
present them first, and postpone for the moment the discussion 
of how the required initial values &,, Q,, and so on, ean be ob 
tained, by numerical integration or otherwise. 

For times n > n, we must first solve Equations [16] to [18] with 
p= 0. These solutions must agree with the known values &,, 
Q,, Wr, Gr, at 7 = n,, and they will be valid until the two angular 
velocities 2 and WY become equal. Let n, be the time at which 
this occurs. For times 7 > 9, the lateral hinges are absent, and 
the two halves of the bar again rotate with respeet to each other 
as hinged rigid bars, as in Fig. 5(b). Finally, at a time ny, the 
angular velocities of the two halves are reduced to zero, and 
plastic deformation ceases, 

Considering first the time interval n, < 9 < 
that the basic equations and initial conditions (at » = 7,) can all 
be satisfied by taking 


n,, we can show 


dt 
(200 | 


const 


where 


This implies, ol course 
To justify the foregoing statements, we note that af Hquation 


[20a] is correct, the acceleration Equations [164] ean be 
integrated at once, yielding 


If we now insert these expressions in Equation [17], with 
we obtain the result 


This is satisfied at all times when C is given by Equation [206] 
Alternatively, as a check, it is not hard to verify that when 
Equations [22] are substituted in the momentum relation Equa- 


DECEMBER, 1953 
tion [18], with as given by Equation [21], the constant value of 
C according to Equation [206] is again obtained. 

Equations [22| hold up to time n,, when the angular velocities 
become equalized, and the lateral hinges disappear. The value 
of the hinge co-ordinate &, at this instant turns out to be the same, 
It is found by setting both 
The resulting 


irrespective of the previous motion.® 
2 Y and mw equal to zero in Equation {17}. 
quadratic equation has the solution 


t,=2—V2 = 0.586 [23] 


Having this value we can now compute the time yn, and the 
angular velocities and displacements at time 7,, as follows 


= + C(0.586 


(1 £,)? 
+ C7? 7 14.49 
(| 


An alternative expression for Q, = y, is given directly by the 
momentum relation, Equation [IS], by setting » = n,, 2 = y, as 
follows 


| 


This is useful as a check. 

Finally, we consider the additional deformations in the time 
interval n, < 9 < n,. Here the kinematic picture in Fig. 5(b) is 
again appropriate, and the equation of motion (from Equation 
is 


dn 


Since Q is reduced from Q, to zero in the time n, n,, we obtain 


easily’ 


The increment O, O, is often a substantial part of the total 


plastic deformation. 
Morion Durning Force Puise 


We return now to the problem of computing the angular veloci- 
ties and displacements in the time interval » < 7,, while the ex- 
ternal load is acting. We consider first the rectangular pulse, 

€ Tt is assumed that the lateral hinges still exist at times » > nr 

7A useful check on this value of yy, is obtained directly from Equa- 
tion [IS] by setting the nght-hand side zero and » = ny, which is the 
only unknown quantity in the equation 
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which is very simple, and then discuss methods of numerical inte- 
gration for gene ral types of force pulses. 

Rectangular Pulse. We detine symbols specifying the pulse as 
in Fig. Thus we have to solve Equations [16] to [18] with 
given the constant value w,, and all velocities and displacements 
equal to zero at time 9 = 0. In particular we want the values 
£,, 2, ¥r, O,, and ¢, at the end of the pulse, when 9 = 1. 

It can easily be verified that Equations [16] to [18] are all satis- 


fied with & equal to a constant, say £,, related to w,, by the ex- 


pression 


(30) 


(1 


Since the accelerations are all constant the angular velocities and 
displacements are found by integration as 


isla} 
[32a | 


[32h | 


As a check, it may be verified that if the expressions for Q and 
Y given in Equations [31] are substituted in the momentum 
relation [IS] the resulting equation can be reduced to the form 
(30); the latter is obviously the result of setting 


of Equation 
dt/dn = 0 in Equation [17]. The appropriate form of the 
momentum relation is found by putting m = 0, u = w,, in Equa- 
tion [18], which becomes 


Yi +y.. 


The required values at n = n | are obtained by setting 7 =1 
in Equations [31 and (42), 1s obviously as determined from 


12y = (3s? — [33 


Equation [80] 
Curve A in Fig. 6 shows the dependence of the final plastic 
These results are dis- 


angle Q, on yw,,, for rectangular pulses 
cussed further in a later section. 
Arbitrary Pulse No simple analytical solution of 
Equations [16] to [1S] seems to be possible except for the reetangu- 
lar foree pulse. The case of a pulse made up of rectangular steps 
also may be treated analytically, but the numerical evaluation is 
still quite laborious, so that this does not appear to be a prae- 


Shape 


ticable approach to general pulse shapes 
A. reliable step-by-step integration, 
equally well to foree pulses of any shape, can be based directly 
This is basieally a 


method of applicable 


on the momentum relation, Equation [1S! 
method of trial and adjustment to determine 


a sequence of 


values £, &,, corresponding toa chosen sequence of (aes 
No, M, M,... Ny, Such that at each of these instants the momentum 
condition is satisfied with «a given degree of aecuracy. The 


starting instant m corresponds to the appearance of lateral hinges 
at = 0.404, Mir = 22.89. 

To deseribe the The thod we show how i" typical line of Table fis 
constructed. This table gives the essential computations for the 
ease of the half-sine wave uw = 40 sin 3/2. Intervals of 9 after 
the first are ehosen as 0.100. The first step in the method is to 
compute values of wat the selected instants 0.400, 0.500, . . . 
2.000. The function L(y) is then computed at these points, 
where L stands for the left-hand side of Equation [18]; in the 


present case 


DYNAMIC LOAD CHARACTERISTICS PLAST 


BENDING OF BEAMS va) 


1400: 
1300} Curve A 
Curve B 
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« Pint 
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hia. 6 Cunves Stowing Derpenpenck or Finat. 


Derormation ON Maximem Loan, ror Snares of 
Purse 


is defined so that P’mT'y = dt; Pm w peak force value.) 


wn 
76.39 | O50 cos O.0687) 


Supposing all the quantities in the table have been ealeulated 


up to and ineluding the instant 7 1.300, we show how values 
dn at 1.300 is found 


for” 1.400 are found. The slope d& 
by Equation [17], after the correct values of &, @, and W have been 


computed, A rough value of & for the next instant 9 1.400 is 
then computed as 0.288 + (0.035)(0.10) = 0.202. Taking this as 
the first trial value we compute the following values for = 1.400 
$f? 0.2000; dy 174.6 
dy = 33.8 
(2 = 268.4 [$70.4 + 4284.4) + 174.6] $24.5 
406 4+ + 4083.2) + 33.8] = 47.3 
= 277.2 
— p) + = 1014 

The last result is sightly low; it should equal 141.400) 104.9 


Hence for the next trial we take & = 0.205. With this choice the 
values listed in the table for 9 1.400 are computed, and the 
+ Wis now found tobe 1048. Itis 
0.293 is correct to three significant 
1.400 are therefore taken 


quantity bt? 
evident that the value & 


The values in the table for U] 


fiypures 


} | 
alt 
| 
| 
( 1), 700} Mole (7 4 
12n $00} t7 
0 300 Va | 
ol 
| 


JOURNAL OF APPLIED MECHANICS 


DECEMBER, 


FABLE NUMERICAL INTEGRATION FOR CASE = 40 sin 


76.39 (0 
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165 24.5 $26 
21% SOO 2.3 446 
275 woo 
2 000 9: 


Interval » ASS 0 40 
Interval » O 40 


Summation by Sinpeon'’s rule 


as correct, to this accuracy, The derivative at this instant is 
computed as 0.063, and the same procedure is repeated to obtain 
values at the next point, » = 1.500, 

In the neighborhood of the time m at which the integration is 
started, the calculation of d&/dy from Equation [17] involves the 
quotient of two small numbers, and hence tends to be inaccurate. 
However, just at the starting time mp the derivatives d&/dn, 
df /dy? and higher derivatives can be computed easily, and it is 
useful to have these values so that the first few terms of a Taylor's 
series can be used to obtain trial values of & at times close to the 
starting time. For this purpose we derive the differential equa- 
tion containing only & as dependent variable by differentiating 
Equation [18] with respect to 7 and making use of Equations 

16} and [17] tocliminate dQ/dn, anddy The resulting 
equation ts 


per [34] 


where 


P= 
and primes denote differentiation with respeet to 7. At the time 
mM, corresponding to wry = 22.89, & = 0.404, the expression P is 
zero, since this is the left-hand side of Equation [17]. Hence we 
have at once 
[35] 
where the subseript means that the function or its derivative is 
evaluated at the starting time m. To derive a formula for £", 
differentiate Equation [84] to obtain 


= + + . [36] 


Now if values £, fe are inserted, it can be shown that 7)’ is zero 
as well as 2’o, and hence the right-hand side of Equation [36] also 
must be zero. It follows that 


l2in 0.0637) 


350" 
2955 
2700 
O 2465 
2007 
2035 
lust 


100s 


Here © is defined as 


Values of higher derivatives at m) could be detertiined ina similar 
manner, but for most purposes the values will suttice 

It may be noted, in passing, that Equation 44 
pected to be a satisfactory basis for the computation ot & by one 


of the standard techniques of step-by-step or iterative numerical 


might be ex- 


integration. However, this is a less satistactory basis for the 
numerical integration than Equation because of the tact that 
in two important regions of the time interval the funetion P is 
very small; these regions are the neighborhood of the starting 
time m, and the region containing the time at which &'° = 0, 
i.c., When the lateral hinge reverses its direction of motion. In 
both these regions the computation of &° trom the equation is 
inaccurate, unless a large number of significant figures is kept 
For this reason the use of the momentum relation Iequation [18 
has been found preferable 


COMPARISON OF RESULIs 

The computation of the final angle of deformation O, = 
(mP/MoT?), has been carried out for foree pulses having the 
shape of a rectangle, half-sine wave, and symmetrical triangle, 
for values of the maximum load parameter a, up to 50, Figs. 4( 
ande). In making the calculations it was convenient to choose 7’ 
in various ways. 
deformations with each other, we define «a new time 7’) such that 
is the impulse, i.e. 


Pdt=1 


However, in order to compare the resulting 


Fig. 6 shows plots of the dimensionless quantity (md) 1) 7'2)0) as 
a function of w,, for each of the three types of force pulse. As 
would be expected, for the same value of maximum load and time 
Ty) the rectangular pulse produces the greatest plastie deforma- 
tion, while the triangular pulse produces the least. 

It is of interest to try to draw some empirical conclusions from 
the results shown in Fig. 6: 


| We note that the deformations for the half-sine wave pulse 
are fairly good averages of the deformations for the reetangular 
and triangular shapes for the same yu,, and 7’). At uw, = 40, for 
example, the value 690 for the half-sine pulse is about 16 per cent 
below the value for the rectangular pulse and about 16 per 
cent above that for the triangular pulse. Thus the results for the 
half-sine wave pulse can be regarded as giving reasonably good 
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average values for force pulses of most shapes that are likely to 
occur in practice. 

2 If one assumes a rectangular pulse shape for analytical 
convenience in other problems (for example, in treating a beam ol 
nonuniform mass or strength distribution), the results may be ex- 
pected to be overestimates of the plastic deformations which the 
actual force pulse would produce; judging from the present re 
sults the amount of the overestimate might be expected to be less 
than 20 or 30 per cent 

Finally, it is of interest to note that empirical equations for the 


three curves in Fig. 6 can be written in the form 


mil 


= 
= 


for w,, in the range between about 15 and 50, with reasonable en 
gineering accuracy. It turns out that if mis taken as 2°, for all 
three curves, then the number A should have the values 0.043, 
0.037, and 0.031 for the rectangular, sinusoidal, and triangular 
pulses, respectively. Hence as a simple formula by which the 
angle of plastic deformation can be estimated roughly for any 
form, we can write 


M, 
= 0.037 0 
mis 


But = Mo and is the impulse J of the external loud 
by definition. Hence the foregoing can be rewritten as 
0.087 


= 
mM 


For a flat toree pulse the factor 0.037 would be increased some 
what, while for a more pointed pulse form than a sine wave it 
might be reduced by 10 or 15 per cent. 

These conclusions should be tested experimentally. Lt thei 
limits of aecuracy can be established, they should have considera- 
ble practical usefulness. A simple formula such as Equation 
{41!, even if the results are fairly rough, would be adequate for 
certain purposes, and in any ease will give useful preliminary in 
formation concerning deformation magnitudes, 


Appendix 


The present results hold so long as the moment W does not 
reach the magnitude Wy at any section other than that at the 
center or at the two traveling hinge sections of Fig. 5(¢). This 
requirement can be examined by drawing appropriate diagrams of 
effective loading resulting from the accelerated motion and the 
corresponding moment diagrams. For one of the outer seg- 


ments in Fig. of length £), the loading curve 
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BEALS ist 


BENDING OF 


straight line passing through the middle of the segment, simee the 
acceleration of the mid-point is zero at any instant. This nieans 
that in this segment the bending moment decreases steadily trom 
the value Wo at the hinge end to zero at the free end. However, 
for one of the inner segments in Fig. 50e) of length £/, the louding 
curve is a straight line which may have various inelimations snd 
positions depending on the load 2. Suppose this line cuts the 
avis so that the effeetive load q is positive near the ends fl 
corresponding to negative accelerations of the raght-liand end of 
the segment). These positive values of q would correspond to 
positive second derivatives of AZ and henee to a maximum of A 
exceeding the value Mo. Sinee this would violate the plustreity 
condition, it is seen that order for the present on tly sis ter 


we must have 


Where ag ix the aceeleration at Using ions 
Sa! this becomes 


us i2< 0.. 


Thus the present analysis is valid until at sone lowed Th P 4 
\t higher loads a new type of analysis mist be used, sinee other 
wise the loregoing condition would be violwted In the new 
inalysis the length & of the inner rigid segment i governed by the 
condition w& = 12 and the segment translates and rotates under 
the action of the known force 2 and moments Wy and Wy at 
itsends. There is another rigid segment extending trom 
where the moment is Vy, tothe tip. [tis easily seen that ¢ in 
general, since with ¢ £ momentum conditions could not be 
satisfied; for example, Equation ($4! would not be satistied, on 
general, with we 12. Thus under certain conditions the situa 
tion in Fig. must be replaced by one in whieh two rigid seg 
ments in-each half beam are separated by a short) segment in 
Which the moment is constant and equal te Wy. by finite 
hinge section, 

In the ease of a rectangular toree pulse the condition baquation 
12) is always satisfied. This can be seen by inspeetion of bqua 
tion (30!) which determines the constant value of © during the 
force pulse, Tlowever, with other pulse shapes the lowd miay reach 
a magnitude such that wé& 12, and then an analysis leading to 
detormations of the type indicated in the foregoing must be used 
Otherwise, the final deformations will be somewhat uneder- 

estimated, 

In the examples of this paper Equation [42] was sutistied in all 
cases except for the half-sine pulse with No attempt 
Was made to compute the error in this case, but sinee the violation 
of the plasticity condition occurs during only a stall traetion ol 
the pulse duration time, and the deformation after the pulse is 
more than half of the total, the error may be assumed to be 


neglipible at this loud 


— 
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Analog Solution for Beams Excited by 


an Arbitrary Force 


By W. 'T. THOMSON?! anv T. A. ROGERS,? LOS ANGELES, CALIF. 


HIN an arbitrary foree aets on a beam, its motion 
\ \ within the elastic range can be expressed by the 
differential equation 
t) 1) 
hl m plz, t) {1} 
or' ot? 
where m is the mass of the beam per unit length and p(x, 0) is 
the intensity of loading. 

A formal solution of Mquation [1] will result in the displace- 
ment expressed by an infinite series of orthogonal functions 
This fact is made use of in the method of normal functions which 
assumes both the deflection and the applied force in terms of such 
series, 

It is known that the normal modes of oscillation are orthogonal 
and the displacement y possesses an orthogonal set of eigen 
functions @,(2) with eigen values B,. These 
expressed mathematically by the following equations 


conditions are 


drt 


40 for? # jl 


Expressing the displacement and the arbitrary applied foree by 
the following series of orthogonal funetions 


y(z,t) = (4) {4} 
tel 


the coeflicients V(t) and P(t) are determined from the orthogo- 
nality Equation [3] to be 


Y(t) = Ob {6] 
0 
[ Od [7] 
Jo 


Substituting Mquations [4], [5], and [2] into [1], multiplying 
by @(r)dr and integrating with limits 0 to /, the differential 
equation for the time domain becomes 


= 


= 


P(t) 
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Y(t) = ( t ( 1 
= 


We will assume here that the intensity of loading can be 
expressed by the following product 


Py 
t) = p(x f(t) [9] 


where p(x) and f(t) are the nondimensional space and time dis- 
tribution of the loading, and Po is the total load at the time cor- 
responding to the maximum load. Consequently we have 


pride = 1 


Equation [8] then reduces to 


d?y (t) Po 
+ = K, f(t) {11} 
dt? ml 


{12 
0 


The quantity A, determines the extent to which the various 
modes contribute to the motion of the beam and hence is ap- 


K, = 


propriately called the participation factor. 
The solution of Equation [11] is of the form 

Y(t) = ¥,(0) cos w,t + sin 


Py K 
S(&) sin w,(t Ejdé.. [13] 
ml 0 


where Y,(0) and Y,(0) are the ith-mode components of the 
initial conditions which are generally taken to be zero for such 


problems. The nondimensional quantity 


D, = S(E) sin will 
: 


is generally called the dynamic load factor for the ith mode, 
the significance of the name implying that if the statie deflection 
of the beam is also expanded in terms of (2), a comparison 
between it and the dynamical equation will show that each 
term of the expansion will differ by D,. 

Equation [4] can now be conveniently expressed in terms of 
the participation factor and the dynamic load factor as follows 


Pol ‘> 


15] 
EI [15] 


y(z, = 
where all terms within the summation sign are nondimensional. 
The slope, moment, and shear are obtainable from Equation [15] 
bv successive differentiation. 

It is seen from Equation [15] that the calculation of the 
response of the beam to an arbitrary force is a matter of deter- 
mining the various nondimensional quantities indicated. The 
computational task is greatly aided by the work of Young and 
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Felgar® which presents in tabular form numerical values of 
(2), and for various end conditions, together with other 
relationships generally encountered in beam calculations. 
Generally, Ay is easily computed while the determination of the 
quantity J, represents a tedious task,* 

To obviate the difficulties of the numerical task, the D, is 
determined by an analog computer which solves the differential 


equat ion 


Dy, + = weft). {16} 


ANALOG EQuirpMEN1 


The electronic analog equipment® used is well known and 
needs only brief discussion. As shown in Fig. 1, three amplifiers 
are used to simulate the homogeneous portion of equation [16] 
The frequencies of the various modes are set 
by the potentiometers in each closed loop. The settings need 
only be relative to each other with the highest mode setting 


for each mode. 


Function 
Generator 


Sweep Ra nge 


7o Recorder 


ANALOG COMPUTER 


Pie.) 


equal to 1.0. The second set of potentiometers establishes the 
amplitudes Ay,/(B,/)* which depend on the load distribution 
and the position at which the deflection is desired. The various 
modes are then added together by a summing amplifier. By 
switching to the terminal before the sign changer, the proper 


sign for any mode is available. 


Functions Representing Normal 
by D. Young and R. P. Felgar, 


Austin 


3°Tables of Characteristic 
Modes of Vibration of a Beam," 
Engineering Research Series No. 44, University of Texas 
Tex. 

‘Response of Elastic Beams to Impulsive Loading,”” by W. T 
Thomson and J. Cheney, Weapons Effect Research Report, Univer- 
sity of California, lengineering Research, 1951. 

*“NOTS Analog Computing Facility,”” by V. R. Briggs, U. 8 
Naval Ordnance Test Station, Technical Memorandum 4529-23 
November 16, 1949. 


ANALOG SOLUTION FOR BEAMS EXCITED BY AN ARBITRARY 


FORCE 


Auxiliary to the closed loops are the funetion generator® used 
to simulate the time variation of the driving foree and the pen- 
type recorder, By adjusting the sweep-rate amplifier the time 
variation of the driving function with respect to the beam periods 
is established, Simple variations of the foregoing cireuit enable 
one to include the effeet of damping 
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Example. The procedure discussed in the paper is illustrated 
by the following example where an arbitrary time-varying force 
concentrated at 0.501 is applied to a beam with clamped ends 
as shown in Fig. 2. From the Young and Felgar tables’ the 
values in Table 1 are given, where the deflection under the load 
is desired, ~ 

TABLE |) VALUES FOR USE IN CALCULATING DEFLECTION 
Kigs(0 30 wi 

(fal) Ratio 
500 1 006 1 240 C1074 10 0 362 


S804 1 505 1 505 O 593 247 1.0 
14617 O 868 0 SOS 0 0515 1078 0.021 


Ali* Ay 


Since the third-mode amplitude is only 2 per cent of the funda- 
mental, it will be neglected. Since only the relative values of 
the modes are important, we can let 


1.0, 
(B,l)* 


w, = 0.362, 


0.30) 


= 0.247 
24 


Equation [15] then becomes 


== dD, 
2.40 * 10 


+ 0.247 
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To establish the scale factor for the computer, the foregoing 
settings are made on the potentiometers and a step-function 
input is applied. The amplitude of the step function is adjusted 
until 2, has a maximum value of 2.0, in which case Dy should 
have a maximum of 2 ¥ 0.247 with a frequency ratio of w,;/a@, = 
0.362, as shown in Fig. 3. 

We next apply the desired arbitrary time function shown in 
Fig. 4. Actually, the maximum value of f(t) should be adjusted 
to the same height as the step function of Fig. 3. However, 
since this was not done in this case the seales for the deflection 
The deflection in 
inches is obtained by multiplying the values on the curves by 
the factor 


curves must be increased in the ratio shown. 


2.40 10-3 


EI 


In the illustration a simple example was chosen and only the 
It should be evident 
that the same procedure is applicable to a more complex beam 


deflection under the load was obtained. 


such as a continuous beam, provided the normal modes @,(2r 
are known, 
are obtainable by replacing the settings for 


dt 
K, 
dr? 


Also, other quantities such as the bending moment 


Bl 


by 


With proper values of Aj, any distribution of load may be 
obtained, 
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Thermal Stress in Pipes 


By HENRY PARKUS,' EAST LANSING, MICH. 


An incompressible, hot liquid in steady-state-flow condi- 
tion is flowing through a long tube, transferring heat to 
the surrounding walls. The outer surface of the tube is 
kept at zero temperature. Temperature distribution and 
thermal stress in the tube are calculated. 


NOMENCLATURE 
The following nomenclature is used in the paper 


= inner radius of tube 
outer radius of tube 

= specific heat of liquid 

= co-ordinate in radial direction 
co-ordinate in axial direction 

= temperature excess of liquid over ambient tempera- 

ture; average value over cross section at station z 

= shear modulus of tube material 

= temperature excess of tube over ambient temperature 
velocity of liquid flow, constant 
coeflicient of linear thermal expansion 

= specific weight of liquid 
coefficient of heat conduction in tube 
Poisson's ratio 
radial-stress component in tube 
cireumlerential-stress component in tube 
aXial-stress component in tube 
shearing-stress component in tube 

= nth eigen value 
temperature excess of liquid over ambient tempera 

ture at tube entrance z = 0, @ = F(O) 


INTRODUCTION 

An incompressible, hot liquid in steady-state flow enters an in- 
finitely long tube z 2 Oat station z = 0 at an initial temperature 
6, Fig. 1. The inner radius of the tube is a, the outer radius is 5. 
Heat is transferred from the flowing fluid to the surrounding 
tube. The outer surface of the tube is kept at constant tem- 
perature T = 0. 

All thermal and elastie constants are assumed to be independ- 
ent of temperature within the temperature range considered, 
The state of stress is assumed to be purely elastic. 


During unit of time (e.g., 1 sec) a short piece of length dz of the 
tube is passed by a quantity ya%rV (lb per sec) of liquid. On 
its way from station z to z + dz this quantity cools down from 
temperature F(z) to F + (dF dz)dz, transferring at the same time 
the amount of heat 


dy = 
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bia. 1 


to the This amount of heat is conducted from 


the wall into the tube 


surrounding wall. 
We therefore also have 


) 2um dz 


From the foregoing equations then tollows 
2A (°") dl 
ayye,V OF dz 
b, the equation ol steady-state on- 


Within the tube, a 
duction of heat holds 
at lor 
4 

r or 

To simplify the boundary conditions it is assumed that both 
the inner and the outer surfaces of the tube always have a tem 
perature equal to the temperature of the surrounding medium 
Without lack of generalization the ambient temperature may be 


put equal to zero, Boundary conditions then read 


T = F(z in 


=f) in? 


This assumption holds with very large coefficients of heat trans 
fer and it may be expected that owing to the steeper temperature 
gradients the resulting stress distribution will be a conservative 
one 

At station z = 
the temperature of the tube be given by 


= Of(r) 


0, where the tube is joined to the container, let 


inz = 0 


where f(r) is a given function of r, and f(a) = 1, f(b) = 0 


The solution of the problem can be built up by Bessel functions 


w 


ulwrje 


Vo(wr) 


Yolwh) 


Jo(wr) 
J y(wh) 


J, and VY» are the Bessel functions of zero order of the first and 
second kind, respectively. 
Function [6] satisfies boundary Condition [4] for all values of 
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Yj, 
hy 
a / 
Cy 
F(z) 
7 ir, 2) 
ol 
a 
Ge 
o 
Te, 
w, 
a 
3) 
with 
- 
| | 
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w. Again, for all values of w, it is a solution of differential 
equation [2]. This may easily be verified by using the differen- 
tial equation of the Bessel funetions of zero order 


[8] 


where 
du(r) 


= 
ar 


Considering Jo’ = J;, Yo’ = Y, we have 


J (wr) 
J (wh) 


1 du(wr) Y 
u'(wr) — 
w adr Yo(wh) 
We now choose w as 4 root of the transcendental equation 
Hu'(wa) + ulwa) = 0 


with 
H = 
Function [6) then satisfies differential Condition [1] together 


with boundary Condition [3]. 
To satisfy also the last Condition [5], 7(rz) is developed into a 


series of the form 


T(r, 2) = 0 ) A,u(w,re 
n=l 


. are the positive roots of equation [10], arranged in as- 
Their calculation is given in the 


{12} 


Wi, We. . 
cending order of magnitude. 
Appendix. 

We then have from boundary Condition [5] 


@ 


A,u(w,r) = f(r) [13] 


nel 
the possibility of the development being supposed. The coeffi- 
cients A, of this series are calculated by minimizing the square 
E of the error, ie., the deviation of the sum of the series from the 
prescribed value f(r), (see Appendix). This gives the following 
system of linear equations for the unknown A, 


(14) 


For S,,, and M,, see Appendix. 

In practical applications of course a few terms in the series will 
be considered only. 

With coefficients A, thus determined, the temperature distri- 
bution is known from Series {12}. 


‘THERMAL STRESS 


We consider thermal stress only. All other stresses, e.g., those 
eaused by internal pressure, may be superimposed, as long as 
the resulting state of stress is purely elastic. 

The following boundary conditions have then to be satisfied 


Oo, = 7, = 0 inr =aandr =b {15} 
A particular solution of the thermoelastic equations always 


may be obtained by introducing the thermoelastic potential? 

?“Theory of Elasticity,”’ by S. Timoshenko and J. N. Goodier, 
second edition, MeGraw-Hill Book Company, Inc., New York, N. Y., 
1951, p. 433. 
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satisfying the equation 


+ 


aT (16) 


In terms of Y the particular components of displacement, @ in 
radial and Win the axial direction, are given by 


Hence the particular stresses are from Hooke’s law 


(= 
or’ 


6, = 


lo 
ror 


oy 


Oroz 


vy). vv) 


= 2G 


In the present ease, Y may be assumed as follows 


n=l 


y= 


Considering Equations {8} we then have 


vey = 20 > 
1 


and therefore from Equations [16] and [12] 


l+vaaA, 


v2 w, 
Equations [17] then give the stresses 


u(w,r)je” 


kK A,, u(w, re @n? 
1 


A 


lw, ru’(w,r) 


[w,ru’tw,r) + 2u(w,r)}e~ on? 


nt 


K ) Aw, ru(w, re” 


n=l 


v 
K = 120] 
v 


As had to be expected, the particular solution 6, ... 7,, does not 
fulfill the boundary Conditions [15]. A seeond state of stress 


Fs T,, has therefore to be superimposed, pertaining to zero 


temperature and canceling the boundary stresses of &, .. . 7,,. 
This second state of stress may be found by means of Love's 
displacement function? ® which is a solution of the bipotential 


equation 
=0 
The stresses are 


Reference 2, p. 342 


u’ 
u” + +u =O 
oy _ oy 
“= , w= 
or Oz 
117] 
3, = ( ry), = 
10) 
n=1 
= 
[19] 
= 


PARKUS 


=) 
Oz r Or 
oz? | 


In the present case we assume ® in the following form 


ja,Jo(w,r) + b, Volw,r) 


n=l 


+ (w,r) + 


According to Equations [21! we then have the stresses 


2v)d_) 


(wr) 


2v)e,J (ar) + 


al) + wr 


tT d,) i(w,r)] e 


= War + 4, ¥o(w,7) 


2(1 
If now the boundary Conditions [15] are evaluated for the re 
sulting stress 


then the following four equations for the four coefficients a, d, 


| 


w,, 


are olbtained 


J\(w,a) 
w,Jo(w,a) Ja, 4 
a a 


2v)J 


2v) (w,a) d,, 


u'(w,a) 
K (wa + HW) A,, 


Ww, 
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w,/ (W,a)a, t w, Vi(w,ayh,, {201 


+ w,, v) Vi (wa) 


u(w,a) 
t w,a) (wa) d, Ka 


2v)Jo(w,,b) 


) Ic, 


if w,,h 
= 


23] 
(cCon- 


tinued ) 


KI i’(w,h) 


Wn 


w,Ji(w,ba, + w, v)J (wh) 


+ le, (21 


+ (w,b)}d, = 0 


(n 


After solving these equations for n = 1, 2,3... 


. the resulting 
state of stress is obtained by superimposing the two stress systems 
Equations [19] and [22]. 

For z— ©, all stress components vanish, corresponding to a 
free (unloaded) end of the tube. For z = 0, a system of stress in 
equilibrium results, which, in general, will be different from the 
actual stress distribution there. According to Saint Venant’'s 
principle, however, this deviation affects the stress distribution 
only in the vicinity of 2 = O.and is of no influence at distant cross 


sect 


Appendix 
CALCULATING Roots or Equation [10] 


In caleulating the roots of equation [10)-— the eigen values of 


the problem the fact may well be used that the nondimensional 
vonstant H, equation [11], is in all practical cases very small 
compared with unity, 

The idea therefore suggests itself to develop the eigen values 
into a power series of Hf; only the first two terms of this series 


will be retained 


w,l = B, +H 
[24] 


w,) 


The constant 


is the diameter ratio. 
Introducing Series [24] into Equation [10] and developing 


into Taylor series gives 
H} [Jo'(B,) + Hywlo"(B,) 4 
+ kHy,Vo'(kB,) +... + Hy, ¥o"(B,) 
+...) [Jo(kKB,) + KH +... 
+ 4 + Hy, Vo'(B,) 
| (Joh B,) + 4 


INT 
| 
0 
E 21) CSC 
stn 
op 
or 
n 1 ‘ 
a, 
1 
a 
J (w,r) 
(22) 
i, = > 22 
n 1 
4 
/ 
a 
+ (0 — 
.. [23] 
+ 10 
= |} =0 
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This equation has to be an identity in HW. By rearranging we ob- 
tain 4 series, progressing in powers of H. The coefficients of this 
series must vanish. This condition gives for the coefficient of H® 


¥o(kB,) = O........ [26] 


from which #, has to be determined. ‘The roots of this equation 
are wellknown,‘ 
From the coefficient of the first power of H one obtains 


+ Ji(B,) Yo(kB,) 
— ¥\(B,)J(kB,) = 0 


This equation may be sim- 
Vo(kB,) 


J(kB,) J\(B,) 
J 


J;(B,) 
2 Jo(kB,) 
7B, Jo(B,) 


from which , has to be determined. 
plified considerably. We have 


J(B,) = | 


J (kB, )J(B,,) [? (B,.) 


Jo(B,) 


V = 
(kB,) JolkB,) 


J (kB,) 


We therefore get 


[ 2482 } 
AkKB,) 
With 8, from Equation [26] and >, from Equation [27] the 


eigen values w, are determined by Equation [24]. 
Ky means of asymptotic formulas it can be shown that 


** Tables of Higher Funetions,”” by 
Leipaig, Germany, 1952, p. 204. 
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CALCULATING A, 

As may be seen from the following equations the system of the 
funetions u(w,r)—the eigen functions of the problem —is not 
orthogonal. To calculate the coefficients A, we therefore start 
by minimizing the square FE of the deviation of the sum of the 
Series [13] from the prescribed value f(r) 


b h 
[> A,u(w,r) f(r) Min 
a 


n=1 


for all values of Ah = 1,2... 
It is necessary for a minimum that 0F/0A, = 0 for all n, or 


‘ h 
A,,u(W,,") u(w,r) rdr = 0 


Carrying out the integrations by means of the integrals 


fe 1.3...) 


— 
m 


(m # n) 


r? 
{u(w,r)|%dr = { [u(war)]? + 


and taking into account Equation [10] and u(w,b) = 0 the fol- 
lowing system of linear equations for the A, is obtained 


where 
au(w,,a)u'(w,a) 


M, = rf(r)u(w,r)dr | 
>... [201 
San =, | {bu'(w,)]* (1 + | 


It can be shown that Equations [28] converge for h + @, 


Solutions of Heat-Conduction Problem With 
the Aid of the Inverse Method 


By F 


Using a known solution of the potential equation for 
heat conduction it is possible to determine boundaries 
which fulfill the boundary conditions. This idea was 
applied to the heat flow with parallel streamlines, from a 
line source and from a point source. From the parallel 
flow, fins have been derived on a plane surface having cir- 
cular are flanks. From the line source, fins axially and 
radially on a cylindrical surface and from a point source 
fins on a sphere are obtained. The improvement of the 
heat transfer has been found in these examples to depend 
only on the surface direction at the base of the fins. 


NOMENCLATURE 


Phe following nomenclature is used in the paper: 


= thermal conductivity, hr deg or Btu/ft ha 
deg F 
= coefficient of heat transfer, eal, hr deg C or Btu 
ft hr deg F 
surtuce area, sq tn or sq tt 
fin-base area, sq mor sq ft 
tc keh 


transfer resistanee, mi or ft 


alent convective al thichme SS, heat- 
length along normal to surface, m or it 
length along heat streamline or along thermal gradient 
niorft 
length along heat potential line or along isothermal 
moor ft 
ot Os = temperature gradient, deg Com or deg F/ft 
with suitable chosen reference 
Inside temperature 
Temperature 
being zera (A deg C or Adeg F) 
heat stream funetion, ealom hr or Btu. ft hr 
ratio of increase of heat transfer by fins ( 


outside temperature 


angle between heat streamline direction and normal to 
boundary ( ) 
> angular direction of heat streamline 
angular direction of normal to boundary ( 


Tuk Prose 


The differential equation of heat conduction is in the case of 


constant heat conductivity / 
At = 0 


where fis the temperature or the heat potential, The boundary 


ondition is 
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(5) 
tr ‘ 
ON] 4 


Where the heut-transfer resistance 


r 

is the quotient of the heat conductivity A, and the heat-transfer 
coetheient A. The latter coefficient is assumed here also to be 
constant: then with constant heat conductivity ris constant too 

Since the dimension of kis k eal/m hr deg C and of h is & eal, 
sqm hr deg C, the dimension of Therefore r is a length, 
It is the equivalent of the thickness of the convective layer ex- 
pressed by the conductivity and miay he called also the equiva} 
thickness; 4 is the temperature on the 

7, isthe temperature on the outside of 


lent convective laver 


inside of Loundary A; 


2 
2 
4 
? 


¥ 


~ ¢ = CONSTANT 


the boundary A, whieh is also assumed to be constant here. 
No means the normal directed to the outside of the boundary A, 
Fig. 


Cases OF 


Pwo cases be distinguished 


bors 
oN 
‘Thus boundary becomes a po In this case boundary becomes 
tential line of heat flow (ideal a streamline of heat flow (per- 


heat transfer) fect insulation ) 


solution of the potential 
heat- 

0, any potential line 
t, will be the boundary 


In either of the limiting cases an 
easily be interpreted as a solution of the 
In the firs 


since T, 


equ 


cotmduetion problem tense 7 


be chosen asa boundar: 


condition. In the other ease r— any streamline be 


chase mass boundary sinee 


will then be the boundary condition. Nothing ean flow across 


- . 
= 
n 

A 

$ 

r 

ow 
\ = CONSTANT — x 
» 
g = DIRECTION OF 
INCREASING y 

3 

3 
ros 
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this boundary, since the equivalent convective-layer thickness 
is Loo large. 


CAENERKAL SOLUTION 


Since it is possible to interpret a given solution of the potential 
equation as a solution of the heat-conduction equation in these 
limiting cases, the question arises if it is possible to find bounda 
ries; also in a case of finite values of the equivalent convective- 
layer thickness, 0 << r », for a solution of At = 0 such that 
the boundary condition 


ot 


r 
aN 


t, 4 
is fulfilled.* 

No attempt is made here to solve the direct problem of pre 
seribed boundaries. Instead, the inverse method, by which the 
field is considered to be given, is applied. 

Introducing 8 a8 the path length of a heat streamline one meas 
substitute 


ot ds 
Os dN 


where 


ds 
dN 


is the cosine of the angle between the direetion of the heat stream 
line or the heat gradient s, and of the normal NV, of the boundars 
A. Then the boundary condition is transformed to 


Ol/Os = +q isthe rate of temperature drop or the temperature 
gradient. 


Hence the angle - - tay be determined from 


ty 


rq 


If the directional angle of sis a and of V is B then 


t T's 
are COS 
r q 


Primarily any point of the field of the solution of At = 0 may 
he considered to be a point of a boundary, as long as for given + 
and 
V4 
q 
If this condition is fulfilled two directions of N satisfy in the two- 


dimensional ease the boundary conditions; in the three-dimen 


sional case this is true for any plane containing the tangent of the 
heat streamline through the point under consideration 
Since 
cos Jd 


one finds 


B 
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or if in this plane ¥ (X) means the boundary and if @ is meas- 
ured from the direction of the X-axis 


dy t T 
= = vot (« oare cos ‘) 
dX r q 


These differential equations have to be solved in a suitable man- 
The entire solution consists of 


[12] 


ner, depending on the problem. 
sections of the one or the other solution which are composed arbi- 
trarily. 

In the following, some simple solutions of the potential equa- 
tion are interpreted as solutions of heat conduction with due re- 
gard to the boundary conditions. These examples are the paral- 
lel flow, the flow from a line source, and the flow from a point 
source, 

Since the generality of the solutions is not restricted thereby 


is chosen in the examples, 
A comparison of the results is made in Table 2. 


SoLtutions Wuicu Resuvr From Pararcer 
The potential 
= 
represents a flow parallel to the x-axis 


a=0 


q=1.. [14h] 


Then the boundary must satisfy at least in seetions the condition 


= 0)... 115] 


Hence 


This solution exists with 7, = O only for 


r 


In the remaining field, ¢ = r, the boundary condition could not 
be fulfilled 

The general solution for the possible boundaries consists of the 
entire family of cireles having the radius r, the centers of which lie 
on the Y-axis, Y = 0, and are given by the constants Yo, Fig, 2.2: 
From these circles any sections may be chosen in succession for a 
possible boundary. 

Fig. 2 shows such a boundary. With the signs chosen, bounda- 
ries with X < 0 yield emerging heat flow and boundaries with 
VY > O vield entering heat flow. 

In Fig. 3 the event of emerging heat is illustrated for the case 
of a wall of the thickness 6 on which fins or ribs are arranged on 
the one side (0) but which is smooth on the other side (7). The 


“Introduction to the Transfer of Heat and Mass,"’ by R. G. 
McGraw-Hill Book Company, Ine., New York, N. Y., 1950, 


p36 


c 
= 
oN 
Jt 
t 7 
cos < 8s, N > = cosa ‘ ‘= Fe 
rq r 
IX tcota = 4 
1 (r/r)? 
cos < 8, N > cos 
and 
X? + r? 
I « 
t T 
B= = + are cos a+a 
rq 
11! 
= a are COs ‘= a 
rq 
fs 
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distribution of the temperature is illustrated for the cuses 
« = 246 on the one side and + r, = 466, 246, 12 4, 
tively, on the other side. 


r Tespec- 


First, some extreme lengths of the fins, Ei, (top Fig. 3) have 
been chosen, which are subsequently shortened to & < &.,, without 
change of the contours at the base of the fins, with resultant 
It may 
the temperature decreases 


change of pitch or spacing, and edge angle of the fins. 
be seen that on the one side (7) 
with decreasing extremal Jength & of the fins, that how- 
ever, it is independent of the ratio £/&, although, with de- 
creasing £/f, the structural quantities, ie., lengths of the fins 
and wedge angle become more favorable, with at first only a 
slightly unfavorable decrease of piteh, 

When comparison is made under equal length &, the lower tem- 
peratures on the one side (2) will be attained with the smaller 
pitch or spacing: in other words, &/£, should be as large as possible 
for a given &. 
to make the pitch and the edge angles as small as is practically 
possible. Otherwise Fig. 3 should speak for itself, 

In the main, the effect of the fins is to increase the surface 
available for heat transmission compared to the original surface or 
base area. 
area. Tf the conductivity would be very large, then the heat 
transfer would be increased by the ratio 


With actual design, however, it is more important 


Let A be the increased surface aren and B the base 


Q. = A/B 


since then the temperature would be constant along the surface ot 
the fin and equal to the temperature at the root, which might be 
considered unchanged. The real heat 
effectiveness coefficient, 7 


transfer is less by an 


9.7 120} 


If Cand bare used as subseripts for tip and base of the fins one 
finds 


a, 


sit Oy 


cos 
b 


£) r, have to be subbsti- 


where cos ay = Eun/r, and eos a, = 
tuted for the examples in Fig. 3 (Tablet). 
Finally 


n= 1 


COS 


Hence Q depends only on the base angle oy, 


Link-Source 


‘Two-DIMENSIONAL 


The potential 


t log {24] 


represents a flow originating from a line source which is situated 
in the z-axis, Ais the distance from this source line. 

Let the streamlines be normal to this z-axis. Let w be the 
angle between the direction of a streamline and a chosen x-axis. 
Then 


[25a] 


Further 
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The boundary niust satisfy at least in sections the condition 


Rilog R 


7 a= 9 


Hence 
loy 


log 
( r 


Using polar co ordinates and Ww 


Rlog R 


r 


and by integration 


log 


/ AR 
1 (= log R 


O was assumed and Ofor 


Hence ris an essential parameter of the prob- 


Sines 74 ris measured 
in the unit of R 
lem. Inorder to obtain all essential solutions, the integration was 


carried through for a set of values of + 
1.0, 0.4, OS, O.7, 0.6, 0.5, 0.4, 0.5, 0.2, O11 


In the case r — 0 the solution becomes geometrically simular to 
the solution for the par lel thaw, as described before 


bor 
Rilog R 


possible boundaries do not exist. The function 2 log Bis repre- 
sented in Pig. 4. For < Lone R log R < lve = 
Hence forr = L/e = 0.368 the solutions are split in two branches, 
one for 0.568 and one for 0.368, 
In Fig. 5 the results of the integration are plotted, however, 


H 
| 7 
+ 


R ann R 


Fusetions R Log 


— 
: 
cos xs, N = 5 2H 
rq 
cot = 
=. 
sin 
and 
q = - = + a 25h | 
oR 
fs 
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big. 5 
only forw, = Oand for only one sign of the root. Refleeting these 
results on the a-axis and adding arbitrary constants w, would 
vield the general solution from which special solutions result ina 
similar way as was shown for the parallel flow 

In this way fins may be derived which run longitudinally along 
the evlinder. 
AXISYMMETRIC SoLtrions Reset 


From Lintk-Sovrer 


In the for going paragraph the flow of the line source was con- 
sidered as a two-dimensional plane flow in and parallel to the 
X-Y¥-plane. The 
fins 


solutions obtained represented longitudinal 


One may consider this flow also as 
radial 


an one and 
Using eviindriesl co-ordinates, R, Z, the 
boundary must satisfy again at least in sections the condition 


obtain fins 


ta 


R log R 


rq r 


Henee 


R log R 


r 


\! (“ log =) 


co-ordinates Z 


R log R 


r 


log 
\ 


and bY Integration 


Since assumed again and Ofor R 
measured in the unit of R and is an essential parameter of the 
proble n 


of r 


The inte gration was earried through fora set of values 


1.0, 0.9, O08, 0.7,0.6,05,04.03.02.01 
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The fins obtained in this way run radially 
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origin of the system of eylindrical co-ordinates Z, R, w, or of 
spherical co-ordinates p, gy, w; pis the distance from this origin 
Por 


The streamlines are straight lines originating in the origin of 


the co-ordinate system, Consider @ = 0 to deseribe a plane nor- 


ma! to the z-axis. Let 


Further 


| 


= COs - f 


Using spherical co-ordinates p, 


dw 
= 


dp 


and by integration 


O was assumed and ¢ = Ofor p 1, ris agin 


. 
hig. 7 


DECEMBER, 1953 


ured in the unit of p and ris an essential parameter. The inte- 
gration was carried through for a set, of r 


r = 1.0, 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2, 0.1 


In the case r — O the solution becomes geometrically similar 
to the solution for the parallel flow. 

For 


possible boundaries do not exist. The function p p is repre- 
sented in Fig 4. For p < 1 one finds—-(p?-- p) < 1/4 = 0.250. 
Hence for r = 0.25 the solutions are split in two branches, one for 
p > 0.500 and one for p < 0.500. 

In Fig. 7 the results of the integration are plotted, however, 
only for w, = 0 and for only one sign of the root. The general 
solution may be found analogously to the previously described 
cases, 

In this way, fins on a sphere may be derived which ran with 
their symmetry axis in planes through the origin of the co-ordi- 
nate system or, more generally, in conical surfaces with the apex 
at the origin of the co-ordinate system. 


Soup Generatizep Use or tHe 


Topologically, the results of the last three examples are re- 
lated to each other, as a comparison of Figs. 5, 6, and 7 will show 

In the limiting case k — 0 they are all similar to the results 
which may be derived from the parallel flow. Por some easier 
comparisons the mathematical results are compiled in Table 2. 

It is, however, not necessary to confine oneself to the two- 
dimensional plane and axis-svinmetrie interpretations given in the 
extended to three 


foregoing. These interpretations may be 


dimensional conceptions of more general character. To explain 
these possibilities some models have been sketched as shown in 
Pigs. Sto 7, inclusive, 

Besides simple cooling fins derived from the result of the paral 
lel flow, Fig. 8, there might be a crisserossing application resulting 
in cooling pins, Fig. 9, or circular fins obtained by turning, Fig. 10 
or radially arranged straight fins, Fig. 11, or some combination 
of eireular and radial fins, Fig. 12. 

Besides longitudinal cooling fins along a cylinder, Fig. 15, 
and radial cooling fins, Fig. 14, there might be a crisscrossing 
combination, resulting in cooling pins, Fig. 15. 

Cireular arrangement of cooling fins on a sphere is shown in 


Fig 16; Fig. 17 shows a combination of such cireular fins nenr 
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TABLE 2 COMPARISON OF EXAMPLES 
Varallel flow Line source Point souree 
Fins on plane Longitudinal! fins Radial fins on Fins on spheriwal 
surface on eylinder eylinder surface 
o-ordinates Cartesian Y, } Polar Cylindrical Z, R, Spherical pw 
i 
t = log Rk -low t= 
Ofors Ofor = 1 OforR = 1 = Ofor = 


Potential or temperature 


dt 


Temperature gradient = 
dk 


cose con <6, N > for 7 Rilog y R log R 
Ta = 0 r 


Rlog Riog Rk 


r dz r 


in” 
r r 


1 


Houndary for T4 = 0 fog # K log R 


r r 
dh + wy dk + Zy 


the apex with longitudinal fins near the equator of a hemisphere. Finally it might be remarked that in all the examples the heat 
‘These figures may be considered to be self-explanatory. Com- — transfer is given by 


binations of such solutions might result, e.g., in a design of cooling Q 


‘cos a, ‘ .. 137) 
fins on a cylinder limited on one side by a hemisphere; with 


constant wall thickness and constant outside and inside space where cos a, = cos <s, V > is the value at the base of the fins or 
temperature this would result in constant inside wall tempers- pins, 27 and Q, may vary considerably for eases of equal ther- 
ture. mal conditions, while the product of both depends on a, only 


+ 
rq = ° 
pt a 
dy pd r 
1 
= 
r 
le 
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Toroidal-Shell Expansion Joints 


By N.C. DAHL,' CAMBRIDGE, MASS 


(rN ° Nygb = 0 


The problem considered in this paper is shown in Fig. 1; 
a thin toroidal shell of center-line radius a and torus mid- 
surface radius 6 is slit at its inner edge and welded to rela- 
tively stifl evlindrical pipe sections to form an expansion 
joint. Stresses and axial deformation under the axial load 


(rM,)' b(rQ4) Mab cos®d = 


where primes represent differentiation with respect to @ Also 
over-all vertical equilibrium of the shell shown in Pig. 1 leads to 


/’ are desired. 


COs@ + sno = av 7 


LARK.? using an analysis, the kernel of which was de 
veloped jointly with Ie. Reissner, has obtained a solution 
tothis problem by asvmptotic integration of the differential I? 
equations of thin shells of revolution. This solution involves 


approximations based on the assumption that the following geo- 


metrie parameter of the shell 


V — v?) b? 


(1 


ah 


is sufficiently large. In the present work a solution is obtained 
using the principle of minimum complementary strain energy. It J 
is found that the results obtained in this way are valid as long as u 
is not too large. The two solutions are plotted to show in what 
regions of uw they overlap and both are compared with experi- 

lp 


mentally determined stresses and deformations. 


It is often usual in approximate solutions to thin-shell problems 
to seek a solution which consists of the equilibrium membrane 
solution modified by local bending stresses to take care of edge : ’ 
conditions not satisfied by the membrane stress. This technique ‘ 
is not applicable in the present case because the membrane-stress 


resultants 


P 
sing 
27a sin*d 


satisfy the edge conditions but become infinite at @ = O, w, that 
is. at the top and bottom of the torus. This behavior is typical ol 


any shell of revolution having a point of horizontal tangeney and 
subjected to vertical loads, «It is clear that in the problem at 


hand we must include shearing forees to carry the load in the 


vietnity ot the top and bottom of the torus 
feferring to the element of the torus shown in Fig. 2, the 


- equilibrium equations for the stress resultants can be written in 


the following form 


Neb sind + (rNg) + = 0 


Assistant) Professor of Mechanical Engineering, Massachusett- 
Institute of Technology | 
On the Theory of Thin Elastie Toroidal Shells.”” by R. A. Clark a 
Jaurnal of Mathematics and Physics, vol. 20, 1950, pp. 146-178 Ov 
Presented at the National Conference of the Applied Mechanics J 
Division, Minneapolis, Minn., June 18 20, 1953, of Tur American ff 
oF Mecnantean | 
Discussion of this paper shovld be addressed to the Secretary 
ASME. 26 West 39th Street, New York, N. Y., and will be accepted ! 
until January 11, 1954, for publication at a later date. Discussion 
received after the closing date will be returned. | 
Note: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 


Society. Manuseript received by ASME Applied Mechanics Division, 
August 20, 1952. Paper No. 53 —APM-30. 
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where 


Using the notation 


we can write ras follows 


all + A sing) Ga} 


In what follows we shall assume that A is small and that therefore 
all stresses and deformations are either perfectly symmetric or 
perfectly antisymmetric about the point @ = 0 

Since Qs exists only to carry the vertical load it is reasonable to 
Re- 


we assume the following 


the boundary condition that Q, Ont tow /2 
stricting ourselves to small values of A 


svinmetrical form for 


(aldy) av, cos@ | {10} 


(rQy) 
where the requirements on g(@) are that it be even in @ and that 
it and its derivatives be finite 
equation [10] into [7] leads to 


everywhere Substitution of 


(rNg) (aNy) = aVo sin @ gid) + 1) 


and Equations [10] and substituted into Equation yield 


sin 2p 
No = cos 2p gid) 4 


I) [12] 


Substitution of (10) into the qmoment equilibrium 
Lquation [6] gives, assuming A small compared to unity 


Acosd Ma 
[13] 


cos [1 sin? = M'y + Acosm My 


It remains to make an assumption about the deflection of the 
shell, From the theory of thin shells it follows® that the moment 
stress resultants and the deflection of thin shells of revolution ean 
he expressed in terms of a parameter 8 which is the negative of the 
change, due to deformation, in the tangent angle @. Using this 
notation the moment resultants for the toroidal shell can be ex- 


pressed as 


where 


and the vertical deflection w can be given in the form 


w =bh (tan sing 
Where €ym sing represents the (small) contribution of the middle 
surtace strain 

Negleeting terms of order A we ean write Wy and Wy as 


M, = {17 | 
2Contributions to Apphed Mechanies; on the Theory of Thin 
Elastic Shells,"’ by E. Reissner, Reissner Anniversary Volume, 
wards, Ann Arbor, Mich., 1949, pp. 231 247. 
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B’ = oM, Is | 


, 


Oat gd = +772, 
and because of the presence of the stiff evlindrical shell we also 


By reason of syinmetry we must have 8 


can assume W/2. Satisfying these boundary con 


ditions we take the following form for 8 
cos n@ 


B= 
odd 


Taking only the first four terms of Equation [19], Equation 
[13] becomes after expanding and neglecting terms of order 
) 

cos@ [((C, + + 4 


[1 sin’@y(@)| = 


HOO + (SOC, + 560C' 


(448C',) 


(12C', 4 sin’@ 4 


sin®@ | 
Thus we obtain for gi@) 


ai) ky + hy 


where 
120, + 4+ 


= SOC. 4 

hy Hise, 
We now have expressions for the stress resultants in terms of the 
coefficients Cy, Cy, Cs. 
tions to terms of order A 


and (>, which satisfy the equilibrium equa 


Neglecting the contribution of Ng and and again neglecting 
terms of order A compared to unity, we can express the comple- 
mentary strain energy* as 


trap 
Ne* + ( | dd 


Substituting the stress resultants, integrating, and then mini 


mizing the strain energy with respect to variation in the coeffi- 
clients, we obtain the following results 
oN 


where 


D, = + 12.607,000,000u2 
174,560,000,000 
1.697 ,600,000u2 
174,560,000,000 


3,636,600 00002 


Ny = + 1408,700u' 4 


+ 3,798,500. 4 
3,788,200u' 


322° 


where 


‘For systems which obey Hooke's law the minimum complemen 
tary strain energy is equal to the strain energy, and the method of 
minimum complementary strain energy is identical to Castighano’s 
method of least work. The author prefers the term complementary 
strain energy as being more explicitly descriptive of a stress system 
which satisfies equilibrium but not necessarily compatibility, and in 
the problem at hand we are dealing with such an equilibrium stress 
system 


[S| 
270 
> 19] 
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{yal 
(20 
= [22 
r’ 
= Bo tev p [14] 
4 
Ns 4 
V. = 
hehe 
N, = 
121 
and 


= 162.510m' 272.870.0000) + 
No = 163.6000" + 26! 
V, = 356450" 


Neglecting the small contribution of the direet strain we ean 


express the vertical detleetion of the shell as 
S do 


and since Is aneven tunetion of @ the over-all vertical defleetion 
of the inner edges of the torus is given by 


6 1, 3 cose d@ 27 | 
2 


Deformations and strains have been mensured on a torotdal 


shell fonuing the section Ob inl ONPRUNSION jJount 
The jomnt was an 


details of which are shown in Figs. 3 and 4 
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or Test SHELI 
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we 


nealed after manufacture and betore the tests. Strains were 
messured on four different cross sections of the torus; the average 
of these is reported here, The strains were measured with SR-4, 
A-S, in. wire strain gages 
tions on each cross section and on both the inside and outside of 


gages were mounted at seven loca 


the torus at each location 

The results of these tests are shown in Figs. 5 through © 
Also plotted on these graphs are the theoretical stresses predicted 
by the solution deve loped in the first seetion of this peaprer and 
those predicted by the asymptotic integration solution of lark 

The maximwn membrane stress will always oceur in the tan 
gential direction at the top and bottom of the shell (@ , 7), us 
shown in Pig. 6 The maxinurm bending stress will always be 
larger than the tangential membrane stress and its loeation wall 


ipproach closer to @ O. was the value of inereases; in bys 
the oeeurs at approximately @ = 
The value of wa for the test shell is 27.5 and A O24 Except 


for the tar ue ntial bending Stress, there is litthe te choose between 


the fit of the two solutions. A surprising feature is that) the 
Thensured stresses are predicted more see urately booth: solutions 
than is the measured deflection; in most approxtiiate solu 


tions one meets with better suecess in predicting over-all de 


fleetions than in predicting local values of stresses 


AsyMeroric AND ENERGY SOLUTION 


COMPARISON OF 


In this section we will compare the results predieted by the 
The 
large 


and energy solutions for different values of 
two solutions should diverge for spall and for 
values of but in an intermediate range of they should eom 


very very 


eile Clark and Reissner® have tiade such a comparison for a 
closely allied problem, the bending of curved tubres 
Clark's results for the deflection, maximum stresses, smd 


tion of maximum bending stress can be expressed as simple expliert 


functions of wo The vertient deflection of the torus is given by 
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hic. 6 TANGENTIAL STRESS 
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Energy 


Asymptotic 


From measured strains 
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| | 
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Asymptotic 
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oO From measured strains 


! 


Equation [28] can be expressed as follows 
21.8 (1 


2 
The maximum tangential membrane stress is ua lab Mm 

ab where can be interpreted as the deflection of a straight slit: pipe 
es of radius 6, thickness A, and length 27a, whose slit edges are pre- 
Bin E vented from rotating when the edges are pulled apart by a foree 
rhe ratio of 6,/6) for the two solutions is plotted in Fig. 10, 
Vo, the location and magnitude of the maximum bending stress 
are given by 


h? 2rah 


The solutions are seen to overlap closely in the region of yo be- 
tween S and 30 
1.225 22: sult 


The single plotted point represents the test re- 


The location of the maxbnum bending stress is shown in Fig. 11. 
; Here the range of overlap is between w= Sand w = 40. 
2.99 


= It is in- 
teresting to note that the point of maximum stress stays at the 


y2y'/e\ he 2rah edge of the torus (which is the location for a straight pipe) until 
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——— Energy 
— Asymptotic 


4 


Energy 
Asymptot« 
Test results 


Fnergy 
Asymptotic 


Test result 


Lu 2.3, at which point a small inerease in a moves it abruptly 
toward the center of the torus. 

For a value of vy = 0.3, Equations [29] and [31] ean be written 
as 


O.5IS  3bP O.51S 


O.754 
= 


0.754 


; On 


rah? 
where om can be interpreted as the maximum bending stress ina 
straight slit pipe of radius }, thiekness A, and length 2ma whose slit 
edges are prevented from rotating when the edges are pulled apart 
by a foree P 

The maximum stresses for the two solutions are shown in Fig 
12. The bending stresses are in good agreement in the range of 


mw between 4 and 40. Agreement between the solutions for tan- 
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Location of Maximum (Raprat) 
BENDING STRESS AS A FUNCTION OF 


big. 120 Maximem Benping AND 
(TANGENTIAL) STRESSES IN 
Tororan as a FuNcTION oF 
(oy, is Maximum bending stress in a straight slit 
thickness A, and length 2a, 
prevented from rotating 
pulled apart by a force /’ 
Graph gives effect on stresses of wrapping this 
straight pape inte a toroilal shell 


pipe of radius b 
whose slit 
when the edges are 


edges are 


big. 138° Rario op Maximum Benping Srress 
ro DerLection oF Suen. as Fune- 
TION OF IN or Same 
FOR Pree or 
Same Dime xnstons 


| 
| 


gential membrane stress is not as good, being separated by slightly 
more than 5 per cent in the interval w= 8 to uw 10. 

From Figs. 10, 11, and 12 it is evident that 
energy solution is not applieable for values of a greater than 
about 30. 
solution could be extended to larger values of aw: however, this is 


the four-term 
By taking a larger number of terms in the series this 


unnecessary In view of the existence of the asvinptotic solution. 
It is of interest to compare the torus with a comparable straight 

This 

5 the torus is slightly 


pipe in terms of the ratio of maximum stress to deflection 
is done in Fig. 13.) Surprisingly, for uw - 
better in this respect than is the straight pipe. 

In the design of a torus for an expansion joint the distanee a in 
most instances will be fixed within small limits by the dimension 
of the eylindrieal pipe to be connected. In Fig. 14 the ratio of 
maximum bending stress to deflection is given in terms of E)/a 
It is evident from this plot that for a given value of a one should 


not design for a <4. In using this eraph for design, the asymp 
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totic solution should not be used for Ms 10 
and the energy solution should not be used 


lor > 30 


N 


Oruer Tyres or Loaping 


Tests were conducted with a couple M, 
axeting in the plane of the eylindrical pipe 
Strain measurements showed that 
the maximum stress in the shell can be eal- 
culated with good accuracy from the axial- ine 
deformation theory by substituting 
2M 
[3 
Energy 


Asymptotic 


where r,, is the radius to the point of maxi Oo Neem 
mum bending stress in the axial-deforma- ; 

tion theory The resulting angle w, be- 

tween the adjacent cylindrical pipe axes, 


can be approximated with aceuraey by 


Ratio of Maxtmem Benping Steess To of Torotoat as 
Function of in Teams or Fla 


where 6, is calculated using ? = 2M a 

\ torsion test showed that the shearing stresses and rotation are Horizontal equilibrium gives 
those predicted by the theory of thin-walled hollow members. ® 

Tests with the shell subjected to internal pressure showed that 
the membrane stresses are substantially those predicted by the 
well-known equations from the membrane theory of shells? It \gfoment equilibrium gives 
Was impossibe to detect any systematic bending-stress distribu- 
tion beeause of local straining due to small initial noncireularities M's Md 
= the torus cross sections Assuming “ trigonometric series for Vo, with Va even 
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It may be of interest to indieate a possible alternative develop . 
ment of a set of equilibrium stress resultants. as suggested by sind sin(2n lig 

Let 
sinf(2n + Lig 


2n + 1 


Qs = Hsing + V cos@ [37 | 


where H and V are horizontal and vertical stress resultants, From p 
j ilibri B and 6, are found as follows 
vertical equilibrium we have 
ie 
On 2rabb ab 
> 
(2n | 


Qs = H sing + /9 
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Theory of Elasticity,” by V. Southwell, Oxford University 
Press, London, England, second edition, 1941, p. 254 plementary strain energy 


The coeflicients A, again may be found by minunizing the 
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Flexural Vibrations 


Beams 


in Unitorm 


According to the Timoshenko Theory 


By R. A. ANDERSON,? PASADENA, CALIF. 


The general series solution is given for the flexural vibra- 
tions in a uniform beam according to the Timoshenko 
equations, which include the secondary effects of shear 
and rotatory inertia. In addition, the series solution is 
presented for the case of a pin-ended beam. For the spe- 
cial case of a concentrated transient force at the mid-point 
of a pin-ended beam, the bending-moment and shear- 
force solutions according to the Timoshenko and ele- 
mentary equations are compared. 


NOMENCLATURE 
The following nomenclature is used in the paper 


y = total lateral deflection 
lateral bending deflections 
lateral shear deflections 
index of position along beam axis 
time 
= elastic bending moment 
elastic shear force 
: arbitrary distributed transverse force 
arbitrary concentrated transverse force 
= Young's modulus 
= shear modulus 
= ratio of average shear stress to maximum shear stress over 
cross section 
= length of beam 
= radius of gyration of cross section around principal axis 
normal to plane of motion 
= moment of inertia of cross section around principal axis 
normal to plane of motion 
cross-section area 
mass density 


m = mass of beam 


Elementary equation: 


>, (4) = 
galt) 
M, = 
= 
wo, = 
= 


nth mode shape 

nth generalized co-ordinate 

nth generalized mass 

nth generalized force 

nth natural frequency 

ath dynamie amplification factor 
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Timoshenko equation 
@,(2) = nth mode shape in bending deflection 
¥,(2) = nth mode shape in shear deflection 

Otherwise, the same definitions as for the elementary equation, 
except with superseripts 1 and 2 to indicate two sets. 

INTRODUCTION 

The analytical determination of the transient flexural vibra- 
tions of beams generally employs the elementary or Bernoulli- 
This equation considers only the lateral inertia 
However, it 


Kuler equation. 
and the elastic forces caused by bending deflections. 
is known that secondary effects such as shear deflections and ro- 
tatory inertia, not included in the elementary theory may affect 
the vibrational response profoundly under certain conditions. 

The first and best-known equation including the secondary 
effeets of shear deflections and rotatory inertia is that of Timo- 
shenko. The solution of this equation has been found to be 
difficult. Thus it is advantageous to apply the elementary equa- 
tion whenever possible. It is important then to evaluate the 
veracity of the elementary equation under various conditions as 
compared with the Timoshenko equation and to define its region 
of usefulness. It is also important to have a general form of the 
solution to the Timoshenko equation to be applied outside the 
range of utility of the clementary equation. 

The only correct solution to the Timoshenko equation that has 
been presented to date is that of Dengler and Goland who ol)- 
tained a Laplace transform solution for the flexural response of 
uniform, infinite beam to a transverse impulse (1).5 Miklowitz 
also has developed a method for obtaining Laplace transform 
solutions for the flexural response of semi-infinite and certain 
finite uniform beams to certain transient loadings (2). While 
uniquely suited to the study of flexural elastic-wave propagation. 
the Laplace transform solutions generally are of integral form and 
are not readily comparable to the usual elementary equation solu- 
tions which are of series form. It is believed that a general solution 
of series form would be most useful for routine calculations since 
tabulations of a general nature can be made of the elements of the 
solution such as mode shapes or characteristie funetions and 
natural frequencies. 

This paper presents the general solution of mode superposition 
form for the flexural response of a uniform beam according to the 
Timoshenko theory. In addition, the general solution for the 
flexural vibrations in a uniform, pin-ended beam is presented. 
The special case of the flexural response of a uniform, pin-ended 
beam to a transient concentrated force at the mid-point i- 
worked out numerically and a comparison is made of the ele- 
mentary and Timoshenko solutions. 


EQuaTIONS AND BC 


Insteau of the ususl sing'e Timoshenko equation in the total 
deflection, it is found to be more convenient to use two equation- 
in two variables-—the bending deflection and the shear deflection. 
This results in simplification of the boundary conditions and of the 
expressions for the elastic bending moment and shear force. 

The two equations, in a modified form, are those that were 


* Numbers in parentheses refer to Bibliography at end of the paper. 
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combined by Timoshenko to form the usual single equation in the 
total deflection (3). 
ot co-ordinates from Timoshenko'’= total detlection and bending 


The modification consists of a transtormation 
slope to the bending deflection and shear detleetion, 


or 


Bending and shear-deflection co-ordinates were used by Meier in 
developing a beam equation (4). As a result of the transformation 


the Timoshenko equations are 


Ye 
or” 


= 


El k’ AC 


+ pA WAG 
of? or? 


The derivation of these equations involves the statement of the 
equilibrium of the linear and angular, elastic, and inertial forees 
The equations require that the slopes be small. It is assumed that 
cross sections remain plane in bending. The cross sections will 
warp in shear but the resulting axial inertia is not considered 
The equations require that the beam be prismatic and that the 
force be applied in one of the principal planes 

The equations of motion, equations {3} and [4], also can be 
derived from energy considerations utilizing Hamilton's prineiple 
and the caleulus of variations (5). In the process of this deriva- 
tion, the The 


sufficient end conditions for the comraon beam ends are found to 


end conditions are generated HeCOSSATY and 


he as follows: 


Pinned end 


Built-in end 


Free end 


CLENERAL SERIES SOLUTION 


The approach to the solution of Equations (3) and [4] is one of 
synthesis utilizing the usual elements of heam-vibration solution 
harmonic functions in time and harmonic and hyperbolic funetions 
in space. This approach leads to solutions of series form having 
the form of the solution to the elementary or Bernoulli-luler 
equation. 

Assume the following solutions to the homogeneous part of 
I-quations [3] and [4 


-FLEXURAL VIBRATIONS IN UNIFORM BEAMS 


In order that a solution of the form of baquations lI 


ined 12! 


may exist, Equations [3 require that the following fre- 


queney equation exists 


At this port it will be assumed that there are two real sets of 
frequencies. This is necessary for a physically plausible solution 


since Equations [3] and [4] are fourth order in time. In general, 
two values of 8? correspond to every value of w?. 
The assumption of two real sets of frequencies points toward a 


solution of the form 


u(r. 0) 


The (xr), (2), Vir), and D(z 
Will be ealled the first and second sets of mode shapes for the bend- 
The time functions and 
will be called the first and seeond sets of generalized co-ordinates 


shape funetions 
ing and shear deflections 


with the first and second sets of natural frequencies, These quan- 


tities have the form 


EDs B, ih, 


2(r) = A EDs BR a, (lll, 


I\ edn r4 


1} are in- 
and 


require that the following relations exist 


Only halt of the constants of equations through [2 
dependent since y and y, are coupled by Equations [3 
and [4! 
among the constants 


equations [3] 
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It is convenient to normalize the mode shapes 


f, lp, Cr) + / 
) 
i 


0 


The normalizing conditions plus the four boundary conditions 
specify all the constants in the mode shapes and supply an equa- 
tion in wand which, with Mquation [13], permits their evalua- 
tion. The determination of the four constants in the generalized 
co-ordinates from the initial conditions requires an orthogonality 
condition, 

The orthogonality condition is given by of 
reference (6) in terms of the total defleetion and the bending 
dope. With a simple transformation of co-ordinates, Equations 
{1} and [2], the orthogonality condition is 


The subseripts m and 2 refer to two separate solutions 


Om 
{$2| can be derived from the homogeneous parts of Equations [| 
and [4], (5). The orthogonality condition, Equation [32], is not 
of classical form but it performs the same funetion in the solution. 

In solving the initial value problem, it willbe convenient to use 
for the initial values the total deflection, the total velocity, the 
bending slope, and the bending-slope velocity. Utilizing the 
orthogonality condition, it can be shown (5) that the initial values 
of the two sets of generalized co-ordinates are 


Om (2, O d@,? (x) 


or p dr 
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d A 2 4 2 r ] 


t=0 


(x, t) 
da [36] 


p 
ot dz 
t 0 


The generalized masses occurring in /:quations [33] through [36] 
are defined by 


dd,” 2 

M,, 1 (r) 4 i (r)\? 4 pl (zr) ie 
0 dr 


[37] 


aD, 
= pAld,? (2) + + pl | dx 
' dr 
(38) 


Equations [33] through [86] are sufficient to specify the four sets 
of constants in the generalized co-ordinates, Equations [20! and 
21} 

Of more interest is the solution for the case of a general trans- 
verse transient force which can be obtained easily from the given 
solution for the initial value problem. Consider homogeneous 
Determine first the result of an infinitesimal 
Instantaneously the material of the beam ad- 


initial conditions. 
period of loading. 
jacent to the arbitrary force begins in transverse motion in shear. 
There can be no bending deflections from a transverse force until 
shear strains build up, resulting in internal elastie forces and 
moments. The initial conditions after an infinitesimal period of 
loading df are 
Om (1, 0) 
yic, O) = = 
Or orol 
0 


Ou(sr, t) wr, t)dt 


ol pA 
t-0 


The initial values of the generalized co-ordinates after the in- 
finitesimal loading period df are, from Equations [33] through 

= = 0 41) 


dt 
/ wir, Old, + 142] 


dt 
wae, + [43] 


The motion of the generalized co-ordinates with initial values of 
I-quations [41] through [43] is 


dt sin w, 
= w(x, t) de {44} 
Mow, Jo 


= w(x, (r) + (x) [45} 


The solutions for the generalized co-ordinates after a finite loading 
period ean be obtained by superposition and are 
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27(1) = u,, 2 (t) 
3 


The generalized forces and dynamic-amplification factors occur- 
and [47]! are defined by 


/ wr, 
0 


ring in Equations [46 


r)\dx 


U(r) + 


jl 


The form of the solution given by Equations {14 15}, [46], and 
147] shows marked similarity with the general solution for the 
total deflections from the elementary equation given in’ the 
The definitions of the generalized masses and forees 


Appendix. 
and 


and the dvnamie-amplification factors, Equations [37 
148) through [51], are similar in form to those for the elementary 
equation given in the Appendix 
The solutions for the bending moment and shear toree im the 
beam are given by 
t) 


The solution given is sufficient sinee there are precisely the 
number of constants in the solution to satisfy all the initial and 
Phe solution is predicated on the existenes 
It can be shown that there are two 


boundary conditions 
of two sets of real frequencies 


sets for the ease of a beam with pinned ends 


Cask or A Bean 


It is evident in this special case that the mode shapes @, "(r), 
(zr), Vn Nir), and v, are sinusoidal with nodes at the 


The consequence of this is 


= 


beam ends 
= B,, . inn | 


Substitution of these values of 8 into the frequeney equation, 
vields two sets of real frequencies 


Equation [13 


(*: 

) ) r 

E ) r 
Utilizing Hquations 
shapes are 


22! through [31], the normalized mode 


» 
1 +4 ) (nm) 
waXt 
An application of the defining equations, Equations 37) and 


vields the generalized masse 


yeneralized forces for an arbitrary transverse foree 


is 


The dynamie-amplitieation factors can be obtained by Pequations 
5O} and [41 

The quantities in the solution, Equations (59 
with the elementary 


through are 
easy to evaluate and tabulate as is the 
solution. The two 
re caleulated for solid reetangular and solid crreular cross see 


ets of Trequencies Equations (55) and. [ob 


tions and are plotted in dimensionless form mm Figs. 1 and 2 a> 
Since it will be seen that the 
it 


funetions of the parameter n(r/l). 
transient response in the first set of frequencies predominates, 


E 


i< instructive tostudy the behavior of these frequencies. For small 


n(r/l) in Fig. 1, corresponding to the lower modes of slender 
beams, the first set of frequencies approaches asymptotically the 
For large n(r/l) 


the elementary equation 


frequencies trom 
corresponding to the higher modes of thick beams, the first set of 
frequencies approaches the frequencies of pure shear vibrations 


It appears that the vibrations of the lower modes in slender beams 
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case it can be shown from Equations (52) and '53! that the bend- 


BERNOULLI-EULER THEORY ing moment and shear force are 


SOLID CIRCULAR CROSS M(z, + Bou? 


SOLID 
CROSS SECTIONT 


\— PURE SHEAR VIBRA 
THEORY 


O | A,, = V2 


hic. 1) Pinsr Seror Natrcrar Frequvuenctes, TimosHenko THeory. 
Beam 


Also, for this special case, the bending moment and shear force 
predicted by the elementary equation are 


V(x, t) 


SOLID CIRCULAR n= 5, 
CROSS SECTION 


cos C. 


The coefficients Ayn. Am Ba, and are all tunetions of the 
ratio of Young's to shear modulus #£)G, the shape of the cross 
(SOLID RECTANGULAR section, and the parameter n(r//). For the purpose of ealeula- 

CROSS SECTION tions, the ratio of Young’s to shear modulus was seleeted as S 3 


which closely approximates the properties of steel A’ solid 


rectangular cross section was assumed. The slenderness ratio; 


was chosen to be 20 which describes neither a thick nor a slender 


oO beam. For these parameter values, the coefficients are evaluated 
O 5 nt) | for several mode numbers n and are tabulated in Tables 1} and 2. 
! \ study of Tables 1 and 2 reveals that B,,, and B,, are sub- 
big. Skeonp Ser or Narvnyt Frequencies, Timosuexko stantially smaller than A,,, and A,,. It can be seen that A,,,, 
Bram = Cm, and Ay + B, = This faet also can be deduced 


from Iequations [64] through [67|. In the ease where the force is 


are predominantly in bending wile those of the higher modes.im applied statically, the Timoshenko and elementary solutions 


thick beams are predominantly i shear. must be equal. Sinee the dynamic-amplifieation factors are all 
. , unity in this ease and. since there can be only one unique expan- 
Ask OF CONCENTRATED TRANSIENT FORCE AT CENTER OF P1N sion for the statie bending moment in a sine series or the static 


~ ENDED Bean shear force in a cosine series, the foregoing equality must be true 


In the lower modes B,,, is relatively negligible while in the higher 


Since the elastic forces ina beam are generally of more engineer- 
ing importance than the deflections, only the bending-moment 
In this special relatively unimportant in all the modes. 


modes approaches, asa relative maximum, , of A,,,. 


and shear-foree responses will be considered here. 
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These results show that in the transient bending-moment and 
shear-foree solutions for the Timoshenko equations, the response 
It is further apparent 
that the bending-moment and shear-force solutions for the ele- 
the 


ever ine ode 


in the first set of frequenc! predominates, 


tse comparal le to those for 
These 


pendent also on the magnitude of the dyvoamic-amplifteation 


mentary equation are 


Timoshenko equations conclusions. he 


factors 


In order to consider the additional effeets of the dvnamie- 
al plate ation factors, it will be necessary to study specie force- 


When 


the transient force is applied slowly enough to excite statically all 


time transients Two Jinniting enses can be discussed here 


the modes, the bending-moment or shear-force solutions for the 
clementary and Timoshenko equations are modewise identical, 
This also will be true of all those higher modes that are essentially 
statically excited even when the lower modes are dynamically ex- 
cited. If the transient force is applied rapidly enough, some of the 
modes will be excited impulsively. For these impulsively ex- 
cited modes, the dynamic-amplification factors vary linearly as 
the mode frequency. It is apparent from Fig. 1 that the pre- 
dominant first set of Timoshenko frequencies diverges from the 
elementary frequencies in the higher modes, This results in a 
comparative divergence of the dynamie-amplifieation faetors 


Which can be seen in Tables 3 and 4. 


Discussion AND CONCLUSIONS 

The general solution of node superposition type for the flexural 
vibrations in uniform beams according to the Timoshenko equa- 
The form of this solution is similar to that 
that there 


tions is presented, 


for the elementary equation except are two. series 


amd two sets of 
For a pin-ended beam, the first set of frequencies approaches 


Prequencies, 


asvmptoticalls the elementary equation trequencies for the lower 
modes in slender beams and the pure shear vibration frequencies 
for the higher modes in thick veams, The second set of frequen- 
cies has no such physical interpretation, 

For the case of a concentrated transient force applied at the 
mid-point of a pin-ended beam, the bending-moment and shear- 
force responses in the first set of frequencies predominate. This is 
true provided the dyvnamic-amplification factors in the two sets of 
frequencies ire comp trable Also for this special Case, the bend- 
ing-moment and shear-force re sponses in the first set of frequen- 
cies are modew ise of the same order of magnitude as those aceord- 


ing to the elementary equatior 
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principal planes. ‘The equation considers only Jateral inertia and 


bending deflections. 
The solution of Equation [68] is well known to be of the form 


(7) 


] 


Define the generalized masses and forces as 


l 
M. = dx 


Define the dynamic-amplification factors as 
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u,(t) = w, sin w,,(t t)dr 
0 nmax 
Then, by virtue of the orthogonality condition, the generalized 
co-ordinates have the form 
nina® - 

q(t) = {73} 
From elementary beam theory, the elastic bending moment and 
shear force are 


M(z,t) = 
r? 


t 
- 
or’ 


= 
\ 
fs 


Flexural Wave Solutions of Coupled 
Equations Representing the More 


Exact Theory of Bending’ 


Presented here is a new method for deriving flexural wave 
solutions for the Timoshenko bending theory. The 
method is based on a breakdown of the total deflection into 
its bending and shear components. Instead of treating the 
full Timoshenko equation (1)' an equivalent set of coupled 
equations, representing the rotational and translatory 
motions of the beam element, is solved. The advantages 
of this method stem from (a) the simplicity of the asso- 
ciated expressions for the moment and shear force, which 
are the elementary bending theory relations, and (6) the 
well-defined nature of the related boundary conditions. 
The latter is particularly important since it is difficult to 
define the proper boundary conditions associated with the 
full Timoshenko equation. This is evidenced in the works 
of Uflyand (2) and Dengler and Goland (3), both of which 
are concerned with wave solutions for the infinite beam 
under the action of a concentrated transverse load. The 
quoted work (3) points out the erroneous boundary condi- 
tions used in the Uflyand work (2). The present method 
is applied to the same case treated in the works (2, 3). 
Agreement is shown with the Dengler and Goland solu- 


tion. The Uflyand solution is shown to have meaning 


when interpreted properly. The derivation of transforms 
for other beam cases, both finite and infinite, by the pres- 
ent method has also been included in this work. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= arbitrary functions of p 
cross-sectional area of beam, a constant 


= arbitrary functions of p 


Y 
, Where EF modulus of elasticitv; 7 = moment 


of inertia of beam cross seetion with respect. to 


neutral axis of bending: gq acecleration due to 
gravity; y = specifie weight of beam material 


C, = arbitrary functions of p 


D, = arbitrary functions of p 
M(x, t) = moment 
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By JULIUS MIKLOWITZ,? PASADENA, CALIF 


S(r, t) = shear force 
= 4 limiting wave velocity, defined by 
e = 4 limiting wave velocity, defined by \ where 
KG effeetive shear modulus, relating average 
shear stress acting over a beam cross section 
to shear deformation at neutral plane in accord with 
elementary bending 
= length 
mir, p) = Laplace transform of M(x, 6) 
n,n, = roots of characteristic equation 
p = transformation parameter 
six, p) = Laplace transform of SCx, ¢ 
t = time 
nr, p) 
p) = Laplace transforms of 0), 0), and t) 
vr, p) 
r = co-ordinate along beam 
yor, t) = total lateral deflection of beam element 
ular, 0) = lateral deflection of beam element due to bending 
yfxr, t) lateral deflection of beam element due to shear 


INTRODUCTION 


As a means of studying the propagation of flexural waves in 
work in the literature has been focused on the 
the exact equation of 
Ufivand (2) showed that this 


beams, recent 
derivation of wave solutions of 
bending due to Timoshenko (1) 
differential equation the derivation of which includes considera 
tions of the shear force and rotatory inertia effects, had wave 
character as agaist the nonwave character of the elementary 
bending equation. He was the first to derive wave solutions 
treating both the infinite and finite beams subjected to a trans 
verse impact. Later Dengler and Goland (4), focusing on the 
infinite beam, derived wave solutions of the Timoshenko equa 
tion which are related to Uflyand’s solution. In this work (3) 
it is pointed out that the boundary conditions associated with 
the Uflyand solution (2) are incorrect. With this as an example, 
Dengler and Goland comment on the difficulty of defining the 
conditions (at a cut) the 


In their solutions a definite loading is 


proper boundary associated with 
Timoshenko equation 
applied at ¢ = Oand no cut is required, 

Instead of working with the total deflection equation as was 
done in the quoted works (2, 3), Anderson (4), concerned with 


classical solutions (nonwave), used the equivalent set of coupled 


equations 


oO", / ON, 

Or 

4q of? q ot? or? 
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These equations* result by employing the transformation 


at the appropriate point in the Timoshenko derivation. Equa- 
tion [la] is the differential equation for the rotation, and 
Equation [1b] for the translatory motion of the beam element.® 
The advantages in using the coupled equations in deriving solu- 
tions for the Timoshenko bending mechanisin stem from the 
sunplicity of associated expressions. The moment and shear 
force are those of the elementary bending theory 

M(x, t) = El 

or? 


[3a] 


OV 
— 
OL 


S(z, t) = . [3b) 
In addition the quoted work (4) points out the well-defined 
nature of the associated boundary conditions. 

This paper presents a method of deriving wave solutions for 
the Tunoshenko theory based on the ecoupled-equation approach, 
As might be expected, the simplicity of Equations [3], and par- 
ticularly the well-defined nature of the boundary conditions asso- 
ciated with Equations [1], in view of the difficulty discussed in 
the quoted works (2, 3), are definite aids in the wave treatment. 
The present method is applied to the infinite beam case treated 
in the literature (2, 3), and agreement is shown with the Dengler 
and Goland solution (3). The Uflyand solution (2) is shown to 
have meaning when interpreted properly. 

A section of the paper is devoted to a discussion of wave solu- 
tions for finite beams, 


Ture Meruop 


The method presented offers a convenient means of obtaining 
separate wave solutions for any or all of the basie items of 
interest in beam action; the deflections y,(7, 0) and y,(x, 0), the 
moment Mr, ¢) and the shear force S(r, 0). In view of the 
nature of Equations {1| interest initially focuses on the deflee- 


tions, With the initial conditions 


0) 0) 


wir, 0) = 92,0) = 0 


the Equations [1] transform to 


de, dv, ly 
kl t 

dx dia 
dy, 


-+ yy, Ae 


according to the Laplace transform theory (4). 

Equations [4] constitute a system of two homogeneous linear 
ordinary differential equations. A possible solution of these 
equations is of the type 

r na ) 
p 5] 


ar 


p) = Be 


* These equations are also stated in the works of Davidson and 
Meier (5), and Robinson (6), and suggested in the work of Mindlin (7). 

bquations fe], [d] reference (1), p. 338. 

€ The author learned later of the work of Boley, Heninger, and 
Zimnoch (8), which contains a variational derivation of the coupled 
Equations [1] and related boundary conditions similar to that asse- 
ciated with the work (4) 
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The system of Equations [4] is satisfied therefore if 


( pen bin’) A k'AGnB = 0 


9 g 


and these equations are compatible if the determinant 


Eln k'GAun 


Equation [7|, of fourth degree in n, is the characteristic equa- 
tion of the system of Equations [4]. Introducing the quantities 


may be written as 


and (, Equation {7 


n p pn? + p? 
€2° 


Assuming that Mquation [7a] has four distinct roots mn, ne, n, 
and na, then the general solution of the system of Equations [4| 


C1, ¢ 


Is 


[Ra 


where A,, B,, and all functions of p, satisfy Equations [6). 
Equations [6) must hold for all values of n,, therefore 


and eluninating the B,-values we have for Mquations [8! 


where 


Equations (10) contain the four required arbitrary functions 
Ap) which are determined by the boundary conditions of « 
particular problem? It may be noted that Equation [7a 
produces the same biquadratie expression for n; as in the Uflyand 


work (2). In terms of his nomenclature then 


n= +M Vp Vp FN Vpt—a? 


where 


7 This method of producing Equations [10] is diseussed in von 
Karman and Biot (10). 


* See equations and [1.7 in reference (2), 


J 
q 
=0 
a +p? 
q 
jt, p) = ) . 
= - = - 4 
vr, p) = 106) 
1 
lll 
le 
dx 
1} 
— 
1 
l l “2 2 Ve 
M = { + — a= ——— 
fat 


Of prunary interest in engineering problems are the stresses, 
hence the importance of the transforms for the moment and 
They may be obtained from Equations [10) by 


shear Loree, 


tnahking use of Equations [3] 


i 
p)= El > 
»=1 
4 
j=1 


Note that each of the -quations {10a}, [12a), and [126 
bears marked resemblance to Ufivand’s transform for the total 
deflection in’ a beam (2).% Depending on the information 
desired, the general procedure Uflvand used in getting his inverse 
transform could be followed for any or all of the inverse trans- 
forms associated with Equations [10a}, [104), [12a], and [126] 
The method employs the complex inversion imtegral and contour 
integration after the funetions A,(p) are properly defined for the 
particular problem being solved. The details are given in the 


quoted work (2 


INFINITE-BEAM SOLUTIONS 


The present method will now be applied to the problem 
y 
—§ 
big. 
(Concentrated transverse load at 4 “ 


}), that of an infinite beam with 
= 0, Fig. 


treated in the quoted works (2, : 
a concentrated transverse load applied at the station 2 
1. The transform derived agrees with that Dengler and Goland 
derived (3). Further, the Uflyand solution (2), previously 
shown to bein error because of incorrect boundary conditions (3), 
is given meaning. 

The boundary conditions'® at 2 = 0 are taken as 


oy,(0, t) SiO, t) 
— 
Or k’As G 
oy, (0, t 
-0 
or 


and the « > O portion of the beam is considered. The trans- 


formation of these yields 


di A 0, Pp) O.p 
dz AG 
{14} 
dv, (0. 
p) _ 0 
dr 


Applying these to the Pquations (10a) and [106] the latter 
become 
pp) = Ave 


See equation [1.8) in reference (2) 

© These were considered by the present author to be the proper 
conditions for this ease. They are actually one of four possible sets 
of associated end conditions generated in the variational derivation 
mentioned in footnote 6 


MIKLOWITZ—FLEXURAL WAVE SOLUTIONS 


THEORY OF BENDING 


where Ayp) = 
ny 
“0 p) 
A 
my 
and ny Vp po \ p? at 
these two values of nm necessaniy chosen to satisiy the 
Bromwich contour condition of Re ny > 0, Ren +» O The 
expression for the moment, and hence bending stress, can be 
obtained direetly from Equation [12a] 
mir, p) = Aye + 16] 


Equation [16) agrees with the transform Dengler and Goland 
derived for the moment (3)."! 
tion [I5a} and the transform Utivand derived for the total de- 


Hence it is clear that his solution 


Interesting is the fact that Mqua- 


flection (2)'? are the same 


may be used if it is interpreted as just that of the bending de- 
flection 

In concluding this section of the paper the author would like 
that 


to comment briefly on another basic case he has treated 


M (o,t) 
170 
big 2) 


Ture moment at 


of a pure moment applied to the free end of a semi-infinite beam, 


Fig. 2. The ¢ = 0 boundary conditions for this case are 


o*y,(0, t) Vio, t) 
ox? kl 
oy (0, 
= 
our 


Interest in this work was in the bending stresses; henee attention 


was focused on the moment transform. Wquations [17] yield 
for this case the Equation [16] 
pi 
where 1, 
‘ 


pi dy 


»? 
in " nm) " 


and where the same comments on nm apply, as in the previous 
cast with WO, taken 


as a Sharp half-sine input, will be presented in the near future 


The complete solution for this case 


Curves representing the wave shapes will be ineluded 


Sonerions 


It is of interest enginecnng-wire to consider wave solutions 
for the finite-heam The 
tions for the finite contained in’ Equations 
[10b), [12a!, and [12h} 
and M, since = " 
Ni): hence the general transformed sobitions for the deflections 


may be written as 


solu- 
10a), 


fertis of my 


CASES, general transtormed 
beam are 


They 


and 


ean be written in 


follow from Equation 


See equation (39) of reference (5 


* See equations [1.8| and [4.3] of reference (2 


p) = Cy cosh nur + Dy, sinh 


+ (, cosh nor + Dy sinh nor [19a | 


vfs, p) = cosh nye + 1 sinh ny! 


+ cosh nor + sinh nor} {10h | 


and for the moment and shear force as 


mx, p) = cosh + Dy, sinh nr) 


+ cosh nor + Dy sinh {20a | 


G (C, sinh nx + Dy, cosh 


+ nob(C'y sinh nor 4+ 


s(x, p) = 
(20h | 


Dd, cosh nor) | 


where C and PD) are functions of p, and are determined by the 
boundary conditions of the problem. The treated by 
Uflyand, the simply supported beam with a transverse force at 
x = 0, will now be treated by the present method as an example, 


case 


y 
S(o,) 
— 
hia. 3) binrre-Beam 
(Concentrated transverse load at 4 = 0.) 


Fig. 3. For this case, the following conditions at 2 = 1 (4) are 
needed in addition to the conditions at 2 = 0." 


yt) =0 


oy, (1, 
or? 


These conditions applied to Equations [Ma] and [196] produce 


the following transform for the bending deflection 
sinh nm, (r 


p) sinh /) (22) 
n,?) ny cosh nol n, cosh nl 


and similar expressions for the shear defleetion, moment, and 
shear force. Note here again, as might be expected, that 
Equation [22] is the same as the transform for the total deflection 
in the Uflyand work (2).'* Henee the remainder of his finite- 
beam solution may be used if the results are interpreted as just 
the bending deflection. As Uflvand points out, the form of 
Equation [22] may be interpreted in its wave sense, Le, 


u(r, p) = 


sinh n(x I) 


cosh nl 
e + [2:3] 

the terms after the first being related to wave reflections from the 
beam ends. A transform in this form simplifies the finite-beam 
case since the complete solution may be written from the infinite- 
beam solution. The latter is based on the first term on the 
right-hand side of Equation [23]. Therefore the reflection 
contributions can be obtained from the infinite-beam solution by 
substituting 2/ r,2l +2, 4l zr, and so on, for 2, according 
to Equation [23]." It should be pointed out that wave solutions 
of finite-beam problems with boundary conditions involving an 
odd and an even derivative are much more difficult since the 
transform cannot be written in the form of Equation [22]. A 

See Equations [13]. 

4 See equation [7.6] in reference (2). There is a misprint in this 
equation; u(z, tf) should be replaced by v(x, p). 
8 Equations [7 6] to [7.13] in reference (2). 
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fixed or free end gives this difficulty, the conditions on the former 
being 


and on the latter = 


25 


The case shown in Fig. 4 would give a convenient solution 
The solution for this case would be of interest since it would 


y 
x40 
ou Plot) 


M(o,t) = P{o,t)r 


Finite-Beam 
(Moment at x 0.) 


bic. 4 


yield information on the propagation of waves in a finite beam 


due to a moment souree. The boundary conditions at r = 0 


for this case!” would be 


o7y,(0, 0) 


AM t) 
on? CW 


t) + = 0 


and the conditions at 2 = / are again Equations [21] 
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This paper presents a mathematical analysis of the 
action of a dynamic vibration absorber. The system 
analyzed consists of a main mass attached toa rigid foun- 
dation by a linear spring coupled to the absorber mass by a 
spring of nonlinear characteristics. The forced oscilla- 
tions of the system produced by a harmonic disturbing 
force acting on the main mass are studied analytically. 
It is assumed that the coupling absorber spring has non- 
linear force-displacement characteristics of the hyper- 
bolic sine type. Expressions for the amplitudes of the 
vibrations of the two masses as functions of the frequency 
of the disturbing force are obtained. 


INrRODE CTION 


Hike amplitudes of the foreed vibrations of systems with one 
degree of freedom frequently can be reduced by a proper 
choice of the spring constant involved so that the system 
will be far away from the condition of resonance, or by proper 
balancing so that the magnitude of the disturbing force is mini- 
mized, When these methods are impractical, the amplitudes of 
the undesired vibrations are reduced by the use of a device known 
asa dynamic vibration absorber. An example of such a device is 
illustrated in Fig. 1. The mass m, represents, for example, the 


Po sin wt) 

Me 

X2 
von F(X) 
spring 

=(X,-X,) 
k (effective) 


mass of a machine that is executing vertical oscillations as a re- 
sult of the influence of a vertical harmonic disturbing foree, 1’ sin 
(wt), that is acting on it. The machine is suspended above a 
rigid foundation by means of a linear spring of spring constant, 
k. The dynamic vibration absorber consists of a comparatively 


small mass my attached to the main mass m, by means of a linear 
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spring. The action of a linear dynamic vibration absorber is well 
known and has been the subject of considerable investigation (1, 
2, 3, 4).? 

The conventional dynamic vibration absorber is very efficient in 
inhibiting the vibrations of the main mass. This is accomplished 
by “tuning the absorber to the frequeney of the harmonic dis- 
turbing foree, Tf, however, the frequeney of the disturbing force 
varies over a range in the normal operation of the system, the 
linear dvnamie absorber may beeome inoperative and might 
aggravate matters particularly if the system attains a condition 
of resonance. During reeent years attempts have been made to 
endow the dynamic absorber with greater flexibility in suppressing 
vibrations throughout a range of frequencies of the disturbing 
force by introducing springs with nonlinear characteristics into its 
design. The effectiveness of these devices has been studied by 
essentially experimental procedures and it appears that in only one 
recent paper (5) has an analytical investigation been attempted. 
In that paper, the effect of a nonlinear absorber spring that has 
cubic characteristies is investigated. In the present paper the 
effect of a nonlinear absorber spring whose characteristics are 
those of a hyperbolic sine funetion is determined by a significantly 
different procedure 

AND GENERAL ations 
Consider the mechanical systemin Fig. The following nota 


tion will be used in the analysis of this system: 


my Inain mass of system (mass to be stabilized) 

m mass Of absorber 

j spring constant of spring suspension of main 

1 vertical displacement of main mass from 
equilibrium 

r vertical displacement of absorber mass from 
equilibrium 

amplitude of harmonic disturbing force 

w = angular frequeney of the harmonic disturbing 
force 

t 


Py sin Get) = harmonic disturbing force 


r = (z; t.) = relative displacement of masses 


Fir) = force transmitted by nonlinear absorber spring 
h “initial” spring constant of absorber spring 
a positive constant 
ko 
F(a sinh (ar), an analytical expression assumed 


a 


for nonlinear charaecteristies of 


spring 


time-derivative operator 


dt 
ZAD) = + k, an operator 
ZAD) mD*, an operator 
A = amplitude of harmonic relative displacement 
yi an assumed approximate form for relative dis- 


placement 
aA 


? Numbers in parentheses refer to the Bibliography at the end of 


a constant 


the paper 
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modified Bessel function of first kind of order 
nand argument 2 

(k/m)) 

*, 

[k/(m, 4 

an angle 

w/w," 1 


an angular frequency 
an angular frequencs 
, an angular frequences 


tun 


FUNDAMENTAL L.QUATIONS OF SYSTEM 
As a consequence of Newton's second law, the differentia! 
equations of motion of the dynamical system in Fig. 1 are 
mt, + kay + F(x) = Po sin (wt) 


F(z) = 0.. 


where 


is the relative displacement of the two masses and F(z) is the force 
transmitted through the nonlinear absorber spring. It will be 
assumed that the absorber spring has symmetrical characteristics, 
so that 


or F(r) vo Srapivize THE Matin Mass 


Betore proceeding to the general discussion of the problem, it is 
instructive to determine the required characteristics of F(x) in 
order for the mass m, to remain fixed. This may be done by simply 
placing «x; and its second derivative equal to zero in the foregoing 


equations. Tf this is done, the following equations are obtained 


Fic) = Po sin (et) 
Mgt, = F(x) 
r= 
This leads to 
mors = Py sin (wt) 
or a steady-state oscillation of 2. of the form 
sin 


Therefore 


F(z) =: F(r), = Po sin (wt) = wim... {10 


This leads to the conclusion that the characteristics of the 
absorber spring, F(x), must be “linear” and of the form 


F(z) = kez...... 


and from I-quation [10] it is seen that the spring constant fy must 
have the precise value 


ko = wm... 

This indicates that in order for the dynamic vibration absorber 
to be completely effective in stopping the motion of the main 
mass mm, it must have linear characteristics and a spring con- 
stant that must satisfy Equation [12]. The resulting Equation 
{12] is the well-known condition for tuning the absorber given 
by the conventional linear theory. It indicates that the absorber 
may be adjusted to be completely effective at only one angular 
frequency of the disturbing harmonic force. 


SoLutTioN oF GENERAL EQuations 


In order to solve Equations [1] and [2] it is first necessary to 
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‘To do this, it is convenient to introduce 


the tollowing commutative operators 


scparate the variables. 


d 
=m, D?+h, D= 


ZAD) = 


the use of these operators, I-quations and 


written in the following form 


+ Flr) = Po sin (et) 


ZAD)& F(r) =0 
If the operator Z.(D) is applied to Equation [15] and the operator, 
Z\(D) is applied to Equation [16] the results are 


ZAD)ZAD) + ZAD)F (Cr) = ZA sin (ot) 


ZADZAD) — (4) = 0 [18 
If .quation (18) is now subtracted from Equation [17] the result 


+ ZAD)\ = D)Po sin (wt). (19 


since r = 

Equation (19) contains only the unknown relative displace- 
ment 2, and the variables are separated. In order to obtain 
specific results, let it be assumed that the spring of the dynanue 
absorber has nonlinear characteristics that can be represented I, 


the following analvtieal expression 


F(r) = 


ko , 
sinh (ar) i 20 


where ky and a are positive constants. This analytical expression 


represents a “hard” spring whose characteristics are given in Fig 


x F(x) 


F(X) = sinh (aX ) 


big. 2) Non Linear Spring Caaracreristic 


2. The constant a is a measure of the nonlinearity of this 
spring. It ean be seen that 


ky 
Limit P(r) = Limit : sinh (az) = ker [21° 


a 


ky may be called the “initial spring constant.’ As a consequence 


of Equations [13] and [14] we have 
Z(D)ZAD) = D* + king 


+ ZAD) = + m)D? + k 


5M 
= 
wy = 
(2) 
F(—z) = F(z). 
is 
F(X) 
x 
| | 
and 
(23° 
4° 
‘ 


PIPES 


If Mquations [20), {22}, 
[19], it takes the following form 


and [23] are substituted into Equation 


sinh (az) 
a 


+ 4 ma) D? + 


+ 


Miott sin (wt) {24] 


This is a nonlinear differential equation of the fourth order to 
determine the relative displacement of the two masses, 2 = 
(7; I). 
placement of the mass mm. may be determined by solving the dif- 


If cis determined by solving equation [24], the ilis- 


ferential Equation [2) which may be written in the following form 


sinh 
(asc) 
Since cis now known as a tunetion of (4, this equation can be in- 
tegrated and 2s. determined. The displacement of the main mass 
ry is now given by 


This outlines the general procedure 


DeTERMINATION OF PERIODIC TION 


It is known that in the case of a linear dvnamie absorber for 
which a = 0, after an initial transient period is damped out by 
small frictional forces that are not considered in the analysis, the 
misses execute periodic oscillations of the same period as that of 
the impressed periodic torees of the form 

Ay sin (it) 


sin (et) 


Ay and A, 
but are functions of w and the constants of the svstem (3.4). 


where are amplitudes that are independent of the time 
the spring of the dvnamie absorber is only slightly nonlinear, the 
constant ais small and the masses mav be assumed to execute 
periodic motions similar to those expressed by [27) 
Dutling 
the use of Duthng’s 


This suggests the use of a method similar to that of G 
(6), for the solution of Equation [24]. By 
method, a “one-term” approximation to the periodic steady-state 
solution of Iequation [24] can be obtained that reduces to that 
based on the linear analysis when the constant ain Equation (20) 
To do this, 


[24! of the form 


is put equal to zero an approximate solution of 


equation 

= A sim (rt) [28] 
for ris assumed. Tf Equation [28! is substituted for 2 in the 
nonlinear Equation it is necessary to compute the harmonir 
components of Fi.) Todo this we have 


sinh fa A sin Get) sink sin (et) 


a 


where 


From the theory of Bessel functions (7) we have the result 


sinh [B sin (et)! 2)7,(B) sin (et) {,(B) sin (Bet) 


+- sin (Gut)... 


(B) sin [(2n 


where the functions, 7B), ire the modified Bessel functions of 


the first kind of order n and argument B. These functions have 


ANALYSIS OF A NONLINEAR DYNAMIC VIBRATION ABSORBER 


The Series [31] is one that con- 
If Series [31] is substituted into [20] we 


been extensively tabulated (8). 
verges very rapidly 
obtain 


F 1,(28) sin (et) sin (3wt) 


+ sin (Swt). $2] 


The substitution of Equation [28] into [24] for 2 results in the 
following equation 

KIF (x9) 

sin (wt) $3) 


kmzw*?) A sin (wt) + [Om + m)D* 4 


= 


To determine the unknown amplitude A, approximately, we 
Dufhing and equate the coetliorents of 


Wethu 


follow the procedure ant (a 
sin Get) of both members of Equation [83] toeach other 
obtain the following equation 


1(B) « 


a 


In terms of the orginal notation, this equation can be written in 
the convenient form 


Zhe ] l al’, 
1(B) = ') B 


This is a transcendental equation for the determination of B, 
When 3 is determined, the amplitude A is given by the relation 


B 
a 
equation willbe called the amplitude equation” in the sub- 
sequent analysis 
bigt ATION 


SontTioN oF 


Before discussing a general method for the solution of the am- 
plitude Equation [35], it is instructive to discuss two special eases 
for which the solution is particularly simple. By inspeetion, it ts 
seen that matters are considerably simplified if the angular fre 
force assumes the special values 


queney the disturbing 


Or = Wy, 


Cause u wy. the amplitude equation reduces to 


al’, 


) 


+ / 37] 
after some reductions, it can be seen that this leads to the follow 
ing values for the amplitude A 


Me) [38 


+ 


(ase w my 


= the amplitude equation reduces to 


al’, 


k 


TB) 


In this ease, since the right member of lbquation 40) is known, 
mavy be determined from a table of modified Bessel funetions such 
as reference (8), and the amplitude determined by 


136) 


| 
7 
(30 
(39 
or 
fs 
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Possipiniry oF Jome PHENOMENA 


Although it can be seen from Fig. 3 that the abseissas of the 
points of interseetion of y and y are always small and hence the 
amplitude of A remains small over a large range in w and no 
resonance phenomenon is exhibited, there is a possibility. of 
“jump” phenomena arising as the angular frequeney iw is in- 
creased to large values. This can be seen by the following con- 
sideration: As the angular frequency w of the disturbing force is 
increased, the straight line y. rotates in such a manner that @ as 
given by Equation [44] is increased, This eventually gives rise 
to the possible intersection of 4, and yep at three points. The 
abscissa of each one of these points gives a possible value for B, 
and hence for the amplitude A. The stability of the possible 
amplitudes requires a separate investigation. 


DeETERMINATION OF MOTION oF Masses 


Y,(B) 


Having determined the steady-state relative motion of the two 

masses, mand mein the form of Equation [28], it now remiutins to 

4 determine the steady-state motion of the individual masses. The 

displacement so(f) of the mass my, satisfies Equation [25] which 


ons now takes the form 
Phe general solution of the amplitude equation may be effected 


hy the graphical construction in Fig. 3. If the following notation 
is introduced = = (1,(B) sin (et) 
My am, 
(B,w) = ms? (1 / (B) {41} 1,(B) sin (But) + 1,0B) sin Get). [48] 
as a consequence of Equation [32]. Tf Mquation [48] is inte- 
and grated, the following steady-state value for cy is obtained 
Qk, si si 
(w/w; NB [42] n= 1,(B) (wt) + 1,(B) = (3wt) 
h am: w? 
the amplitude Mquation [35] may be expressed in the following (2) sin (Sut) 4 149) 
= wl B, w) The motion of the mass ye is seen to contain odd harmonies of the 
disturbing force. Sinee = Cry ry), the displacement 2, (1) of 


It is thus clear that if for a given m, the curves yw) and yo are 
plotted as functions of B, then the abseissa of the point of inter- 
section of thesé two curves such as 7, Fig. 3, gives the proper 
value for Bat this frequency. The amplitude at this frequeney is 
then determined by Equation [36]. The curves w) are a sin sin (wt) | 

1B (B) 


the main mass is given by the equation 
2 = % + 22 = [A Qhol (B) sin (et) 


family of straight lines one of whieh is shown in Fig. 3.) The angle Op? 
A that these lines make with the horizontalis given by 
tan (0 1 14 The series of harmonic terms in Equations and are 
A 
an (7) = (w/w, ) [14] rapidly convergent and the fundamental terms are the dominant 


In the range 0 < w < w,, the slope of the line ye is negative; — Ones. The effect of the nonlinearity of the spring of the dynamic 


¥2 is horizontal at ve = w, and, as w increases, the slope beeomes in- 
creasingly positive. If wis large in comparison with wy so that 


absorber is to prevent the existence of sharp resonant peaks and 
to introduce odd harmonic components of relatively small ampli- 
tude in the motion of the two masses. 

1 /w* 1/w*.... 


then L/w? can be neglected in vm and it takes the following form BIBLIOGRAPHY 
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Constant-Strain Waves in Strings 


By J. D. COLE,' C. B. DOUGHERTY,? ano J. 


A nonlinear theory is developed for constant-strain 
The speed of longitudinal and 
transverse waves is related to the strain and tension. The 
results can be used to calculate tension resulting from 
Some generalizations 


waves in elastic strings. 


impact and thus breaking loads. 
are suggested. 


ATIONS OF Morton 


Fit is assumed that the tension 7’ in a string is given by 


Kia) 
where 
7, = initial tension const 


o = strain and F(a) ka 


then solutions to the equations of motion ean be given for the 
propagation of waves of constant strain and tension. Such selu 
tons are not restricted to smiall displacements or slopes and hence 
The waves which propagate consist of 
The 
accelerations are thus zero exeept at| points where the velocity 
jumps. At these points the aeeeleration is infinite. A convenient 
way to discuss the speed of propagation is by considering the dif- 
The differential equations can be 
Another 
approach is to apply the impulse-momentum laws direetly 
Newton's laws of motion applied to an infinitesimal element of 


are of special interest 
straight-line segments which move with constant velocity. 


ferential equations of motion 
considered to contain the impulse-momentum laws 


string, are 


Puy a= (7 cos 4), 


Plu (7 sin 
where (see Fig. 1) 


u,v horizontal and vertical displacements, respectively, of 


point located at cin unstrained string 
= 
= ass perlength 


Inclination of string 


const 


Noexternal forees are considered. The horizontal projection of an 
element originally of length Av is (1 4 «,)Axr,; the vertieal pro- 


jection », Ar; and its length 


Vil +u,)? 4 


As = 
Therefore 


sin @ = [4] 
Vil 
Assistant Professor of Aeronauties, California Institute of Tech 
nology, Pasadena, Calif 
’ Missiles Division, The Rand Corporation, Santa Monica, Calif. 
Missiles Phe Rand Corporation 
Contributed by the Applied Mechanies Division and presented 
at the Semi-Annual Meeting, Los Angeles, Calif., June 28 July 
2. 1455, of THe Society of Mrenantcoan 
Discussion of this paper should be addressed to the Secretary, 
ASM 20 West 30th Street, New York, N. Y., and will be accepted 
until January 1054 
recerved after the closing date will be returned 
Nove State 


Division 


for ition at a later date Disetission 


tent ind opinions advanced am papers are to be 
of their authors and not those of 


ASME. Applied Mechanics 
SA-4. 


os « 
Manus rapet 
1053 


ess 
receive 


Paper No. 53 


the 


Division, January 21 


The characteristic lines, which represent the locus of possible 
discontinuities or wave fronts, ean be found for the system of 
Equations [I] to 
ing different wave velocities 


Two sets of characteristics appear represent 


These speeds are 
le 
\, 


c 1 dF 

\ p' de 

1 + Flo) 
Np lta 


where C) is the speed of Jongitudinal waves in solid bar of same 
material; ©), for small strains, becomes speed of transverse 
waves In «4 string. It should be 
noted that one speed of propagation is variable and depends on 
the strain @ 
here since the same result) about propagation speeds is derived 


For most applications 
The details of the characteristics are not shown 


by physical considerations early in the paper 
The general solution for constant-strain waves ean be written 
in the form 
o(r, t) = linear function of (x, 


u(z, t) = linear function of Cr, t) 


Then since v,, u,, %, are Constants it is easily seen from 
tions [1] to [6] that 6, 0, 7 are constants and that the differential 
Equations (2) and [3] are satisfied trivially except where the ve 
locity jumps “The simplest example leading to waves of this ty pe 
is discussed in the following. 


Consider the string at rest initially with zero displacement 


u My 0 t 


Also, consider at first an infinite string p<r Let acon 
stant vertical velocity be imparted at the point where 7 = 0 
when d= 0. Then bY svinmetry = Oat that pot for all tine 
and hence c = O there. The boundary conditions are thus, for 

(0, 0) 


0 


const 


It is now sufficient to consider co» O] The solution of the correct 


form is 


: 
vin T | 
i 
(i + 
cos = [5] 
VY (1 + + 
As Ay Vi : 
o = (1 + u,)* + 2, 
Ar 
\7] 
it Te + Ke : 
1+ oa 
| 
| 
| | 
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where 

Ce velocity of “waves, and velocity of The 
Various regions in the Cr, 0) diagram and the sof the waves 
are shown in Pig. 2. The shapes of the waves were determined by 
the fact that « and that Outer «ef 
can be shown. and is verified in the following, that the nvonrentum 


equations cannot be satisfied if ¢, is assumed greater thane, 


The undetermined constants in Mquations and are 
ey These are computed by applying the horizontal impulse- 


momentum law along 2 = ¢,f and the horizontal and vertieat 


laws along = 
Before doing this it is convenient to compute the slope and the 
strains whieh are constant in the various regions. We have 


Reaions or 


Thus equation [3] becomes 


r 
7, sin [15] 
t, ¢. 


Where 6 = delta funetion. Integration of Equation [15 with re 


spect to gives the velocity Jump across et 


7; sin 0 = poy, which by Equation [IL] = pV 


Similarly 


which by Equation 


The subseripts denote the regions shown in Pig. 2 I 
Consider now the vertical motion. Formally, we may write cos 8 = plu Moy) 
c 


pe ) which by Equation [12] 


T sin = Ty sin OM [14] 


where 
lz>0 


H(z) = unit step function = 
02<0 Now, since are known in terms of ¢,), and 7; are 
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vt 
| 
| 
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| 
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“Ws * 
Cw 
‘ 
2 
= 
¢,* 
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) 
\ 7 cos 
{17} 
ie 
(1; Ts) = 
l 
[18] 
0. = 0; = 0, =0, cos), = pl 
(: ) = 
Cy 
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and [10] 


can be expressed as 


known functions of e, and Equations [16], ES), 


determine eg; that as, 7) and 7 


Thus quation IS! becories 


from whieh ¢, may be found as 


¢, = = (', 21 
p 
It follows that Mquations [16] and (10) are two equations for 


and and these become 


7, sin = ple 


7) cos fi, pl 


tan 6, 


whieh by Equation [1] equals 


Ti? (pVe,)? + (7, 


Equation [23] can be solved for 0 te vield 


[25 | 


where ¢? speed of o-waves Inia 


To/p 
theory. Using Equation [25], [21] is the equation for ¢ 
Before solving fore, it is useful to find expressions for the 


strain. Using Mquation [25] 


“plc 


Henee Nquation [24] becomes 
= p%,? [e2 (1 


which can be solved for o, 


CONSTANT-STRAIN WAVES IN STRINGS 


\ of 2 (20) var leds the interesting 


result that 


/ 


a 


The strain and tension have the same constant value over the 
entire disturbed part of the string 
Now, using Equations [27 | and (20). Mquation yields the 
following quartic equation for 
When ¢. is found from this equation the strain is given by bqua 
trom ‘Two cases are ob iiterest as follows 


iv 


exists mide ym ndent of 


Mquation [1 shows that as V2 — O48 solution 


namely, ‘The strain is zero and 
this theory goes over to the ustil linearized theory 


Writing 


Waves are sent out string Whose initial tension 
in 


te, 
quation heeomes 
— + a | 
Bora, A 


lan ite solution to [33:3 | can be ob 


neglecting the Af term. Solving the resulting 


equation Vields 


Hence approximately 


The last result clearly shows the nonlinearity dependence of 
transverse-wave speed on ineoming velocity, “Phe corresponding 


expression Lor strain ts 


Now 7 7 con be used to eom 


pute the velocity of motion whieh would bre ik given string 
It can be noted that the 


Boa, so that [46 


tress sod strain are nent of the 


aren of string. The inclination of the string is given by 


sin 


nt foree required to produce the wave ts 


/ ( 
7, sin 


and the const 


Some typieal numerteal values are those for carbon-steed 
cable where / 7 the at | 


Refleetion tis can be treated tn the sane way It bee 


shown thet the reflections of the Jeoregentuaedinical wave at an end 


peed relative to the oryinal co-ordinate 


that part of the tension re sulting from strain is doubled 


travels back with the 


Upon reflection af the strain, and henes 


"a J 4 + 
= + Ee: = — 
‘ 
T, = To 
20 
f ‘ 
4 
190 
or - 
- 
7 plc, 
y 
1 
< 
Co + 
1 r,\' \ 
* 
also 
/ [30] 
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The reflection of the returning longitudinal wave with the on- 


coming transverse wave also can be worked out in the same 


way. 


CONCLUSION 


It has been shown how the problem of propagation and re- 


fleetion of constant-strain waves in an idealized elastic string can 
be treated. The results are especially interesting since they are 
not to small deflections, Longitudinal and transverse 
waves occur which travel with different speeds relative to the 
string. One limiting case shows how a wave propagates because 
of elasticity in a string with zero initial tension, 
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The results have a practical application in estimating the sud- 
denly applied constant force which will break a rope. An example 
of this was presented for zero initial tension which clearly shows 
the nonlinear dependence of tension on foree Mquations (38 | to (40). 
It should be remarked that the results for the idealized string are 
independent of the cross-section area, so long as the string behaves 
ina similar manner, 

The case of varying velocity applied to a string ean be treated 
by replacing the velocity curve by segments of constant velocity 
Then the aetual motion can be approximated by various constant- 
strain waves. Similar problems oecur where a load moves as a 
string 


1 
a 
fs 


Dynamic Stress-Strain Relations for 
Annealed 2S Aluminum Under 


Compression Impact 


This paper presents the results of an experimental study 
of the stress-strain relation of annealed 2S aluminum when 
subjected to compression impact. —Two methods of secur- 
ing a dynamic stress-strain curve are considered, namely, 
from the measurement of impact stress as a function of 
maximum plastic strain, and impact stress as a function 
of the impact velocity. The dynamic stress-strain curves 
obtained by these methods lie considerably above the 
static curve. The elevation in stress of the dynamic 
relations above the static relation increases progres- 
sively from zero at the elastic limit to about 20 
per cent at a strain of 4.5 per cent. However, the 
two dynamic relations are not coincident which indi- 
cates that the behavior of the material cannot be described 
by a single stress-strain curve for all impact velocities. A 
family of stress-strain curves which differ slightly from 
each other and which depend upon the final strain is post u- 
lated in order to correlate both sets of data adequately. 


INTRODUCTION 


HE behavior of metals and alloys under dynamic loading 

conditions has received considerable attention in reeent 

years (1-6).4 It is found that in the plastic range, the 
stress for a given strain is increased when the rate of loading is 
increased, Taylor and Whiffin (7, 8) have found that the 
strengths of annealed copper and steel under impact conditions 
ure incrensed above the static values. has shown that 
in compression impact tests on annealed copper, the stress for a 
given strain is somewhat greater than the static stress at the 
sume strain. The results of an investigation by Clark and Wood 
(10) indieate that the ultimate tensile strength of all the materials 
tested is greater under dynamic conditions than under static 
conditions. 

However, the interpretation of many of the previous investiga- 
tions in terms of elevated stress-strain relations is questionable 
as pointed out by Clark and Duwez (6), and Lee and Wolf (11). 
Furthermore, few tests have been performed in which the com- 
plete stress-strain relation followed by «a material during high- 
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speed dymunic loading could be determined accurately.  Wolsky 
(12) has performed tests on copper and lead in which the stress 
strain relation under very high rates of loading was determined 
The results indicate that the stress for a given strain at very high 
loading rates is equal to about twice the stress under static 
conditions, However, it is difficult to interpret the results of 
this investigation since the instantaneous distribution of stress 
in the specdnen may not be simple owing to the shape of the 
specunen and possible boundary constraints acting upon it 
The present investigation makes use of an experimental tech 
nique which is believed to provide a basis for the interpretation 
of the measurements obtained in terms of the stress-strain rela 
tion of a material under impact conditions with considerably 
The 


\ 


than has been heretofore possible 
technique used to accomplish this is as follows: 
stress is suddenly applied to one end of a long eyvlindrical spect 
men by longitudinal dnpact with an elastic anvil bar of the sume 
diameter as the specien. The stress-time relation at the impact 
end of the specimen and the plastie-strain distribution in the 
specimen are measured for various known impact velocities 
The theory of plastic-wave propagation in long, thin bars, de 
veloped by von Karman (13, 14), is used to deduce the stress 
strain curve of the material from these measurements and to 
deseribe the deformation process in the specunen during unpact 
In the present paper this technique is used to determine dynamic 


stress-strain relations for annealed 2S aluminum 


The compression-impact tests were made with the vertical 
impact machine shown in Fig. stationary 
anvil bar of the same diameter as the specimen is held vertically 
ina central position between the rails of the machine by a guard 
An annealed-copper cylinder, 


tobin-bronze 


tube and expendable spacer 
positioned between the lower end of the anvil bar and a fixed 
base, absorbs most of the impact energy in the anvil bar by 
plastic deformation. Since «a slight misalignment between the 
anvil bar and the specimen may ocenr, the top end of the anvil 
bar is provided with a 19-in-radius convex spherical surface 
to prevent initial impact with the corner of the specimen 

When the specimen impacts the anvil bar, a series of compres 
sion strains is propagated through the specimen, and an elastic 
compression Wave is propagated through the anvil bar, Thus any 
change in stress at the interface between the anvil bar and speci 
men is transmitted through the anvil bar at the elastic-wave 
The length of the specimen is much less than the 
henee the time required for the first 


velocity, 
length of the anvil bar; 
reflecting wave from the lower end of the bar to reach the inter- 
face is greater than the time required for complete unloading of 
the interface by the waves in the specimen. The interface 
between the anvil bar and specimen is always unloaded by waves 
reflected from the free end of the specimen; 
complex reflections from the lower end of the anvil bar need not 


consequently, all 


be considered 
The hammer, which slides on the two vertical rails, is provided 


| 
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with a central hole through which the guard tube may pass. 
Twenty rubber bands @/, in. thick and | in. wide, attached 
to the hammer and frame of the machine, serve as a means for 
seeeclerating the hammer to the desired impact velocity. The 
speconen is held centrally in the hammer by a lucite shear disk 
shrunk on the bar and clamped in the hammer, The shear 
disk strikes the top of the guard tube just prior to the impact of 
the specimen on the anvil bar. This action is such that the 
specimen is released from the shear disk and impacts the anvil 
bar while it is free from any constraints due to the accelerating 
mechanism, The hammer continues dowhward, passing around 
the guard tube, and is decelerated by means of four vertical 
friction brakes, 

The velocity of the hammer, and hence the specimen impact 
velocity, is determined by measuring the time for the hammer to 
travel between three fixed points near the position of unpact. 
This is accomplished by eleetrical contacts made at these three 
points as the hammer passes them, and the signals are recorded on 
a cathode-ray oscillograph together with an appropriate time- 
calibration trace, 

Impact velocities less than 19 fps cannot be determined ae- 
curately in the vertical impact machine, For this reason, tests 
at impaet velocities lower than 19 fps were performed by sup- 
porting the specimen in a horizontal position as a pendulum by 
The 


wovil bar was supported ina horizontal position so that the speci- 


six Wires attached at two positions along the specimen. 


men when released from a given height centrally iunpacted the 
anvil bar at the miatmun point in the swing. 

The stress as a function of time at the interface between the 
anvil bar and specimen is measured during impact by means of 
SR-4 strain gages cemented to the anvil bar at a position 3 in, 
from the interface. The strain gages are connected to a suitable 
recording system employing a single-sweep cathode-ray oscil- 
loscope and recording camera, Means for introducing known 
resistance changes in the strain-gage cireuit: are provided to 
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calibrate the stress axis of the records, and appropriate oscillators 
provide the required time calibrations 

The plastic strain in the specimen after impact is determined 
This machine marks the 


with a comparator ruling machine. 


specunen various intervals along its length with fine 
seratehes before testing and measures the change in diameter 
at the positions produced by the Impact The difference between 
the diameter at any position before and after impact divided 
by the original diameter is the permanent circumferential plastic 
strain, The permanent longitudinal plastic strain is equal to 
twice the circumferential plastic strain, since for the maximum 
strains reached in these experiments (about 5 cent), no 
volume changes are produced. ‘This fact 


in which both circumferential 


per 
was established by 
static tests and Jongitudinal 
strains were mensured, 

The comparator ruling machine consists of a sliding carriage 
which may be positioned accurately along the entire length of a 
stationary specimen. seratching deviee, a low-power micro- 
scope, and a diameter comparator are mounted on the carriage 
The seratehing device consists of a simple mechanism on whieh 
a rigid knife blade is mounted, and this makes reference scratches 
on the specimen. The low-power microscope is equipped with 
an eyepiece containing cross hairs which permit the accurate 
positioning of the carriage relative to any one of the seratches 
along the specimen. The diameter comparator consists of two 
knife-edges in conjunction with a dial indicator for measuring 


the diameter of the specimen, 
Test Procepurt anp 


this investigation were .-in-diam 


The test specimens were machined 


The specimens used) in 
extruded 258 aluminum bears. 
toa length of 23 or 46 in. and annealed at 670 F for 2 hr after 
machining.  Statie compression and tension tests were performed 
on specimens machined from the extruded bars, whieh were 
annealed in the same manner as the impact specimen. 

The velocities of elastic waves in the specimen and in’ the 
tebin-bronze anvil bar were determined to compute the relations 
between the strain Waves in the specimen and anvil bar during 
impact. The elastic-wave velocities were determined by measur- 
ing the resonance frequency of the bars in longitudinal vibration. 
The elastic-wave velocity in the specimen is 195,400) ips, and 
the velocity in the anvil bar is 159,500 ips. 

A series of tests were made to determine the relations between 
the compression stress, a), at the impact end of the specimen, 
the plastic-strain distribution the specimen after impact, 
and the particle velocity, ¢, imparted to the specimen at the 
impact end. The particle velocity m, at the impact end of the 
specimen, differs from the impact velocity Vy, since the acoustic 
impedance of the anvil bar is finite. The particle velocity 1 
is given in terms of measured quantities by 


pe 
where 

= velocity of impact 
0, = compression stress at interface 
p' = mass density of anvil bar 
ey = velocity of propagation of elastic wave in anvil bar 


The points representing the particle velocity 7) as a function 
of the compression stress o; at the impact end of the specimen 


The points representing the compression 


are plotted in Fig. 2. 
stress o, as a function of the constant strain €, near the impact 
The strain €; consists 


end of the specimen are plotted in Fig. 3. 
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of the measured permanent strain at the impact end plus the 


elastic strain in the material due to the stress a, 


The stress-strain relation exhibited by the material may be 
deduced rather simply from the experimentally determined 0, 
versus relation if certain assumptions are made. (a) It is 


that 
loading follows this eurve continuously up to the point. cor- 


assumed the stress-particle velocity relationship during 


responding to the given impact stress. As is discussed later, 


this relation may only the locus of the 


how ever, 


represent 
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terminal points of a number of distinet stress-particle velocity 
urves Which depend upon the impact stress. Tt is as- 
somed that the kinetic energy and shear stresses associated with 
the lateral motion ot the particles of the specimen can be neg- 
The under 
sumptions later will be compared with other experimental results 


stress-strain relation obtained these as- 
to determine the validity of these assumptions 

Under these the strain corresponding tou given 
stress may be expressed in terms of a definite integral which 
depends upon the slope of the stress-particle velocity relation 
up to the given stress. Thus the strain é at the impaet end 
of the specimen corresponding to a given impaet stress a), may 
be expressed in termes of the experimental a, versus ¢ relation 


by 


pdo 


di 


The slope of the a, versus») curve shown in Fig. 2 is determined 
at conveniently located points, and the o;, versus é relation is 
computed numerically using Equation This stress-strain 
relation is shown in’ Fig. 4 by the curve designated as stress- 
velocity measurements, The static stress-strain curve and the 
stress-strain relation versus determined from impact stress 


the curve, stress-plastic strain meus- 


and measured plastic strain, are shown for comparison, 
lutter as designated by 
urements 

The stress-strain curve deduced from stress-velocity mensure- 
different 
Thus, for a 
deduced trom stress-velocity measurements with the theory of 


ments is somewhat from the curve determined from 


stress-messured strain viven stress, the strain 


plastic-wave propagation is less than the measured stram after 


impact However, both of these stress-strain relations lie con- 


siderably above the static stress-strain relation. The expeti- 


mental results indicate that under these impact conditions the 
excess of the stress at a given strain over the static stress at the 


ALUMINUM 


UNDER COMPRESSION IMPACT 


same strain increases progressively trom zero at the elastic limit 
to ubout 2O percent atastramoot per cent further series 
ol tests performed at mederate strain rates indicate that) tor 
thus 


strain under impaet conditions ts associated with the extremely 


muiterial the relatively large increase ino stress for a given 


high louding rates accompanying Impact and cannot be pro 
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bia. 4 AND DYNAMIC ReLarions 


STATIC 


duced by moderate loading rates. This is shown by a) stress 
strain curve of the material at a strain rate of O.OW0 per min, 
which also is given in Fig. 4.0 The latter curve essentially coin 


cides with the static stress-strain relation 


The process of wave propagation inp the specimen can be 
deduced from a stress-strain relation of the material and repre 
sented ino a Lagrange or position-time diagram. The stress, 


strain, and particle velocity are determined as functions of post 
Thus the and 


strain-position relations deduced by means of a Lagrange diagram 


tion and time from this diagram stress- time 
from the stress-strain relation can be compared with the experi 


mentally determined relations. The dynamic stress-strain curve 
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deduced from maximum stress-impact velocity measurements 
was used in constructing such a Lagrange diagram. It is as- 
sumed that the stress-strain path during loading follows this 
stress-strain relation and upon unloading follows the norma! elastic 
hysteresis relation. The theory and graphical solutions for 
strain propagation as developed by von Karman, Bohnenblust, 
Hyers, and Charyk (15, 16) were used in) constructing the 


Lagrange diagram shown in Fig. 5. 


7 20 2 

- 


= 

This diagram was constructed for the maximum impact 
stress, 0, = 13,400 psi, emploved in the impact tests. The 
diagram consists of three regions, namely, a plastie region, an 
elastic-hysteresis region, and the region representing the un- 
loaded state ahead of the initial elastic-wave front. The heavy 
irregular line represents the boundary between the plastic and 
hysteresis regions for the maximum velocity of impaet. Lighter 
lines indicate the appropriate characteristics in the Lagrangean 
plane. The diagram includes the portion of the anvil bar on 
which the strain gages are mounted so that the stress-time rela- 
tion at the gages may be determined and compared with the 
experimental measurements. The line, 2 = 0, represents the 
interface between the specimen and anvil bar. 
grange diagrams also were constructed for impact stresses of 
9500 psi, 7500 psi, and 3850 psi. ‘The plastic-hysteresis boundary 
lines for these cases are indieated in 
dashed lines, together with those portions of the heavy full line 


Similar La- 


Fig. 5 by the heavy 


which are common to the several diagrams. 

A prediction of the stress as a function of time at the interface 
between the specimen and anvil bar may be determined from 
the Lagrange diagram. Such a stress-time relation for an impact 
stress of 13,400 psi is shown in Fig. 6 together with the cor- 
responding experimental relation obtained from stress-time 
measurements, The plastic-strain distribution determined trom 
the Lagrange diagram for this same impact stress is shown in 
Mig. 7, together with the measured strain distribution. Similar 
comparisons between theory and experument have been made for 
tests at other values of the impact stress with results of the same 
general nature as those shown in Figs. 6 and 7. 


Discussion 


The experimental results indicate that the 
relation deduced from. stress-velocity measurements with the 
use of the theory of propagation of plastic strains lies above the 


stress-strain 
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: 
2 
Time, miliisec 


Srress Verses Time, Impact Sriess 15400 


> 


Stroin,-per cent 


% 4 8 ' 
Distance from end, inches 


PeRMANENT STRAIN Impact 13400 
Psi 


relation determined from stress-plastie strain 


Thus, for a given stress, the strain deduced 


stress-strain 
measurements, 
from stress-velocity measurements is less than the strain mens- 
ured after impact. However, a dynamic stress-strain relation 
determined from either stress-velocity measurements or stress- 
plastic strain measurements lies considerably above the static 
stress-strain relation. 

The dynamic stress-strain relation cannot continue to repre- 
sent the behavior of the material for an indefinite time, and the 
stress and strain must approach some equilibrium position on 
the static stress-strain curve if the load is maintained long 
enough. Thus the plastic strain measured after impact may 
represent the strain associated with the wave-propagation proc- 
ess and an additional strain due to relaxation which takes plaice 
after the initial The relation during 
relaxation cannot be determined from the experimental data, 
but the over-all magnitude of the maximum strain relaxation 
compatible with experimental observations can be estimated. 


Impact. stress-strain 


The initiation of any additional plastic strain at the interface 
between the anvil bar and specimen after initial impact must 
he accompanied by elastic unloading waves propagating through 
the specimen and anvil bar. Thus any increase in strain after 
the initial strain must be accompanied by a decrease in stress 
at the interface. However, the experimental stress-time records 
indicate that during impact the stress at the impact end of the 
specimen remains nearly constant up to the time at which 
unloading waves originating from the free end of the specimen 
arrive. This can be seen in Fig. 6. Furthermore, any increase 
in strain which might take place following the passage of the 
initial strain waves would be expected to produce a nonuniform 
distribution of permanent strain in the section of the specimen 


adjacent to the impact end. That this is not the case is illus- 


trated by the typical experimental permanent strain-distribution 
relation shown in Fig. 7. 


For these reasons it may be con- 
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eluded that resulting from relaxation 


effects has taken place in the period of time during which the 


no appreciable strain 


impact stress is maintained in these experiments (this time may 
be seen from the Lagrange diagram in Fig. 5 to be trom about 
0.23 to about 0.35 millisec, depending upon the impact stress), 
Therefore some other explanation must be sought to explain 
the differences between the dynamic stress-strain relations as 
determined from. stress-velocity measurements and from stress- 
permanent strain measurements 

The desired correlation of the experimental data may be 
obtained by abandoning the assumption that a single dynamic 
stress-strain relation exists which is capable of deseribing the 
behavior of the material tor all impact stresses. A family of 
stress-strain relations, each member of which depends upon the 
impact stress, may be used to explain the diserepancy between 
measured strain and strain values deduced from stress-velocity 
Reach this family of 


suatisty conditions 


measurements member of stress-strain 


relations must several determined by the 


experimental measurements: (a) The end point of the curve 
must correspond to the measured values of Impact stress and 
permanent strain at the impact end of the bar; that is, the curve 
must terminate on the stress-plastic strain measurement rela- 
tion shown in Pig. 4. This condition may be expressed in terms 


of the wave-velocity function 


dale) 


\ p de 


associated with that particular stress-strain curve by means of 


ple*(e)|%de [4] 


where a(e) denotes the desired stress-strain relation, (1) The 


c*(e) = 


the relation 


particle velocity due to the Tmipact as given by 


= c*(evle..... [5 | 
” 


must be equal to the particle velocity for that particular impact 
stress as determined experimentally. Por strains in) the 
elastic region, the wave velocity must be equal to the normal 
velocity ot elastic waves in long rods, namely 

! 


S € [6] 


c*(e) = \ for 
p 


where ¢) is the elastic limit strain and FE is Young's modulus for 


the material  Pinally, the stress-strain relation must be sueh 
that by constructing a suitable Lagrange diagram based upon it, 
curves of permanent-strain distribution in the specimen may be 
obtained which agree with the experimental strain-distribution 
eurves, Tt is not possible to express this last condition in closed 


mathematical form. Hence it will not be used explicitly, but 


it will be shown later that the stress-strain relations chosen lend 
to an improved agreement between predicted and measured 


strain distributions, particularly regard to the distance 


traveled by the maximum strain €, during the impaet. 


Thus all of the explicit epnditions to be satisfied hy each 


member of the desired family of stress-strain relations have been 
expressed in terms of the wave velocity as a function of strain, 
*( 5}, and 


e*(é€) as given by Equations [5], Onee is 


determined, the corresponding stress-strain relation may be 


found by the use of Equation (4! with arbitrary values of a and 
and €. Of 


insufficient to determine 
of the 


€ replacing a course these three conditions sare 


henee the form 


Phe 


unambiguously ; 


function must be chosen somewhat arbitrarily. 
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assumed form of the wave-velocity funetion is 


(€) to tor 


+ Neve) fon 


where 
Np 
1 do, 


No de, 


mental 


elastic Wave velocity 


= wave velocity corresponding experi 


stress-plistic curve 


shown in Pig. 4 


= undetermined constant representing elistie limit 


strain on desired stress-strain curve 


a second undetermined constant 


Both and a cle pend upon the final strain, corresponding to 
each individual member of the family of stress-strain curves to 
be determined 

the assumed form of the velocity as 


Substitution of Wave 


given by Equation [7] into Mquations [4] and [5 
A trial-and-error 


vields two 


relations in the unknowns and a solution 
was used to determine the values of ao and é) corresponding to 


The 
relations then are computed from Equation {1 


final strains of 20, 3.5, and 5.0 per cent stress-strain 
These mre 
shown in Fig. 8. The stress-strain relation determined from 
stress-velocity measurements is shown for comparison 
The family of stress-strain relations deduced in the foregoing 


manner may be compared with experimental results which are 
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independent of the data upon whieh the deduction is based; 
namely, from any particular member of the family of stress 
strain relations, the distance which the masinum strain 
should propagate along the specimen may be predicted by con 
structing a suitable Lagrange diagram based upon that) stress- 
strain relation, This predicted distance of propagation then 
may be compared with the corresponding experimental value as 
determined from the measurements of plastic-strain distribution 
The required Lagrange diagrams need only be partially con- 
structed to determine the desired propagation distance, and this 
reduces the labor involved by a Jarge factor. The foregoing 
procedure has been carried out for the values of the masxinvun 
impact strain ¢€,, equal to 2.0, 3.5, and 5.0 per cent. The results 
are given in Table 1, together with the corresponding propagation 
distances predicted from the original Lagrange diagram deduced 
from stress-velocity measurements and the experimental dis 
tances of propagation for the same values of 6. These results 
show that the propagation distances, computed from the stress- 
strain relations which depend upon the final strain, compare 
more favorably with the measured values than the distances 
computed from stress-velocity measurements. 

The stress-strain relations which depend upon the fina 


shown in hig S, are consistent with the generally accepted iden 


strain, 


that stress-strain relations are raised progressively as the rate ot 
loading is increased. In this case the rate of loading increases 


as the impact velocity Gand corresponding impact stress a), and 


TABLE | PROPAGATION DISTANCES OF MAXIMUM 
STRAINS 
From plastic 
Maximum stram-distribution 
strain, Measurements, 4° 
percent m nm 
2.0 +0 7.0 a” 
3.5 6.2 5.3 
5.0 50 58 50 


“A, From Lagrange diagram deduced from stress velocity measurements 
KB, brom Lagrange diagratis deduced stress-stram relations 

depend upon the final stram e 


final strain ¢,) is imereased. The reason for this is twofold: 
(a) The rise time of the stress at the impact surface decreases 
as the impaet velocity is incrensed, beesuse the time required 
for the end surface of the specimen to deform into conformity 
with the spherical end surface of the anvil bar decreases for 
Increasing Impact velocity. ‘The impact stress increases 
with increasing Impact velocity. Tlence the mean loading rate 
given by the ratio of the impact stress to the stress-rise time 
increases with increasing Impact velocity. 

The behavior of a specimen subjected to a given impact cannot 
(strictly speaking) be deseribed completely on the basis of the 
appropriite member of the family of stress-strain relations if itis 
assumed, as indicated previously, that the differences between the 
members of this family of curves are duefto differences in loading 
rates. This results from the fact that in such an impact) the 
loading rate varies rather widely with position along the speei- 
men and with time at any given position. Tn general, the loud- 
ing rates decrease with increasing distance from the impact 
surface. Thus, since different stress-strain relations correspond 
to each loading rate, no single stress-strain relation ean be em- 
ploved, strietly speaking, to deserthe the behavior of the entire 
specimen. Tt may be noted that the fumaly of stress-strain rela- 
tions determined the foregoing were deduced from. experi- 
mental data measured at the impacted end of the specimens 
Hence these stress-strain relations correspond to the highest 
loading rates present in the specimens, The stress-rise times at 
the impact surface in these experiments are estimated to be in 
the range of 2 to 20 microsec, with the longer times correspond- 


ing to lower impaet velocities. Thus the mean loading rates at 
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the impact surface were probably in the range 2 < 10° to 7 < 10% 
ps per sec 

A complete description of the wave-propagation effeets under 
impact loading in a material exhibiting time-dependent me- 
chanical properties must be based upon a complete stress-strain- 
that such a tresat- 
viven by 


material, One attempt at 
ment Malvern (17). 
particular form of the time dependence of the stress-strain 


time relation for 
has been Unfortunately, the 
properties assumed by Malvern does not seem to be capable of 
predicting behavior which is consistent with the results of impact 
experiments, The problem of finding tunetional relationships 
between stress, strain, and time which provide for agreement be- 
tween theory and experiment and are at the same time mathe- 
matically feasible to use is probably very difficult. 

Fortunately, the complexities and ditheulties of theoretient 
treatment just discussed are concerned with effects of rather 
magnitude in many materials, as judged trom experimental 
investigations, Thus the results of the present experiments 
indicate that the behavior of annealed 28 slaminum under impact 
conditions may be predicted with good securacy, using a single 
time-independent dynamic stress-strain relation. In this case, 
for example, a stress-strain relation which was an average be- 
tween the curve deduced from stress-velocity measurements and 
the eurve deduced from: stress-plastic strain measurements could 
be used to predict plastic wave-propagation phenomena with 
good accuracy. 

Qualitatively similar behavior under impact loading is to be 
expected for materials which are similar to 28 aluminum in other 
respects. Thus pure 
exhibit the face-centered cubie erystal structure may be expected 
such 


metals and solid-solution alloys which 


Examples of 
Hlowever, 


to behave in the same general manner. 
nuiterials are copper and austenitic stainless steel, 
low-carbon steel and probably other body-centered cubie metals 
behave quite differently under suddenly applied loads (18, 19). 
During the preparation of this paper, a report of a similar 
investigation by J.D. Campbell (20) was published. Campbell's 
experiments differed from those reported here in that repeated 
Impacts on the same specimen were employed, and the impact 
velocities used did not cover as wide a range as the present 
investigation. Nevertheless, Campbell obtains a raised dvnamic 
stress-strain relation for an annealed aluminum alloy for strains 
up to O46 per cent which is similur to the results reported in this 
paper. Campbell's data and analysis are not sufficient to show 
that the dyvnamie stress-strain relition varies slightly with im- 


pact stress. 
SUMMARY 


The results of this investigation show that the behavior of 
annented 28 aluminum under conditions of impact loading into 
the plastie-strain range ean be represented to a good approxima- 
tion by a single dynamic stress-strain relation. This dynamic 


stress-strain relation lies above the static stress-strain curve. 
The excess of dynamic stress over the static values increases 
progressively with strain, reaching about 20 per cent of the static 
stress atacstrain of 4.5 per cent. 

However, the results also show that higher-order effects cannot 
be correlated with sucn a single dynamic stress-strain relation 
A detailed analysis of the experimental measurements by means 
of the von Karman theory of propagation of plastic strains in 
long rods indicates that the behavior of the material near the 
stress-strain 


impact surface may be deseribed by a family of 


relations, Each member of this family of curves corresponds 
to a given impact stress, and the curves are arranged consecu 
tively in order of increasing impact stress. All of these curves 


he within « narrow region in the stress-strain plane. 
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The Effect of Strain Hardening in an 
Annular Slab 


By P.G. HODGE, JR..? LOS ANGELES, CALIF. 


A procedure is outlined for obtaining the stresses and 
strains in a circular slab with a cutout, subject to uniform 
biaxial tension. An arbitrary stress-strain curve in ten- 
sion is approximated by any number of straight-line seg- 
ments. For biaxial states of stress the material is as- 
sumed to satisfy a flow law based on the maximum shear 
stress, and to be incompressible throughout. The general 
equations are given and then simplified by assuming that 
boundary motions may be neglected if the strains are 
small, and that elastic strain components may be neglected 
if the strains are large. For the case of linear strain 
hardening a complete solution is given in closed form. 
If the rate of strain hardening is small, these results may 
be simplified further. 

ONSIDER an annular slab of an incompressible material 
of uniforin thiekness subjected to a uniform: biaxial 
tension of magnitude BMA on the outer edge, Fig. 1 


big. oF Stan 


It is assumed that the slab is ina state of generalized plane stress, 
even though the thickness may vary as the deformation pro- 
gresses. Because of symmetry, the meehaniceal state of the slab 
may be specified in terms of the following four functions of posi- 


tion and time 


ar, t) EB, reduced radial stress } 


EB, reduced circumferential stress | 
u, (r,t), radial displacement 
A (r,t), thiekness 


where Young's modulus, 
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Regardless of the relations between stress and strain, the slab 
must satisfy the equation of equilibrium 


(rho) 
or 


and the condition of incompressibility 


oh 
r (rhv) = 0 
ot or 


Here » is the velocity following the particle 


t 
or ol or or or 
So long as the loud is increasing, the material will be assumed to 


be elastic provided that the maximum shearing stress is less than 


half the initial vield stress in simple tension. [Tt may be verified 


a posteriori that the principal stresses satisfy 
> 6, > [4] 
so that the material is elastic, provided 
S(o,s) =s p< 


where wis the reduced initial vield stress in simple tension. Tf 
Inequality [5] is valid, then two additional equations are furnished 
by Hooke’s law 


=a 2 
0,)/2E = s a” 


€, = Ou/Or = 
= u/r = (204 


” 
(2a, 16) 
The plastic domain is characterized by the relations 


s—p>0,8>0 


The general form of flow low obtained by Prager and Hodge® may 
be written in terms of the reduced principal stress components 
of of 4 of 


Oo; 


Here €", &”, are the plastic strain-rate components, 
a; are the reduced-stress components, f is the vield function, and 
F is a function of stress to be determined from the stress-strain 
curve. If f is given as in Equation [5], the stress-strain liw be- 
comes 


=0,6" =Fa 


Let the given stress-strain curve be approximated by a series 
of straight-line segments, Fig. 2, and let a, be the inclination of 
the Ath segment in the strain-reduced stress plane. Ino simple 
tension, the relation between plastic strain rate and stress rate is 
then given by 


cot ay 6,, < < pes 


Variational Principle for Plastie Materials With Strain- 
Hardening,” by P. Hodge and W. Prager, Journal of Mathematics 
and Physics, vol. 27, 1948, pp. 1-10. 
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so that Equation becomes 


0, cot ays, S Mars 


Finally, since the elastic components of strain rate must satisfy 
the differentiated form of Hlooke'’s law, the plastic stress-strain 


relations are 


€, Ou Or 8/6 Is] 


=ur =(1 + cota,)s a/2, } 


equations [2], [3], and [6] or [8] furnish four equations for 


the four unknowns o, 8,4, and u. At the boundaries, the stresses 
must be in equilibrium with the applied tractions, so that 


a(a) =0, 


In addition, all stresses and strains must be continuous through- 
out the slab, so that ifr = py is the radius whieh divides one an- 


alytie form of solution from another 


(Ps (Ps (m 


on 


) = (p, ) 


SOLUTION 


Since A and uw are both unknown, Equations [2] and [3] are 


nonlinear, and at present there does not exist a general solution to 
the boundary-value problem defined in the previous seetion 
HTowever, as long as the strains are small compared to 1, it ap- 
pears reasonable to neglect motion of the boundaries and changes 
of the thickness 4. For a perfectly plostic material it is known 
that the errors introduced by these approximations are of order 
~0.001 

Regarding A as constant, Equation 
fied exactly, and Equations [2] and [6] become linear. The solu- 


3] no longer can be satis- 


tion for an elastic material is readily found to be 
) 


Jr., Jovurnar or Meecnantes, Trans. ASME, vol. 20, 1953 
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the Plastic Strains in Slabs With Cutouts,” by P. G. Hodge. 
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cond 


determined from the boundary 


where © are to be 
tions. Por A sufficiently small, the slab will be elastic throughout 
and the Boundary Conditions [9] may both be applied to deter 
mine the constants,  Sinee boundary motions are neglected, the 
initial values of a and do may be used. The resulting solution ts 


ur X 1 + 3a,2/r? 
Ou /or § d,? | 
1 a,*/r* 
= 
l a,?/d," 


This solution will be valid so long as Inequality [5! is satisfied 
throughout the slab. Since sis amaximum at the inner boundary 
the maximum load for whieh this is true is found by setting « (0) = 


wand solving for A 
[13] 


For values of AX somewhat larger than Ay. a plastic ring will form 
against the toner boundary If p denotes the radius between the 
clastic and plastic regions, then the slab os still elastic for p « 
In this region, Equations are still valid, but the 
Boundary Condition is ne longer applicable. its stead 


the condition 


4 C Gp 


be Solving this for and substitutuag inte 


tions [IE] one obtains the elastic solution in the form 


v 
t 
Ou, OF » r? 
it 
a p 


The boundary condition at» dowill be used to determine a re 
lationship between A and p, onee the constant 2 has been deter 


mined trom the plastic solution 


For values of the applied load slightly greater than Ay, the plas 
fre portion of the slab will corre entirely to the first ti 
segment 1B of the stress-strain curve, Fig. 2.) So long as part 
of the slab is still elastic, the plastic stress-strain laws, Poquations 


tay be integrated to yield ‘ 


= Ou or=0 115) 
ur = (1 + cot ads a2 


The constants of integration were determined from the fact that 
when « given particle first enters the plastic domain the strains 
must be given by Equations (6) and s must equal 

If bequations [15] are solved for s and @ in terms of a, and the 
results substituted into the equilibrium equation, the resulting 
linear @juation for wis readily solved to vield 


1 
Oou/or =n 4 [164] 


| 
c 
ram 
| 
| 
4 2 
| 
/ a r* 
or Or 
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Here n is defined by 


n= (1 + cot a) {17] 


and functions of a have been replaced by functions of n through- 
out, 

The four functions given in the plastic region by Equations 
[16] and in the elastic region by Mquations [14] must be con- 
tinuous at the elastic-plastic boundary r = p. Together with 
Kquation [9a] this provides five equations to determine the three 
constants and 
posed in integrating the plastic stress-strain law, two of these 


However, in view of the continuity im- 


equations are redundant. After some computation it is found 


that 


1/A\) 


2n 


where 


A = (p ** + (p a,,)' 


The substitution of Equations [1S] into Equations (16) and [14] 
then yields the following complete solution: 
Plastic (a, <r < p) 


= 1+ 20 
ou 2+afp\'" 2 nf ) 
= 
or 2 A A 


d,) 


“wr ' 1 tp?/r? fi 
oujor{ ~ 2! A 
| + p*/r* 209, J 

= 20g, h 

8 f A a, h} 


quations [20] give the complete solution in terms of the position 
of the elastic-plastic boundary. The load necessary to extend 
the plastie region to a given boundary p is obtained from the 
boundary condition, Equation [9b] 


A = a(d,) = 


Since the parameter oceurs as an exponent in Equations [20] 
the preceding solution is not well adapted to computations. For 
most real materials nis small compared to 1, so that it appears 
reasonable to approximate the solution and obtain a more useful 
This may be done by expanding the solution as 
Since all the quantities are even functions of 


formulation. 

power series In 7. 

n, the following expressions are correct up to terms n*: 
Plastic (a, <r < p) 


“ 1 a, a, a, ne 
5! + + 2 log 34+ 2 log 
r 2 r 6 r 


2 2 
log + 2 log log \ 
r r 
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to 
= 


Load 


Zp (: 2 (i ) 


SECOND STAGE 


SOLUTION 


The solution given by Equations (20) (or approximately by 


Kquations [21)) is valid so long as the following two inequalities 
are both satisfied 
. [22] 


ps sla) <p 


As the load is inereased so that one or the other of these inequali 
ties is violated, a variety of behavior may be exhibited depending 
upon the dimensions of the slab and the parameters in the stress 
strain curve, 

Consider first the case where these quantities are such that the 
second Inequality [22] is violated while the first remains valid, 
and let p, be the value of p for which this occurs. To the approxi- 
mations used in Equation [21d] it follows that p; is given by 


+ log p./a,) =v ... [23)} 


Since by hypothesis p; is less than d) the parameters of the problem 
Must satisty 


+ log d,/a,) > v. 


The approximate load A» for which this first oceurs is obtained by 
solving Equation [23] for p, and substituting the result: into 
equation 

For values of A somewhat greater than A, the solution in the 
slab will consist of three regions. If ¢ represents the radius where 
s =p, then fora, <r < ¢ the material is plastic corresponding to 
the segment BC of the stress-strain curve, Pig. 2: for € < 
material is plastic corresponding to AB; and for p <r < d, 
For the latter two 


r<pthe 
the material is elastic, corresponding to OA, 
regions, the solution is given by Equations [17] and [14], respec- 
tively, where the boundary constants must be determined anew, 

For the innermost region, the stress-strain law Equation [8| 
may be integrated again to yield 


€& = s/2 
€ég = u/r = (I + cot B)s a/2 v(cot B cot a) 
[25] 


As in the previous section, these relations may be solved for a and 
sand the results substituted into the equilibrium equation. The 
resulting equation is solved readily for u 


; 
or 2 r r 
2 
( ") (0 : ) [216] 
r 
pl 
i! , log Id 
Elastic (9 <r < d,) 
B ( ov 
«6S a n? p\ i 
L 
2 
| 
| 
7 (’ 7 ; $ 
c= 
4 (”) | 
p " p 
14 201) 
4 (”) 4 (”) | | 


% 1 l n? m? 1 
where 

m = (1 + cot B)”............ [27] 


The constants P, @, A, L, and B may now be determined from the 
continuity conditions (quations [{10]) at { end p. The Bound- 
ary Condition [9a] then determines the relation between p and 
§, while Equation [9b] furnishes the value of the load. The com- 
putations and results become quite complicated and are not re- 
produced here. 

Consider now the other possibility characterized by the reverse 
of Inequality [24]. In this case the slab will become fully plastic 
for a load A»’ obtained by aetting p equal to d, in Equation [20%] 
or [21¢]. Thus from Equation [211] 


re’ + a, d, (28) 
2 d, 2 d, <5) 


For values of A slightly greater than d,’, Mquations [16] will be 
valid throughout the slab. The constants K and L may be de 
termined directly in terms of the load A by substituting Equation 
[16c] into Equations [9]. While the results may be obtained 
accurately, it is somewhat simpler to introduce the approximate 
power series in n directly. After some computation, the complete 
solution is found to be 


d, (a,/d,)u4 
log (d, 


ou d,/r a, (: 421 *) 

or log (d,/a,) d, r | 

| 

+ (Xr (2 
a, 2 

— log — 
r 


+ (\ — p) log + 
a 


r n? or 


{29} 
d,/r 

¢ = 

log (d,/a,) 


~ 


d, (a,/d,)u ¥ A 
= 


r log (d,/a,) 


where only the leading terms in n? have been retained. 

Equations [29] will be valid until s(a) = v, assuming that the 
strains may still be considered small. On the other hand, assum- 
ing for simplicity that the entire stress-strain curve is approxi- 
mated by the three segments in Fig. 2, the solution obtained from 
Equations [27], [17], and [14] is valid until p = d,._ For slightly 
greater loads in either case, the slab will be plastic throughout, 
but will be governed by the portion BC of the stress-strain curve 
fora, <r < {,and by AB for <r <d,. Therefore the solu- 
tion will consist of Equations [27] fora, < r < ¢ and Equations 
{17] for ¢ <r <d,, with the four constants P, Q, K, and L to be 
determined from Equations [9] and [10}. 

If a more accurate approximation to the stress-strain curve is 
desired, the solution may be obtained in similar fashion, although 
the resulting computations would become exceedingly laborious. 


Plastic SoLuTION—LARGE STRAINS 


The solutions obtained in the preceding sections are valid only 
so long as h may be considered a constant and the boundary dis- 
placements neglected. For an incompressible material these 
conditions will both be satisfied provided that the strains are 
small compared to 1 throughout the slab. This generally will 
be the ease so long as any part of the slab is elastic, at least pro- 
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vided a,/d, is not too small, However, once the slab is fully plas- 
tic, relatively large strains may occur and the previous solutions 
no longer would be applicable 

Since h no longer can be considered constant, the equations 
to be solved are nonlinear, and it is necessary to make some other 
simplifying assumption to obtain a solution. The elastic part 
of the strain remains proportional to the stress throughout load- 
ing and hence can never become large. Therefore, if the total 
strains are large, it appears reasonable to neglect entirely the 
elastic component and consider the strains as purely plastic 
This is equivalent to assuming that Young's modulus is equal to 
infinity, so that the elastic portion of the stress-strain curve in 
Fig. 2 is replaced by a vertical line. For simplicity of exposition 
it will be assumed that the plastic portion of the stress-strain 
curve consists of a single linear segment, Fig. 3, although the 
method can be extended to more general curves as in the previous 
sections. 


| 


hic. Sraess-Sraatin Curve ror Laroe Srrains 


In the case of small deformations, it was not necessary to dis- 
tinguish between the Lagrangian (original) and Kulerian (cur- 
rent) co-ordinates of a particle. However, for the large strains 
considered in the present section such a distinction is obligatory 
The stress-strain law is a function of the stress and strain of the 
particular particle in question, and hence must be expressed in 
terms of the original co-ordinate r, of a particle now atr. Thus, 
since elastic strain rates are neglected, Mquations [8] are replaced 
by 


é, = ov/or = 0 .... [30a] 
é = v/r = cotas = [(1 — n*)/n} 4... {30b] 
The “‘dot’’ in Equations [30] customarily refers to time: How- 


ever, since inertia effects are not considered, time may be re- 
placed by any convenient monotonic function of time. In the 
present case, the current radius of the inner boundary is such a 
funetion.® Therefore Equation [30a] states that 


—v(r,a) =0 
or 


While this equation may be integrated easily to obtain the ve- 
locity, it is more conveniens first to transform it to the Lagrangian 


co-ordinate r,. Since the “time’’ a occurs only as a parameter 


Ov ov/dr, 
or or/or, 


hence 

* The validity of this step may be seen by noting that the ‘‘rate’’ at 
which load is applied will not affect the solution. ‘Thus, in particular, 
the load may be applied so that the inner boundary moves outward 
at a uniform rate. Finally, the unit of time may be chosen so that 
this rate is unity 
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where u(r,, a) is the displacement of the particle. The integral 


of this equation shows that 
u(r,,a) = F(r,) + Gla) 


Since elastic strains are neglected, the displacement of all par- 
ticles is zero at the commencement of plastic flow. Thus 


u(r,,a,) = F(r,) + Gla,) =90 


Te 
F (r,) now can be evaluated, the resulting displacement being 
u(r,,a) = Ga) — G(a,) 


In view of the choice of a time scale, the velocity of the particle 
initially at the inner boundary (and hence always at the current 
inner boundary ) is unity, so that 


ou 
Oa ifo™@o 


G'(a) =] 


a 
Therefore Gla) = a, and hence 


u(r,,a) =a—-a,.. [Bla] 


independently of r,. Further, the current position of the particle 


initially at r, is 


r(r,,a) = ro tu(r,,a) =r, +a—a, {31b] 


Finally, the velocity at all points is 


The substitution of Equations [31] into Equation [30b) vields 


hence 


s(r,,a) = log (r, + a —a,) + fir,).. [32] 


The function f(r,) is to be evaluated from the continuity of s at 
a=a,. However, since there has been a change of assumption 
between the small-strain and large-strain solutions, this con- 
tinuity cannot be exact. The best one can do is to evaluate s (r,, 
a,) so that it is continuous with the solution given by Equation 
[20d] for p = d,. This leads, of course, to a rather awkward 
expression for f(r,). However, this expression may be simplified 
by neglecting terms of order n‘. This leads finally to 


r+t+a—a, a, d 


o To 
a result which could also have been obtained directly from Equa- 
tion [2ld]. Finally, since uw is very small compared to 1, the 
second term in the coefficient of n? may be neglected in comparison 
with the first, once the deformation has progressed. Thus, to 
within the approximations considered 


s= +n? log [33a] 


where r and r, are related by Equation [81b]. Equation [31d] 
predicts that s = uw throughout the slab at the onset of full plas- 
ticity. Thus, physically, the assumptions are equivalent to 
neglecting the strain hardening which occurs during the elastic- 
plastic stage of loading. In an example considered later, this 
approximation appears to be well justified. 
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In Equation [3lc} the functional form of the velocity v is the 
same referred to either the Lagrangian or Eulerian co-ordinates 
Thus the Eulerian form of Equation [3| (incompressibility equa- 
tion) may be retained 


(rh) = 0 


- (rh) + 
oa 


where hk is a function of r and a. The solution of this equation 
satisfving the condition h = H, whena = a, is 


io (: = wl, = 
r 


This result also could have been predicted directly as follows: 
For velocity constant, the thickness Ar of a narrow ring will re- 
main constant; hence by incompressibility the volume 2mrhAr 
also must remain constant at all times a. 

The radial stress is then determined by integrating the equilib- 
rium Equation [2] with respect to the Eulerian co-ordinate r 


l r 
fo dr 
rh a 
fr Je r r r 
r 
— —a—(a a,) log ] 
a 
n? To Vo 
— log — dr 
r 


In the foregoing integrations, r, is defined as a function of r by 
Equation [31b]. Finally, the load necessary to enlarge the inner 
radius from a, to any value a is obtained from Equation [9b] 


Na) = h(d, a) o(d, a)/H, 
d 
d a 
d 


1 a 
d 
n 2 


where the current outer radius d is given by 


[330] 
r 


r r 
log dr 
r 


dz=d,+a—a,.. [33e] 

For a perfectly plastic material,‘ it was found that the load A 
decreased as the fully plastic deformation proceeded, so that the 
maximum load which the slab could support was achieved just 
as the elastic ring disappeared. For a material with infinite 
strain hardening, on the other hand, the load could increase in- 
definitely above the fully plastic value. The question naturally 
arises as to the rate of strain hardening which separates these 
two types of behavior. In other words, what is the minimum 
strain-hardening rate for which the initial fully plastic configu- 
ration is stable? 

Since A is given as a function of a by Equation [33d] this ques- 
tion is easily answered by differentiating A with respect to a, 
setting a = a,, and observing the sign of the derivative. If it is 
positive, then an increase in radius must be accompanied by an 
increase in load. After some computation, it is seen that the 
derivative at a is positive if and only if 
1 —a,/d, + log d,/a, [34] 
log d,/a, 

Equation [34] states the condition that the fully plastic solu- 
tion be initially stable. As the deformation progresses, however, 
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it follows from Equation [336] that the thickness at the outer 
edge grows less, so that the same load produces a higher true 
stress. Therefore, for any finite rate of strain hardening, the 
actual load which the slab can support will decrease after the de- 
formation has proceeded sufficiently far. The value of a for 
which this is the case can be found equating dA /da to zero and 
solving fora. Although this cannot be done in closed form, the 
maximum value of A can be found numerically for any given val- 
ues of the parameters. 


Piastic MATERIAL 


A perfectly plastic material is characterized by a zero rate of 
strain hardening, i.e., by @ = 0. Therefore the complete solu- 
tion for a perfectly plastic material would consist of three stages: 
fully elastic, elastic-plastic, and fully plastic. The elastic solu- 
tion is still given by Equations [12], while in view of Equation [17} 
the other two solutions are obtained by setting n = 0 in Equations 
[21], [31], and [33], respectively. 

Elastic-plastic solution fora, <r < p 


u/r = =i {1 + a,/r + 2(a,/r) log (pr)! 


Ou 


o=yu(l 


Elastic-plastic solution for p <r < O32 340 


Perey Prastie Loap CincUMPERENTIAL Sreess AND 


as Funetions or KRaptus (ae/do = 


ta a) log (n/a) 


(ad, a, log |\(d, + a 


l+ad, a,/d, 


In a previous paper,’ the author obtained the complete per- 
feetly plastic solution direetly by a perturbation method. It 
u/r = (a —a,)/r, 0u/Or = O,h ~ a,)/r} : may be verified readily that the first term of each quantity in the 


Fully plastic solution 
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s(o) 
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perturbation procedure agrees precisely with Hquations [35}.° 
In the discussion following the presentation of the previous paper, * 
the question was raised as to whether or not the perfectly plastic 
solution truly represented a limiting case of a strain-harden- 
ing solution; the present example shows that for the problem 
considered it does indeed. 


Mareriar? 


Some results have been worked out for the following numerical 
data 


p= 0.005, n? = 0.05, ad, = 13 


The plastic part of the stress-strain curve has been approximated 


by a single linear segment. Fig. 4 shows the load, circumfer- 
ential strain u(a,)/a, of the inner boundary, and reduced cir- 


* The elastic-plastic solution is given by Equations [32] of the pre- 
vious paper,* and the fully plastic by Mquations [39] through [46]. 
Note that the dimensionless stresses there were defined by dividing 
by twice the shear modulus 2G, rather than Young's modulus FE, and 
that « was defined by &/2G. Since E = 3G for an incompressible 
material, the results may be converted easily. 

7 The author wishes to thank Mr. R. K. Froyd for his assistance in 
the computations of this section. 
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cumferential stress s(a,) at the inner boundary, all as functions 
of the radius of the elastic-plastic boundary for the elastic-plastic 
The maximum strain, when 
the slab first becomes fully plastic, is seen to be greater than one 


solution given by Equations [21]. 
percent. Since this strain can be shown to increase rapidly with 
further increase in load, the fully plastic solution for small strains 
given by Equations [29] does not appear to be applicable for the 
present example. Therefore, in Fig. 5, the load, maximum 
stress, and maximum strain are plotted as functions of the radius 
of the inner boundary according to Equations [31] and [33) for 
the fully plastie slab. It will be observed that while the slab be- 
comes fully plastic for \ = 0.0034 it can support a load A = 0.0085 
with sufficient plastic deformation. This is in marked contrast 
to the perfectly plastic slab) which, in the present example, be- 
comes fully plastic for A = 0.0033 and can support no greater load, 

Fig. 6 is derived from Figs. 4 and 5, and shows the cireum- 
ferential stress and strain, respectively, at the inner boundary as 
functions of the load tor the clastic, elastic-plastic, and fully plas- 
tie solutions. The discontinuity between the last two sections of 
the curve in each case is due to the change of assumptions between 
the two solutions. 
other quantities involved. 


It is seen to be small in comparison with the 


The Rate of Growth of Vapor Bubbles in 
Superheated Water 


By PAUL DERGARABEDIAN,? PASADENA, CALIF. 


Calculations are presented for the dynamic stability of 
vapor and air bubbles in superheated water. These cal- 
culations indicate that the values of the bubble radii for 
which the equilibrium is unstable are restricted to a finite 
range of radii whose values are governed by the tempera- 
ture of the water and the initial air content in the bub- 
ble. Two theoretical solutions for the rate of growth of 
these unstable bubbles are considered: (a) Solution of the 
equation of motion of the bubble radius with the assump- 
tion that there is no heat diffusion across the bubble 
wall; (6) solution which includes the effect of heat dif- 
fusion. The two solutions differ appreciably. These 
two solutions are then compared with the experimental 
data on the growth of the vapor bubbles in superheated 
water. This comparison shows agreement with the solu- 
tion with the effect of heat diffusion included. 


INTRODUCTION 


NE of the important problems in the field of hydrodynamics 
today is the occurrence of cavitation in liquids, Cavita- 
tion is defined as the coexistence of a vapor or gas phase 
with the liquid phase. 
evident in the form of bubbles distributed throughout the body 
of the liquid. Of practical significance is the increase in drag 
experienced by submerged bodies moving through a liquid when 
cavitation appears; similarly, pumps and turbines operate less 
efficiently in cavitating flow. The particular phase of the general 
field of cavitation presented in this paper is the problem of the 
dynamic stability and rate of growth of these vapor or gas bub- 
bles. 

Since the results in the present study are confined to the macro- 
scopic behavior of the bubbles, it suffices to point out some of the 
present concepts concerning the initial formation of the bubble. 
The general view (1)? is that bubble formation in cavitating flow, 
or in boiling, begins from a nucleus within the liquid containing 
air, or vapor, or both. These gas-phase nuclei are ordinarily 
submicroscopic in size, and become evident upon the growth of 
the nuclei through a temperature rise in the liquid or a reduction 
in the external pressure acting on the liquid. 

In dealing with multiple-phase systems the important role of 


This vapor or gas phase first becomes 
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surface pohue nomena must be considered in the processes involve d 
Thus in the case of these submicroscopic nuclei the very large 
forces of surface tension must be overcome to initiate cavitation 


or boiling. It is well known that degassed pure liquids can with 


stand very large tensions, or may be superheated considerably, 


without the formation of bubbles. This effeet has been demon- 
strated by Harvey (2) and subsequently by Pease and Blinks (3) 
Harvey subjected samples of water saturated with air to pressures 
of the order of 10,000 psi for several minutes. In this manner 
the air nuclei are squet zed into solution so that when the solution 
is brought back to atmospheric pressure, it does not cavitate 
under the tensions which freely produced cavitation before the 
pressurization, These same pressure-treated air-water solutions 
also can be superheated by as much as SOC without boiling. 

For the case of ordinary untreated water the gas-phase nuclei 
The presence of a 
solid, or third phase, is indicated since the surface energy of a 


may be stabilized on small solid particles 


bubble bounded by « solid surface and a liquid surface may be 
very low. Evidence for this condition can be found in the faet 
that the theoretical boiling point for pure water (4) is much 
higher than the values obtained by any experiment on superheat- 
ing of water, 

Since the macroscopic behavior of the bubbles formed in a 
boiling liquid may be considered as entirely analogous to cavita 
tion bubbles, the experiments and caleulations in this paper 
describe the rate of growth of vapor bubbles in superheated water. 
In the ease of boiling liquids by an Increase in temperature, the 
effects upon heat-transfer rates due to the vapor phase are of 
great interest. The experunental part of this paper is an analysis 
of high-speed photographs of the growth of vapor bubbles at 
various degrees of superheat. For the theoretical phase, caleu- 
lations are presented on the dynamic stability of vapor and air 
bubbles in order to determine bubble radii for growth. In order 
to emphasize the mniportant effect of cooling of the bubble wall 
during the growth, solutions of the equation of motion for the 
bubble radius are considered both with and without heat condue- 
tion across the bubble wall. 


tical ForMULATION oF PRopLeM 


Frequent reference is made in the literature on cavitation to 
tavleigh’s solution for the problem of the collapse of a spherical 
cavity ina liquid (5). For the present problem of the growth of 
a bubble the extension of the Ravleigh theory as earried out by 


Plesset The 


resulting equation is 


1) can be used to obtain the equation of motion 


3 
RR + itt = 


where pis the density of the fluid, Ris the radius of the bubble at 
any time t, R = dR/dt, p, is the vapor pressure of the water at 
the appropriate temperature, p, is the partial pressure of air 
which may be in the bubble of radius R, p, is the atmospheric 
pressure, and @ is the surface-tension constant for water 

If the assumption is made that the vapor pressure p, remains 
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constant throughout the growth of the bubble, then the bubble 


growth is isothermal and 


Ry 

Pa = Pav ke 

where po is the initial pressure of the air in a bubble of radius /, 

Equation [2] implies that no air diffuses across the bubble bound- 

ary as it grows. 

fusion process for gas bubbles is so slow compared to the rate 

of growth of the bubble that it does not affect the air content of 

the bubble. Thus Pquation [2] is a reasonable expression for 
the air pressure p, as a function of the bubble radius 

From Equation [1] it can be seen that the bubble is in dynamic 

equilibrium with the liquid if 


Plesset and Epstein (6) have shown that the dif- 


20 


=6 


k=0 


R, = = 


bp = p, 
ép + Pao 


Pa 

To determine whether the equilibrium of a bubble is dynami- 
cally stable or unstable, one may consider df(R)/dR for the given 
radius. Then the condition df(R)/dR < 0 indicates dynamic sta 
bility whereas df(R)/dR > 0 is the condition for dynamic in- 
stability. Any bubble which is dynamically stable will dissolve 
through diffusion of air out of the bubble (6); hence the bubbles 
that need to be considered are the dynamically unstable ones 
It is easily seen that the range of equilibrium radii for which 
df( R)/dR > Ois given by 


The solution of Equation [1] is completed as follows: Multi- 
plying by R°2 and integrating from Ry to R, Equation [1] be- 
comes 


Pao Ro! 
+ 2 k 
pk 


p 


2 20 
3p 


Ro? + 


log. Ry 
p 


Thus 


This means that the bubble radius approaches a linear increase 
with respect to time as R — © or 


p 


From Equation [4] it is evident that the terms in log, R/R*® and 
1/R* become small quite rapidly. Physically, this means that 
the effect of air in a bubble can be important to initiate the 
growth of the bubble, but its effect upon the subsequent behavior 
of the bubble radius is negligible; furthermore, all of the initial 
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conditions such as Ry and involved in the term which 
also vanishes quite rapidly as ». 

The solution of present interest is the case where poo = 0. 
Thus Equation [1 becomes 


= (5) 
p 


RR + 2 


Setting the right-hand side equal to zero, one obtains the equilib- 
rium radius which together with the condition RJ, - rn = 0 
defines the initial equilibrium of the vapor bubble. 

It is convenient to express Equation [5] in dimensionless form. 
This can be done by the substitutions 


du 


t 
T= “= 
Ry p dt 


Equation then becomes 


Multiplying Equation [6] by wu and integrating from u, to u, 
where uv, is the dimensionless radius at some initial time of 7,, one 
gets 


t u? 
where uv, is the velocity of the bubble wall for r = 7. Let 
C = ui? — 2/3 u,? + u,?, where C is a constant taking on vari- 


1.2 


1.2 


big. Dimpnstonness u ror Vartous VaLues or C Is 
SHown as a Punerion of Dimenstoncess Rapius u as EXPRESSED 
BY Equation [8] 


ous values depending upor the values chosen for u, and w,. 
big 1 shows a plot of 
= 
t 
u 
for various values of C. The significance of the graph is as fol- 
lows: The choice of a point (u, %) on the graph as an initial value 
determines the value of C and hence prescribes the subsequent 
behavior of the bubble radius as governed by Equation [8]. 


DERGARABEDIAN 
Thue a value of u, < 1 with «4, = O means that the bubble will 
collapse, or a value of u, > 1 with a, = O means that the bubble 
will grow. The point u, = 1, v4, = Ois a singular point since a 
bubble in this state remains in equilibrium, or loosely speaking, 
it takes an infinite time for the bubble to increase or decrease in 
size. However, this equilibrium is dynamically unstable. In 
the actual physical case such an equilibrium would soon be upset 
by a slight change in temperature. Taking the positive root of 
Equation [8] and integrating, one gets 


With the change in variable y = 1 (7, the integral becomes 


liu dy 
.= 2 
y+ Cy 


The integral in Equation {9} is an elliptic integral except when 
C = 1/3and0. For the case C = 1,3, Equation [9] ean be ex- 
pressed as 

dy 
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7, AS A of Dimenstoniess Time + 7; AS EXPRESSED BY 
Equation [11 
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This corresponds to the ease uv, = 1, uv, = O, in the expression for 
The limit here must be Lou, and 
limit of L/u, = 1 means that the integral becomes infinite or the 
The choice of a value u; > Lautomatically 
1/3 at some value 


> T,, A 


bubble does not grow. 
starts the bubble along the trajectory for C 
uM, and u, = 0 The closer one picks «, to 1, the longer it will 
take the bubble to grow. The integration of Equation [10] is 
carried out readily by a separation of the integrand into partial 
fractions resulting in the following relation between 7 and u 


hig. 2 is a plot of 7 as a function of «as expressed by Mquation 
(11) for vu, = 1.01 and uv; = 1.000001 and shows the effect of 
taking u, close tou, = 1. Figs. 3(a) and 3(+) are plots of the 
actual radius R, as a function of the time ¢, for various liquid 
temperatures using Equation {11}. 

The assumption has been made that the vapor pressure hada 
constant value throughout the growth of the bubble. However, 
evaporation is a process which proceeds at a finite rate and if this 
rate is not sufficiently high to keep up with the rate of volume 
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@bange in the bubble, the vapor in the bubble will behave more 
like a permanent gas. Plesset tested this assumption for the 
case of a cavitation bubble (1) with an estimate of evaporation 
rates based on kinetic theory. Applying « similar analysis here, 
it turns out that the assumption of p, constant, as far as evapora- 
tion rates are concerned, is a reasonable one, 

The problem up to this point has been to assume that the 
bubble expands isothermally; that is, the vapor pressure has been 
assumed to remain constant throughout the expansion process, 
having a value corresponding to the bulk temperature of the 
water, Now this assumption is nearly correct if one thinks of 
this in terme of the actual variation in,the vapor pressure as com- 
pared to the absolute initial value of the vapor pressure. How- 
ever, in terms of the mechanism of bubble growth the variation 
in vapor pressure has a marked cffect on the rate of growth. Heat 
must be supplied to the bubble to evaporate water and maintain 
the vapor pressure during growth. This heat is taken out of a 
water layer surrounding the bubble. Thus the problem as 
formulated by Plesset and Zwick (7) is to consider the problem 
of nonsteady heat diffusion which is encountered in dealing with 
the dynamics of a vapor bubble in a heated liquid. From this 
problem one obtains the variation of the temperature at the 
bubble wall as a function of time. 

The diffusion problem is solved assuming that the thermal 
foundary layer is very thin compared to the bubble radius. — For 
the ease of the vapor bubble in a liquid, this assumption is made 
plausible by the fact that not only is the heat capacity much 
greater in the liquid state than in the vapor state but the thermal 
diffusivity is about 1000 times smaller. Thus the zeroth-order 
approximation for the difference between the temperature at the 
spherical boundary 70, ¢), and the initial temperature of the 
liquid 7, is given by (7) 


(0, ~ 40 K" r 


J r = 


where 2) is the thermal diffusivity of the liquid, A is the thermal 
conductivity of the liquid, and 9(f) is the heat souree per unit 


volume in the liquid. For the specific case of the vapor bubble, 
[12] can be written as 


T'(0,t)— = nit) — p ~ (r)] (x) 
z 


where Lis the latent heat of evaporation of the liquid and C is its 
specific heat with p’ being the vapor density, and p the liquid 
density. For the present problem the vapor pressure ean be 
expressed as 


PAT) = p(T) + A 0 — Ty] + B (TO, 1) 


Thus the equation of motion becomes 


This problem has been solved by Plesset and Zwick (8). 

A plot of the radius R, as a function of the time ¢, is shown in 
Fig. 4 for a temperature of 103.05 © for the Plesset-Zwick 
theory and is compared to the solution obtained with the extended 
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Rayleigh theory for the same temperature. The marked effect 
that the cooling of the bubble wall has on reducing the rate of 
growth is apparent. Thus the Rayleigh theory predicts that the 
bubble approaches a linear rate of growth as the radius increases, 
the rate being R = \/26p ‘3p, whereas the Plesset-Zwick theory 
predicts that as the bubble grows the cooling of the bubble wall 
due to evaporation of the vapor results in the vapor pressure p, 
approaching the value of the atmospheric pressure p.,, or dp — 0 
as Rh — ©; hence R — 0. Consequently a cooling of, say, 2 
( may be small compared to 102 C, but in terms of the 
2 C of superheat corresponding to the value of dp, this cooling 
results in dp — 0. Since the driving foree for the bubble growth 
is produced by dp, its variation has a pronounced effect upon thy 
rate of growth, 


APPARATUS AND ProcepURE 


The requirements for obtaining vapor-bubble formation within 
the body of the liquid at various degrees of superheat are apparent 
in theory, but the actual realization of such a condition requires a 
variation in the usual means for boiling water. The require- 
ments are that the liquid must be heated slowly and uniformiy, 
and the walls of the container of the liquid must not be subjected 
to temperatures so great taat » very large thermal gradient exists 
within a very narrow boundary adjacent to the walls. In addi- 
tion, these surfaces must be clean and free of pits or scratches 
In the case of such gradients all of the bubbles form either within 
this laver or actually form on the solid surfaces of the container. 
Thus in the case of heating a beaker of water with a Bunsen 
burner most of the bubbles form at the bottom of the beaker and 
quickly rise out of the thermal layer and intermix with the main 
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body of the liquid. In this way one has a condition closely 
approximating the dynamic equilibrium of many large bubbles 
in the body of the liquid. This condition is realized by the fact 
that as the bubbles grow they rise into the cooler regions of the 
liquid above the thermal] boundary layer, and their rates of growth 
are decreased to a point where the bubble can be assumed to be 
in dynamic equilibrium with the liquid. Since these bubbles are 
very large, the effects of surface tension are negligible; hence the 
vapor pressure inside the bubble is very nearly equal to the 
external pressure on the liquid, which for water heated in a 
beaker in the laboratory is essentially the atmospheric pressure. 
Thus the temperature of the boiling water will be very close to 
that corresponding to the vapor pressure being equal to the 
atmospheric pressure. For the case of one normal atmosphere of 
pressure, this temperature will be 100. C. 

In order to heat the water uniformly the following procedure 
was used: A beaker was constructed from pyrex tube stock 
2'/;in. diam. The tube was cut into a 6-in. length and a beaker 
was formed from the tube with a flat face 1'/, in. wide and 6 in. 
high. This was done for photographic purposes. The beaker 
was annealed carefully to make the inner surface very smooth 
and free from pits. It was cleaned before each experiment with a 
detergent to remove any oil films present on the surface. The 
water used in the tests was doubly distilled, and for some of the 
tests was contaminated with solid impurities such as powdered 
chalk or sand to produce various degrees of superheat. The 
water was first boiled in a large container for about 1 hr to remove 
most of the air in the water. Water boiled in this way contains 
about 20 per cent of the initial air content. This was not done 
in the beaker since too much water would evaporate from the 
test sample. The container with water thus treated was heated 
by two 250-watt reflector-type infrared lamps with the beaker 
located between the lamps. 

Fig. 5 shows the arrangement of lamps and beaker. In this 
way 300 cc of water can be brought to the boiling point in about 
10min. Attempts at obtaining vapor bubbles in the body of the 
liquid with this technique were completely successful and yielded 
superheat temperatures up to 107 C. 

The reasons for the success of this method can be indicated by 
considering the nature of the radiation of the infrared lamps and 
the absorption of this radiation by the beaker and the water. The 
infrared lamp is rated at 250 watts for a line voltage of 115 volts. 
Under these conditions the tungsten-filament temperature is 
2500 K. Since the lamp radiates nearly as a black body, accord- 
ing to factory specifications, Wien’s displacement law can be 
used to obtain the wave length corresponding to the maximum 
energy output. Thus for 2500 K, Amax = 1.164 (u = 10~* cm). 
The distribution corresponding to this temperature shows that 
approximately 3 per cent of the radiant energy lies between 0.4 
to 0.74 (visible light region). Since the tungsten filament is 
enclosed by a pyrex bulb, a certain amount of the radiation is 
absorbed by the bulb itself. Now pyrex is essentially transparent 
to radiation from 0.34 to 3u, but beyond 3u a sheet of pyrex 
2 mm thick absorbs nearly all the radiation. This accounts for 
about 17 per cent of the total radiated energy originating from 
the tungsten filament. Thus approximately 80 per cent of the 
total radiated power is availiable for heating over a wave band 
from 0.74 to 3u. Since the beaker itself is pyrex about 2 mm 
thick, it will transmit most of the radiation transmitted by the 
bulb itself. Thus one attains the desired effect of not having the 
beaker at higher temperatures than the main body of water. 
The water itself is an excellent absorber of infrared radiation (9) 
especially from 0.974 up to 34 which is 68 per cent of the total 
radiated energy. For example, a layer of water 1 cm thick 
absorbs 38 per cent of the radiation of X = Iu and 95 per cent of 
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that at A = and essentially all the radiation is absorbed in 
this layer for values of A > 14g. The remaining 12 per cent of 
the total radiation from O.7 to 0.07 is also absorbed but to a 
lesser extent. The fact that the water is heated very slowly 
mear that the slight thermal gradients existing in the liquid are 
removed by heat conduction. Thus the temperature of the 
liquid is raised essentially in a uniform fashion. This is borne 
out by temperature measurements throughout the bulk of the 
liquid. 

The selection of the temperature-measuring device was con- 
trolled primarily by the necessity for having an instrument which 
could be placed in the water without having bubbles form from 
the device, since this would eliminate the possibility of having the 
bubbles form in the body of the liquid. With this restrietion, a 
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mercury-in-glass thermometer Was chosen since the bulbs of most 
thermometers have a very smooth surface as a result of annealing, 
and hence provide, in most cases, a surface even more favorable 
to the prevention of bubble formation than the beaker itself. 
The thermal lag of the thermometer was not an important factor 
for these experiments since the only runs considered were those 
for which the temperature remained nearly constant within 0.1 
© during a given test, the duration of which exceeded the time 
of any thermal lag by a wide margin. 

The actual thermometer used in the experiments was a 
Braun 100 C- 200 nitrogen-filled mercury-in-glass thermometer 
graduated in O.1 C. The thermometer was immersed up to 
a point just short of the graduations to avoid bubbling from the 
etched portions of the stem. This meant that the mercury 
column extended out of the water for all temperatures above 100 
©, and thus a correction to the temperature reading would be 
necessary. Using the correction formula from the Bureau of 
Standards (10) the maximum correction found necessary was 
approximately 0.005 C. Since this is negligible in terms of 
0.1 C uccuracy, this correction was neglected. 

Another factor affecting the true temperature reading was the 
fact that the thermometer was not shielded from the effects of 
radiation. In the discussion on heating water it was shown that 
the band of infrared radiation from 0.74 to 0.97 is the least 
absorbed by the water, and hence this portion of the radiant 
energy (12 per cent of the total) is incident upon the thermometer. 
It should be pointed out that the thermometer was at all times 
about 2 em from the walls of the beaker. Thus a layer of 2 em 
of water was available for the actual absorption of the radiant 
energy. The bulb of the thermometer is essentially transparent 


to the range of radiation from 0.74 to 0.97 and the mercury in 
the bulb is a good reflector of radiation and absorbs very little 


radiation, Thus it could be said that the water acts as a radiation 
shield for the thermometer, and the radiation effect on the true 
temperature reading is negligible in terms of the accuracies in the 
present measurements, To test this, a shield was made of 
aluminum tubing for the thermometer. The temperature read- 
ing for a thermometer without the shield was compared with the 
reading of the shielded thermometer and the result was that the 
two simultaneous readings never varied more than 0.1 ©, 
‘The temperature variation throughout the bulk of the liquid was 
checked after the water had reached a state of boiling, and 
the variations were found to be much smaller than 0.1 C. The 
accuracy of this type of thermometer is within +0.1 C. 
Thus considering the two largest errors, namely, the accuracy of 
the thermometer and the variation in the temperature during a 
test, the temperature readings obtained are assumed accurate 
within 0.2C. 

The photographic equipment used in this study was of the mul- 
tiflash type. It consisted of a simple camera in which the record- 
ing film moves constantly past the foeal plane at a high speed. 
The camera bas no shutter; hence the illumination which was 
provided by a flash lamp also acted as the shutter. This required 
that the flash duration be so short that neither the image of the 
object on the film nor’the film itself move an appreciable distance 
while the light was on, For the present experiments pictures 
were taken at a rate of 1000 exposures per see. This rate was 
found fast enough to record the growth of a vapor bubble and 
still give a normal-sized 35-mm picture. The camera itself was 
the standard General Radio type of instrument as shown in Fig. 
5, fitted with an f 1.5 Kedak Mktar 2-im lens. The film used was 
Eastman 35-mm Background X and was run through the camera 
at an average rate of 100 fps. The flash lamps used were of the 
type originally developed by Prof. Harold EB. Edgerton and his 
associates at the Massachusetts Institute of Technology. 
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Since there is no practical way of knowing just where or when 
a bubble will form, the chances of catching a bubble on a strip of 
film 50 ft long which runs through the camera in about '/2 see is 
very small and depends on the area of view and the depth of 
focus. Thus the choice of magnification depends upon the fol- 
lowing factors: It is desirable to have great magnifications since 
the detail in the pictures of small bubbles will be clearer. How- 
ever, a factor of 2 in the picture size of the radius of the bubble 
diminishes the area of view by a factor of 4 and reduces the 
depth of focus. It was found that magnifications from 0.5 to 
4 were practical in the sense of the amount of film used and the 
time involved to obtain a bubble history. This difficulty was 
coupled with the fact, that, if during a run the temperature varia- 
tion was too great, even a successful bubble history from the 
photographic viewpoint was useless in terms of usable data for 
the rate of growth. The over-all efficiency of this method was 
to obtain a usable bubble history per 150 ft of film. 

With a magnification of 1 the depth of focus was about '/5 
in. The magnification was determined by placing a seale in the 
water and focusing on a piece of film in the camera. Thus any 
bubble in focus could be assumed to have the appropriate 
magnification corresponding to the setting of the camera since 
the depth of focus was so small. All of the bubble diameters 
were measured directly from the negative with a microscopic 
comparator, Each bubble was measured three times and the 
average value was taken. The actual measurements of the bub- 
ble diameters are estimated to be correct within 3 per cent using 
this technique. 


ANaLystis oF Data anp Turory 


Since the bubbles rise through the liquid as they grow, they 
eannot be called spherical bubbles in the striet sense of the word. 
As the bubbles rise they tend to assume a shape similar to an 
oblate spheroid. This effect is very slight during the first part 
of the growth because the translational motion is very slow com- 
pared to the rate of growth of the bubble. During the latter 
part of the growth the translational effect is very great compared 
to the rate of growth, and essentially determines the shape of the 
bubble. Thus for the case of a bubble, the net result is that the 
dimension of the bubble is reduced in the direction of motion and 
increased at right angles to the motion. However, the bubble 
dimensions measured from the negatives were restricted to bub- 
bles occurring during the first part of the growth. Thus the 
diameter measured in the horizontal plane does not exceed 
the diameter in the vertical plane by more than 3 per cent (the 
horizontal measurement was used for the data). The effect of 
translation on the conduction of heat is not known precisely but 
presumably is not very large in the present situation. The 
amount of translation in the bubble histories is less than twice 
the diameter of the first bubble measured. This can be seen 
from Fig. 6 which shows an actual bubble history. 

The effects of the walls of the container and the proximity of 
other bubbles were neglected since these distances were large 
compared to the bubble sizes considered and thus their effects on 
the bubble growth are probably less than the uncertainty of the 
data, 

Since the time between each picture is 0.001 sec, there is an 
uncertainty in the exact time when the bubble starts to grow 
from the dynamic equilibrium radius. Thus this time lies be- 
tween the first visible bubble picture and the frame showing no 
bubble. Hence one is free to shift the time axis for any bubble 
history up to the amount of 0.001 see. This allows one, when 
comparing bubble histories at a given temperature, to shift the 
point on the graph +0.001 sec in time to obtain the best fit. In 
a sense this uncertainty helps in making the comparisons of 
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several bubble histories seem better than they actually may b 
However, this does not alter the actual slopes of the radius-time 
curves. 

Since the temperature measurements estunated to be 
accurate within 0.2 C, the of the 
vapor pressure is required. As an example, the thermal rate of 
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correspondmg accuracy 
variation of the vapor pressure for the temperature range of 100 
C to 105 C is approximately 4 10° dynes em? for 0.2 
10° dynes, em? Now this error 
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C this gives an error of S xX 
is very small when compared to vapor pressures of the order of 
10° dynes/em? for the temperature range of interest. However, 
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bubble yrowth, the order of magnitude is LO°dynes/em*®. There 
fore the error in 6p eaused by an error of 0.2 C in the ther- 
mometer reading is approximately & per cent. Sinee the bubble 
velocities are roughly proportional to %\ ‘op p, the errors in the 
gene ral slop sof the radius-time curves obtained from the data 
should be in error by about 4 per eent from temperature errors 
cabeonae This error tog ther with the errors in the hegative mens 
Vields an estimated over 


percent 


il error in the bubble radii of 


Several bubble histories were obtained for five different tem- 
peratures, In some cases all the bubbles for a given temperature 


were obtained during one run, and for others the histories were 
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obtained from independent runs. Thus bubbles Nos. 1 and 3 
are from one reel and bubble No. 2 from another reel, Fig. 7. 
Bubbles Nos. 5 and 6 are from one reel and bubble No. 4 is from 
another reel, Fig. 8. Bubbles Nos, 7, 8, and 9 are from separate 
reels, Fig. 9. Bubbles Nos. 11 and 12 are from one reel and 
bubble No. 10 is from another reel, Fig. 10. Bubbles Nos. 13 
and 14 are from the same reel, Fig. 11. For bubble No. 13 two 
points are missing because the film was blacked out for these 
two points. 

Fig. 4 shows a comparison between the extended Rayleigh 
theory and the Plesset-Zwick theory with bubble No. 7. From 
the figure it can be seen that the effect of cooling of the bubble 
wall has a great effect on the rate of growth. The data follow 
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the Plesset-Zwick theory very closely as compared to the Ray- 
leigh theory. Thus the cooling of the bubble wall affects the 
dynamics of the bubble growth to a marked extent. 
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On Reinforced Circular Cutouts 


By E. LEVIN,? LOS 


A slab with a circular cutout is subjected to stresses 
in the plane of the slab. The cutout has removed material 
which would have participated in carrying the load; hence 
the slab with cutout will fail under the application of 
stresses which the complete slab could have supported. 
In order to eliminate at least part of this weakening, the 
slab with cutout may be reinforced by the addition of 
material about the cutout. Such a reinforcement may be 
designed in any shape. The paper is concerned with ex- 
tending the results of Weiss, Prager, and Hodge (1)' for a 
cylindrical reinforcement to a reinforcement of arbitrary 
shape. In particular, a method will be described for the 
determination of a lower bound on the collapse load for a 
slab with circular cutout and a general reinforcement. 

circular cutout of radius a 


’ additional material extending to a radius a + 6, and the 


contour of the reinforcement is prescribed, Fig. 1. The slab is sub- 
jected to arbitrary uniform tensions along its outer edges and the 
inner edge is stress-free. 

This paper is concerned with the determination of a lower 
bound on the maximum safe load. In the next section the 
physical assumptions made in discussing the problem will be 
stated, and a precise mathematical problem formulated. In par- 
ticular, a domain of safe loads will be defined. The third section 
is concerned with the problem of equal biaxial tensions. The 
next three sections discuss a reinforcement whose cross section is 
symmetric about both axes through its center and whose boundary 
in the first quadrant is monotonically nonincreasing. Some gen- 
eral results are established and it is shown that the eylindrical re- 
inforcement, which was first solved by Weiss, Prager, and Hodge 
(1), appears as aspecial case. The general results also are applied 
to a quasi-toroidal reinforcement. A method for obtaining a lower 
bound when the reinforcing contour is not symmetric is illustrated 
in Section 7 with a beveled reinforcement. The table in Section 8 
represents a comparison of the reinforcements considered. Limi- 
tations and conclusions concerning the results are presented*in 
Section 9. 


INrRopucTION 


ONSIDER auniform plane rectangular slab with a centered 
The cutout 1s reinforced by 


STATEMENT OF PROBLEM 

The analysis will be based on a limit theorem of Drucker, 
Prager, and Greenberg (2) which is concerned with the determina- 
tion of a lower bound on the collapse load. The collapse load is 


! The results presented in this paper were obtained in the course of 
research conducted under Contract N7onr-358 10 bet ween the Office of 
Naval Research and Brown University. 

2? Graduate Student, University of California, Los Angeles. 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented at 
the Semi-Annual Meeting, Los Angeles, Calif., June 28-July 2, 1953, 
of Tur Sociery of MecHaNnical ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 20 West 39th Street, New York, N. Y., and will be accepted 
until January 11, 1954, for publication at a later date, Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, January 16, 1953. Paper No. 53-—-SA-11. 
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(a, Plan view; 6, Transverse section; c¢, ‘Hub’ and slab.) 


defined as the smallest load for which infinitesimal deformations 
can oceur without further increment of load, negleeting geometry 
changes. In practice, this is essentially the observed load for 
which « small increment first produces large deformations. A 
safe load is any load less than the collapse load. The theorem 
then states that a given system of loads is safe if stresses can be 
found which (a) are in equilibrium with the given loads; and (b) 
do nowhere exceed the limits set by the vield criterion. The slab 
and the reinforcement are assumed to be of a uniform perfectly 
plastic material which satisfies Tresea’s yield criterion (3). 
Following Weiss, Prager, and Hodge (1), the reinforced slab 
will be regarded as consisting of a uniform part under conditions 
of plane stress, and a hub which behaves as a curved beam, Fig. 
\(c). Let the applied tractions on the outer edge of the slab be 
A,s and A s, where sis the yield strength of the material in simple 
tension, and it is assumed that the applied loads would be safe if 
there were no cutout. It follows that in the uniform part of the 
slab, the homogeneous state of stress 0, = sX,, 0, = sd,,T,, = 0 
satisfies the two conditions of the Drucker, Greenberg, Prager 
theorem, and transmits total loads of intensities AsA,, hsA, per 
unit length to the hub. The problem, then, is to find values of 
X,, A, which lead to a safe stress distribution in the hub. 
Previously it has been shown (1, 4) that the safe states of load- 
ing for the uniform slab without cutout may be represented by 
the points on and inside a hexagon, and that any such safe state 
can be obtained from the stress-free state, the state of uniaxial 
tension and toe state of biaxial tension, by the following opera- 
tions: 
(a) If is a safe load, then 
(6) if 7T,’, and 
wT,’ + 


T, T, is alsoa safe load, 
T,”, T,” are safe loads, then pT,’ 
isasafe load forany0 <u <1 


+ 


For the reinforced cut slab, the “domain of safe loads’? will be 
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hes Mes 
(oe) 
' (b) 
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defined as the largest hexagon which may be obtained from the 
stress-free, uniaxial, and biaxialstates by these operations. Henee 
the problem of determining the domain of safe loads is reduced to 
the problems of finding lower bounds for A in biaxial tension 
(A, = A, = A) and uniaxial tension (A, = A, A, = 0). The case 
of biaxial tension is fairly simple and may be treated for all rein- 
forcements simultaneously. Uniaxial tension is more difficult and 
the various types of reinforcements considered will be treated 
separately, 

For a curved beam the state of stress in any section Is speei- 
fied by a bending moment V and an axial foree V caused by ten- 
sile stresses, and a shear force caused by shear stresses. The 
effect of the shear force is negligible for solid cross sections and 
will be disregarded in the subsequent analysis. 

Tension 

Consider a cutout slab shown in Fig. 1, and let A be the total 
cross-sectional area of the hub. In biaxial tension the hub is sul- 
jected to a uniformly distributed radial force of magnitude hXs 
per unit length of the circumference of radius (a + 6). To 
satisfy the equilibrium requirement, the stress resultants in the 
hub must be given by 


N = (a + b)hAs, M =0 {1} 


at all cross sections. Such resultants are furnished by a uniform 
tensile stress of magnitude V/A. From the vield criterion this 
stress cannot exceed the vield stress s; hence the axial foree must 
satisfy 


N < As 


Combining Equations {1} and [2] leads to the inequality 


A<A, Ay + 6)| {3 


Hence for the case of biaxial tension any value of A satisfying In- 
equality [3] furnishes a lower bound. 


4° General Syuverric REINFORCEMEN1 


The type of reinforcement considered here has the following 
properties: 

1 The hub is symmetric about the + and 2-axes, where the 
z-axis lies in the plane of the slab and passes through the center 
of mass of the hub and through the center of the cutout, and the 
2-axis is normal to the slab and also passes through the center of 
mass of the hub and 

2 In the first quadrant, the boundary of the hub, z = f(x), 
is a continuous, single-valued, monotonically nonincreasing fune- 
tion of z, Fig. 2(a). 

To find limiting combinations of bending moment M and axial 
foree N which the beam can support, i.e., which do not violate the 
yield criterion, consider a fully plastic stress distribution of 
the type shown in Fig. 2(4). Part of the section is stressed to the 
vield limit in tension and the rest in compression. The absolute 
values of the bending moment and axial force for such a stress 
distribution are 


iN| ='8 (2 f Sede) 


= | 4s dr {4) 


6/2 fix) fix) 
=/s (2 x dr dz - 2f xdzr ac) 
| t 0 J0 


=| 4s [5] 


ON REINFORCED CIRCULAR CUTOUTS 


li Nos and Mos are regarded as Cartesian co-ordinates in a 
Stress-resultant space, then Equations |4| and [5] define an inter- 
action curve in the V.M-plane. It can be shown that this curve 
will be closed and will bound a convex, symmetric region, 
which will be defined as the “safe region.”’ Any point within the 
safe region represents a bending moment and an axial force which 
do not violate the vield criterion. The boundary of the region is 
described parametrically in terms of ¢ and represents the limit- 
ing admissible combinations of bending moment and axial force. 

The exact safe region is defined by Equations [4] and [5| which 
contain integrals of the arbitrary function f(z) and 2f(7). There- 
fore itis not possible to obtain a direct limiting relation between 
Nand M. However, any region which lies wholly within the safe 
region will itself consist only of safe stress resultants. It will be 
shown that the domain bounded in each quadrant by a certain 
parabolic are is such a safe approximation, 


2 


(a, General symmetric hub: 6, Fully plastic stresa distribution.) 


From symmetry, it is necessary to consider only the first 
quadrant. Here 


62 
Mis =4 f .. [6] 
N/s = ‘ff, f(x) de \7] 
Define 
M,/s if, f(x) dz 


4/2 


where My and No represent the extreme values in the positive 
M and N-directions, respectively. Thus the end points of the 
interaction curve in the first quadrant are (O, Mo/s) and (No/s, 0) 
which correspond to ¢ = O and ¢ = 6/2, respectively. The 
approximating curve will be taken as the parabola 


M/My = 1 (N/N»)* (10) 


which passes through the same end points with a horizontal 


tangent at N = 0. 

In order to prove that this curve is an admissible approxima- 
tion it is sufficient to show that for any given value of ¢ between 
zero and 6/2, the ordinate /M, of the approximate curve never 
exceeds the ordinate M/M, of the interaction curve. In terme 
of ¢, the ordinate of the approximate curve is 


= 
| 
| 
ret 
(e) | 
(0) 
| 
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Therefore for allO < ¢ < 6/2, it must be shown that 


zf(z) dz 


= 


It is evident from the definition of the approximate curve that 
g(0) = g(6/2) = 0, and g’(0) = 0. In the Appendix it is shown 
that g’(6/2) is equal or less than zero, and that the equation 
g'({) = 0 has not more than two roots in the closed interval 
0 < ¢ < 46/2. Since g(¢) is continuously differentiable, it follows 
that in addition to its extremum at ¢ = 0, it has only one relative 
extremum between zero and.6/2. Since the slope is nonpositive at 
¢ = 6/2, this extremum. must be a maximum. Therefore In- 
equality (13] is valid, since otherwise g(¢) would have a minimum 
in the interior. 

Thus the approximation is safe and the yield condition for the 
hub may be approximated by 


<1 


(N/N))?.. 


| 
hia. 3) Untaxtat Tension 


Under uniaxial tension, Fig. 3, the stress resultants M and N at 
any cross section @ of the hub may be computed from equilibrium 
considerations to within a redundant bending moment, X. This 
statically indeterminate quantity represents the bending moment 
at the cross section @ = 0 and from equilibrium is seen to be the 
only nonvanishing stress resultant there. The stress resultants 
are found to be 


N =F sin 0 = hXs(a + 5) sin? 6 
= X + }hAsa(a + 4) sin? 0 
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N/No = dsin? 6 
= Y + csin?6 
where 
Y = X/Mo, c(A) = hAsa(a + 6)/2M, > 0, 

d(A) = hAs(a + 5)/Ne > 0 
The substitution of Equations [17] and [18] into the yield con- 
dition [14] leads to 

Y + csin?@ <1 


—Y —csin?#@ < 1—d?*sin‘6@ 


d? @.... 


These inequalities must be satisfied for all 0 < 6 < w/2. 
Let w = sin? #6. Then Equations [19] may be written 


P(w) = dw? + cw + Y—1<0.........[ 
Q(w) = d*w?— cw— Y—1<0 


Here P and Q represent parabolas concave upward; hence a 
necessary and sufficient condition that Inequalities [20] hold for 
allO < w < 1 is that they hold at both end points. Thus 


The actual choice of Y is immaterial, provided only that some 
Y exists which satisfies all of the foregoing inequalities. A neces- 
sary and sufficient condition that this be the case is that each 
left-hand side be less than each right-hand side. Thus 


Since c and d are positive, the foregoing inequalities are equivalent 
to 


In view of the definition of d, Inequality [30] leads to 
8/2 


where A, is defined in Equation {3}. 
With the aid of the definitions of d, c, and \,, together with D 
= 4Mo/No, Inequality [29] may be written 


F(A) = A? + (2a/D)AA — 2(A;)* < 0 


F(A) represents a parabola concave upward; hence Equation [32} 
will be satisfied for all \ between the two roots of F(A) = 0. 
Since the smaller root is negative and J is positive, the restriction 
on A becomes 


[V2 + (a/b)? — (a/D)] 


Thus any value of J satisfying both Expressions [31] and [33] 
furnishes a lower bound for uniaxial loading. It follows from 
Inequalities [31] and [3] that if \ is safe for uniaxial loading it is 
also safe for biaxial loading. Therefore the domain of safe loads 
is fully defined by 


‘ 
548 
fi 
M/My = 1 (N/No)* = 1—| .... 111) 
flax) de 
while the ordinate of the interaction curve is 
—1+] | 20... 18) 
[206] 
y 
[27] 
(33) 
or 
‘ 


where A, is given by Inequality [3] and A, by Inequality [33]. In 
particular, it may be shown readily that Inequality [34] is 
equivalent to 
ife/D< 1/2) 
ifa/D> 1/2 


5 Cy uinpricat REINFORCEMENT 


. [35] 


The results of the preceding section are readily applicable to the 
case of a reinforcement consisting of a hollow cylindrical ring 
about the cutout, Fig. 4. The hub cross section is now a rec- 


€ 


' 
| 


Fic. 4 Cy tinpricat REINFORCEMENT 


tangle and z = f(r) isa constant, 1/2, where // represents the total 
height of the reinforcement. Hence 


. [37] 
‘ 
+8) if a/b < 1/ [38] 
H 1 
ifa/6 > 1/2 


For a “full strength” reinforcement of this type, \ = 1, and the 
ring must be so designed that 


1+ 
= (6/a) if a/6 < 1/2 . [40)} 
1 6/ 


V1 + 2(8/a)?-—-1 


These results coincide with those obtained directly by Weiss, 
Prager, and Hodge (1). The exact agreement is accounted for by 
the fact that for this case only the actual safe region in the stress- 
resultant plane is bounded by an interaction curve which consists 
of parabolic ares. Hence the parabolic approximation used in 
Section 4 coincides with the true interaction curve. 


6 Quvasi-TororpaL REINFORCEMENT 


Consider a reinforcement of the type shown in Fig. 5 where the 


7 
n 


—-tt+-e-T1 
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boundary of the hub cross section is an are of a circle, f(z) = 
Vn— z*. A lower bound may be obtained readily from Inequali- 
ties [31] and [33]. Further, an upper bound may be obtained for 
the error introduced by approximating the true interaction curve 
by a parabolic arc. 

It can be shown that the interaction curve in the first quadrant 
is given by 


] 
where 
u = N/sr* 
and 
3 h \* 
y= 4 M/sr? + 
The appropriate parabolic approximation is 
v/vo = 1-— (u/ue)? {43} 


where 


(h/2r)*} 


4 
= Mo, sr = 3 


ue = N,/sr? = 2 [cos 1 (h/2r) + (h, 2r) V1- (h/2r)*] 


The curve, Equation [42], may be plotted in a un-space. How- 
ever, the parabolic approximation as well as the actual position of 
the u-axis depends upon the ratio h/2r. To obtain an estimate of 
the error made by using the parabolic Approximation [43], a 
second parabola is passed through the points (u = 0, », = 1), 
(u = 7,1 = 0). Such a parabola is 


It can be shown by methods similar to those employed in See- 
tion 4 that the limiting Parabola [44] lies below the approximating 
Parabola [42] for all values of h/2r, so that, independently of the 
dimensions of the reinforcement, the approximating parabola 
must lie between the limiting parabola and the interaction curve. 
As may be seen from Fig. 6 or Table 1, the approximation is a 
close one. The dotted curve represents a typical approximating 
parabola for the case h/2r = 0.5. 

At least for this type of reinforcement (and of course for the 
cylindrical rings of Section 5), the approximation appears to be 
satisfactory. In view of the rather drastic physical approxima- 
tions which were introduced in setting up the problem in Section 


TABLE 1 PARABOLA DATA 


u, typical u, limiting 
wu, interaction parabola parabola 
1.00 0 0000 0. 0000 0 0000 
0.95 0.7287 0.7077 0.7025 
0.90 1.0299 1.0009 0.9035 
0.85 1.2595 1.2257 1.2167 
0.80 1.4521 1.4154 1.4050 
0.75 1.6211 1, 5824 1.5708 
0.70 1. 7730 1.7334 1.7207 
0.65 1.9118 1.8724 1. 8586 
0.60 2.0406 2.0016 1. 
G55 2.1606 2.1230 2.1074 
0.50 2.2735 2.2378 2.2214 
0.45 2.3801 2.3471 2.3209 
0.40 2.4812 2.4515 2.4335 
0.35 2.5775 2.5515 2.5328 
0.30 2 6603 2.6480 2.6285 
0.25 2 7571 2.7408 2.7207 
0.20 2.8411 2.8307 2 8000 
0.15 2.9215 2.9178 2 
0.10 2 2.90804 
0.05 3.0720 3 0621 
0.00 3.1416 3.1416 
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Fia.6 Interaction Curve AND APPROXIMATING PARABOLAS 


2, it appears entirely reasonable to adopt the parabolic approxi- 
mation to the yield condition. 


7 Breve rev ReinrorcemMent 


Consider a reinforcement of the type shown in Fig. 7. Since 
the hub cross section is not symmetric, the results of Section 4 do 
not apply. The analysis, however, will still be based on the 
Drucker-Greenberg-Prager theorem and the hub is treated as a 
curved beam. 

To find limiting conditions for the bending moment and axial 
force in terms of the vield stress, four different possibilities must 
be considered, depending upon whether the neutral axis is located 
in the beveled or cylindrical part of the hub, and which side of the 
hub is stressed in tension, Fig. 8. The resultant axial foree N and 
bending moment M about the line 00 separating the beveled and 
evlindrical parts of the hub will be given by one of the four pairs of 
equations 


= 2H¢ + Hb + [45a] 


N(n) = +8 2Hn Hb 4+ + | 


M(n) = (2L + Hy? 


Here ¢ or 7 is a parameter which represents the distance from 
the line 00 to the neutral axis 
It is convenient to use dimensionless variables defined by 


{45d} 


(N/s)\(L/cH?) 
(M/s) L?/c?H?) 
(L/cH*)|Hb ce(2H — L)/2] 
+ ©?) 
(L/cH)f 
= (L/cH)n 


Le?/3} 


In terme of these variables, Equations [45] become 


u = +[—2¢’ + Al. 


(c) 
° 
bie. 8 Prasric Stress Disrriputions 


+[ + {47} 
[47¢] 


[47d} 


u = +[(9’)? — — A] 


v= +[—(2/3)(n')® + (n')? — B] 
In view of the physical limitations of the constants in Equations 
[46], (for example, 0 < h < H), it may be shown that the four 
curves obtained by plotting Equations [47] in a Cartesian we-space 
have the general character shown in Fig. 9. Further, since 
0< ¢' < Lh/cH,0 < 9 < L/H <1 it follows that only the solid 
portions of the curves in Fig. 9 have any physical meaning. 

The solid curves in Fig. 9 thus represent the interaction curve 
between the reduced axial force and bending moment at a fully 
plastic cross section, At a section which is less than fully plastic, 
i.e., where some of the fibers are stressed with less than the yield 
stress, the corresponding values must lie between these curves, in 
the shaded portion of Fig. 9. 

A necessary and sufficient condition that this be the case is that 
for a given value of u, the value of v must locate a point above 
the curve, Equation [47b| and the upper branch of [47c], and 
below curve, Equation [47a] and the lower branch of [47d]. 
Thus, if the parameter ¢' or 7’ is eliminated from Equations [47] 
and the appropriate sign chosen in accord with Fig. 9, the yield 
condition may be written as the inequalities 


(48a) 
[48] 


(? t+A+B+ + (2/3)(1 + A + [48c] 


v < (2/3 + A + B— u) —(2/3K1 + A — [48d] 
Loads transmitted to the hub may be regarded as safe if stress re- 
sultants u, » can be found which are in equilibrium with these 
loads and satisfy the yield Inequalities [48]. 

As in the symmetric case, it may be shown that if the rein- 


forced slab will support a given load in uniaxial tension, it will 
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Under uniaxial tension 


support the same load in biaxial tension. 
As, then, the axial force and bending moment are 


N = hAs(a + b + ¢) sin? 8 
[ 1%) 
M = + hdsla +h + + b—c) sin? 6 


where XV is the bending moment at 6 = 0. 
With the quantities defined by Equations [46], together with 
the dimensionless elements 
y NL*/sc?H? 
LhMa + b + ©)/cH? 
+ b 4 


(50) 
+ b — c)/2c?H® 


cia 


uw = sin’? 


Equations [49] become 


Du 


= + Ew (51) 


[equations [51| must now be substituted into Inequalities [48}. 
Since Equations [51| define « and v for all values of 6, the re- 
sulting inequalities must be satisfied for all 0 < The 
problem, then, is to determine the redundant reduced moment Y, 
so that A will be a maximum subject to these inequalities. The 
general method of solution is the same as that used in Section 4. 


Since some of the inequalities involve cubie functions of w, the re- 
sults cannot, in general, be computed in closed form. However, 
for any specific values of the parameters, the computations may 
be carried out numerically 

The techniques used and the details of a typical computation 


appear elsewhere (5) and will not be entered ipto here. Fora slab 


with a beveled reinforcement with the dimensions 
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it was found that for the reduced moment 


Y = 


O.153274 
the load 
As = 0.98» 


could be supported. For no choice of Y could a larger value of A 
be found which would satisfy the inequalities obtained by substi- 
tuting equations [51] into Inequalities [48]. Therefore this 
beveled reinforcement restores the cutout slab to at least 98 per 


cent of full strength. 


Comparison oF REINFORCEMENTS 


It is of some interest to compare this beveled reinforcement with 
other shaped reinforcements. In each case, the eutout radius a, 
and the slab thickness A, have the same value, and the reinforce- 
ments are designed so that A = 0.08. The following three cases 
are considered: 

(a) Cylindrical Hubof Same Total Width, 6 = 31. 
Equation [39] shows that the hub thickness must be 


In this case 


H 20.75 


(bh) Cylindrical Hub of Same Marimum Thickness, H = 


Hequation (39) here shows that the total width is 


6 26.50 


Quasi-Toroidal Hub. For a given cutout radius, slab thick- 
ness, and desired strength, the radius of the toroid is completely 
determined and no further choice such as total width is possible. 


For this case the radius is found to be 
r~149 


The salient features of the four reinforcements are compared in 


Table 2. 


TABLE 2 FRATURES OF REINFORCEMENTS 
Beveled Cyl A Cyl Toro 

Cutout radius 24 a4 4 a4 
Slab thickness 10 
Cutout volute 10 108 18 10 104 1810 10 
Ver cent strength Os us us vs 
Maaimum hub thick 

ness 24 20 75 24 20 80 
Maximum hub width 31 31 26 50 28.07 
Potal hub volune 14 19 10415 05 & 10¢ 14.00 10¢ 14 15 


Reinforcement vol 


ume alone . 649 10 10* & OSB 10¢ 7.42 108 


CONCLUSIONS AND LIMITATIONS 


The results in Section 4 for a symmetric reinforcement and the 
analysis in Section 7 for a nonsymmetrie one provide methods for 
obtaining an approximate lower bound on the collapse load. The 
principal approximation made was that of treating the hub as a 
curved beam with no shear, Although this has proved successful 
in the elastic range (6) certain limitations must be observed when 
applying the results. If the maximum thickness of the hub os 
much larger than that of the slab, the question of the carrying 
eapacity arises. Tf, on the other hand, the width becomes too 
Jarge in comparison with the inner radius, the entire concept of 
a curved beam becomes questionable hinge Is 
not considered amd must be treated separate ly. 

Phe foregoing approximations tend to predict an optimuistie 
load capacity. On the other the assumption of perfect 
plasticity which neglects strain hardening will make the estimate 
Also, the 


and no stress concentration in the slab wa's 


hand 


conservative, slab was regarded as being in a home 
geneous state ol stress 
ousidered 

At present there is insufficient experimental evidence available 
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to determine the extent to which these various influences tend to 
cancel. 


Appendix 


The differentiation of Equation [13] with respect to ¢ leads to 


52] 


0 
af(r) dr f(z) de)" 


0 


5/2 4/2 
AT 


The sign of g'(6/2) will be the same as the sign of the bracketed 
expression since the factor outside the brackets is always positive. 
By combining the two integrals and performing a change of varia- 
ble, ¢ = (x -— 6/4), it is found that 


f(o4 


q'(6/2) 


But throughout the range of integration f(6/4 + t) < f(6/4 — t) 
since f is monotonically nonincreasing. Hence the integrand is 
nonpositive throughout the range of integration and 


<0 


In fact, g’ (6/2) = 0 can hold if and only if (6/4 + 0) = f(6,4—0) 
for all0 <t < 6/4, ie., f(¢) = c and the hub is a rectangle. For 
this case the interaction curve is itself parabolic and g(¢) — 0. 

Consider the number of solutions of g'(¢) = 0. Since f(¢) # 0, 
the problem is to determine the number of solutions of 
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Ao) = ae =0 


K= f, alts) dx 


The number of distinct zeroes of h(¢) may at most exceed by 
one the number of sign changes of its derivative 


where 


= . [57] 
Since f is monotonically nonincreasing and K is constant, h'(¢) 
may change sign only once. Therefore h(¢) and hence g’(¢) have 
at most two distinct zeroes. But g'(0) = 0; thus there is only one 
extremum in the interval which must represent a maximum since 


g'(6,/2) < O whenever # 0. 
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Measurements of Torsional Stiffness 


Changes and Instability Due to Ten- 
sion, Compression, and Bending 


The measurements reported verify theoretically pre- 
dicted effects of tension, compression, and bending, on the 
torsional stiffness of uniform bars of thin-walled open 
section. Related modes of buckling and types of nonlinear 
behavior in torsion are indicated analytically and ex- 
hibited in tests, some of these being apparently new. 


with G for shear modulus, C for the geometrical torsion constant of 
When the bar carries an initial uniform tensile stress 


INTRODUCTION 
N the ordinary torsion of uniform bars the torque 7 is given in 
terms of the twist 46 by 


T = 


the section. 
this relation is modified to 

7 = (GC 4 [2] 
where /, is the polar moment of inertia about the centroidal axis, 
which is the axis of the torsional rotations, The formula applies 
also to compressive initial stress, regarded as negative tensile 
stress, and indicates a torsional buckling when the bracket in 
Equation [2] vanishes. When the initial axial stress is due to a 
bending moment in a principal plane, and given by 


M 
(y {3] 
I 
the torque twist relation becomes 
M 
r= (ae 4 (4) 


and, again, the addition to GC imay be positive or negative. The 
stress o@ in Equation [3] is tensile when positive. The 2-y-z 
axes are oriented with Oz (parallel to the generators) along the 
axis of the torsional rotations, the axes Or, Oy being parallel to 
the principal centroidal axes of section; the plane of the bending 
moment M is parallel to the y-z-plane; y is the y-co-ordinate of 
the centroid; J is the appropriate moment of inertia; « is a 
geometrical constant of the section given by 
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k= / r? = + >] 
the integral extending over the whole area, 
ishes and with it the effect of bending moment on torsion 
in the following cases: 


This constant van- 


1 The section has two axes of symmetry. 
2) The section has “point-symmetry,”” e.g., the Z-section 

3% The section has one axis of symmetry and the bending- 
moment veetor is in the same direction (the axis of symmetry is 


normal to the plane of bending). 
equations |2) and [4] are special cases of the more general 
formula 


7 (GC 4 dr dy 


Which has been obtained from the theory of elasticity for an 
axial stress S,, having any distribution over the section, but not 
varying in the axial direction z. Tt may be residual or thermal 
stress, as well as the tensile, COMpPressive, or bending stress of 
Equations [2] and [4]. The derivation is given in reference 
where mention of earlier theory and tests may be found 

The changes of torsional stiffness indicated by these formulas 
are significant in many problems of thin-walled open seetions (a 
section with a ratio of wall thickness to over-all dunension of '/,9 
is thin in this sense), The only measurements available in sup- 
port of them appear to be those of Wilberforce and Campbell (2), 
which were obscured by plastic deformation, and measurements of 
torsional buckling under thrust by Wagner and Pretsehner (3), 
Zahorski (4), and Niles (5 All these measurements relate to 
the case of uniform tension or thrust, and so to Equation [2] 
The buckling measurements involve other effects such as non- 
uniform torsion and initial imperfection of form 

The first group of measurements reported in this paper was in- 
tended to test the validity of Equation [4] as well as Equation [2], 
and is found to confirm these formulas. The second group ex- 
hibits certain related instabilities and nonlinear effects which, 
in so far as the authors are aware, have not been recognized pre- 
viously. 

Torsion ov Unper Tension 

Fig. 1 indicates the tests carried out on a flat strip of 61 8-T 
aluminum 30 in. long, with cross section 1.489 by 0.030 in. Ten- 
sion was applied by a tensile-test machine, The ends of the 
strip were not allowed to rotate, while the mid-section was ro- 
tated by torque 27 communicated through a torque disk. The 
twist was measured by means of a mirror attached to the strip a 
few inches above the torque disk. The ordinary torsional rigidi- 
ty GC caleulated by the approximate formula '/) Ght' is 51.5 psi. 
The measured value for zero tensile load was 514 psi. The 
torque-rotation curves under three tensile loadings are shown in 
Fig. 2. They are straight lines in accordance with Mquation [2] 
Writing the latter as 

T=GC9 


‘Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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and calling GC, the apparent torsional rigidity, Fig. 3, giving the 
variation of this quantity with the tensile load, shows a very 
close agreement with the formula, to a tension which increased 
the torsional stiffness to 4 times its ordinary value. 
Torsion or Torn Unper Tension 

The flat strip has neghgible torsional warping of cross section, 
and negligible end effects when this warping is restrained. ‘This 
is not the case for a slit tube. The material was 61 5-T aluminum, 
the outside diameter 2.035 in., the wall thickness 0.050 in., and 
the slit width 0.160 in. By means of the differential equation 
of nonuniform torsion, calculations were made for both ends 
fixed against warping, to determine the total length needed to 
provide a gage length of 10 in. free from end effects (within L per 
cent on the relative rotation of the ends of the gage length). 
The total length required was about 50 ft. This is an instance 
of Saint-Venant’s principle operating with extreme gradualness. 

The actual slit-tube specimen was 12 ft long, but its ends were 
not prevented from warping. [und plates were attached freely 
by two pins on a diameter, and each end plate was supported 
The slit tube was hung vertically 


pointwise at its center 
Torque was applied through the end 


and loaded by weights. 
plates, and relative rotations measured for the ends of the 10 
in. central gage length. 


The torque-twist curves (not reproduced) were again straight 
lines. The variation of apparent torsional rigidity with tensile 
load is shown in Fig. 4, and again the agreement with Equation 
[2] is very close. The range of tensile stress here was rather 
small, the additional torsional rigidity attained being only about 
8.5 per cent of the ordinary rigidity. The measured value of the 
latter was within 3'/2 per cent of the value calculated from '/s 
Gb, with b as the curved length of the section. 


Torsion or ANGLE Sections Unper BENDING 


Angle sections were chosen for these tests, as being the simplest 
section giving stiffness and stability with respect to the bending, 
and having negligible torsional warping, when sufficiently thin- 
The material was 61 S-T aluminum, the angle 90 deg, 
The angle bar was 


walled. 
the legs 1 in. long, and the thickness 0.030 in. 
sunply supported at two points and loaded at its ends to pro- 
duce constant bending moment between supports, the vertical 
plane of bending containing the axis of symmetry of the seetion 
In this case the constant « given by Equation [5] is 4/6 v2, 
t being wall thickness and 6 length of leg. The torque-twist lines 
for several bending moments are shown in Fig. 5. The largest 
bending moment, 48.2 Ib-in., corresponds to a fiber stress of 6800 
psi, and doubles the torsional rigidity. The linearity of the ob- 
served torque-twist relations is in accordance with Equation [4] 
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The dependence of apparent torsional rigidity on the bending 
moment is shown in Fig. 6 and the agreement with Equation [4] is 
very close 

The measured value of the ordinary torsional rigidity was 
67.5 psi, the value calculated from '/; Gbt® being 68.4. A similar 
test was made on an extruded aluminum angle with legs 1.027 
in. X 0.093 in. The predicted increases of torsional rigidity were 
found with a maximum discrepancy of 6 per cent, on the increase 
itself, 


Torsion OF A Section UNper Benpine 


For the semicircular (thin-walled) section, as for the slit tube, 
the torsional warping and its effeets, when the torsion is non- 
uniform, or when warping is restrained at the ends, are signifi- 
cant. The section tested was cut from a tube of outside diame- 
ter 2.032 in., wall thickness 0.050 in., and was short of a semi- 
cirele by 0.0574 radians. Again, great length would have been 
required to provide a gage length substantially free from end 
effeets, and to design end fittings which would permit warping 
but be strong enough to communicate the bending moment was 
not found practicable. It was decided to test the effects of the 
initial bending stress and the end effects in combination, the ends 
of the specimen being cast into blocks of a low melting-point 
alloy. Rotation was measured at the center section, where 
torque was applied. This, in effect, divides the specimen into 
two halves, with warping prevented at the ends of each. 

On account of the end effects the over-all apparent torsional 
rigidity torque times length divided by the relative rotation 
of the ends -is greatly dependent on the length, and so speci- 
mens of several lengths were used. The ordinary torsional rigidi- 
ty was determined on a 10-in-gage length at the middle of a 
specimen 12 ft long hung vertically. 

The equation for the rotation # of a section at axial co-ordinate 
z, under torque 7’, in the presence of bending moment 1, is® 


M\ dg 
er‘ GC 4 
dz* ( dz 


where IT is a geometrical constant of the section, and & Young's 


modulus. The solution satisfying the conditions at z = 0 
dz 
atz=/ 
dp 
dz 
yields for 6; the value 
Tl 2 ai 
= tanh “| [7] 


where 


The apparent torsional rigidity, 7/8), is therefore 


aM 
GC 4 
I 
GC, = 
2 al 
1 tanh 
al 2 


and this is a nonlinear function of the bending moment M, im- 
plicit in a. 


* See, for instance, reference (6). Here of course we replace the 
ordinary torsional rigidity GC by GC + «M77, 
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The theoretical 8, — 7 relation [7] is, however, still a linear 
one for fixed bending moment, The observed lines are shown, for 
several bending moments, in Fig. 7. Fig. 8 shows the apparent 
torsional rigidity curves given by Equation [9] as “theory,” and 
the test points, against bending moment, for the various lengths 
tested. The nonlinearity is only slight within this range, and the 
agreement of theory and tests is good. The measured values for 
the two shortest lengths are lower (by not more than 6 per cent) 
and this is to be expected, since the end restraint could not be 
complete. The measured value of the ordinary torsional rigidity 
GC (from the 12-ft specimen) was used in Equation [9] to obtain 
the “theoretical” curves. It was 483 psi, the value given by the 
approximate formula betig 504, 
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Fig. 9 shows apparent torsional rigidity in the absence of bend- 
ing moment, as a function of (length)~'. This exhibits the ef- 
fect of end restraint only. The agreement between the curve 
(theoretical) and the test points is again good. Here again the 
measured value of the ordinary torsional rigidity GC was used in 
Equation [9] for the theoretical curve 


LaTeRAL AND Torstonat Unper Benpinc Loaps 


The effects of axial stress on torsional rigidity exhibited in the 
foregoing tests have been incorporated already into the analysis of 
modes of buckling which involve torsional deformation, as tor- 
sional flexural buckling of columns and lateral buckling of beams. 
They lead also to the recognition and explanation of certain 
modes of buckling under bending loads which do not appear to 
have been considered previously. 

The original Prandtl-Michell theory of lateral buckling yields 
for pure bending in a (vertical) principal plane the critical bending 
moment 

Ma VWELGC 
where GC is the ordinary torsional rigidity, and F/,, the flexural 
rigidity for horizontal bending. For the cantilever it yields the 
critical (vertical) end load 


* Tests of this type, of I-beams, are reported in reference (6). 
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If the section has two axes of symmetry, or point symmetry, no 
modification in such formulas is required by Equation [4] be- 
cause the constant « vanishes. However, the Prandtl-Michell 
theory is limited, as a consequence of its use of first-order ap- 
proximations for direction cosines and curvatures, to sections 
which have small ratios of £7, and GC, to the flexural rigidity E/, 
of the original bending. This was demonstrated by the more 
exact investigation of Hl. Reissner (8) which leads, when the 
torsional rigidity remains small, to the modified formulas 


Po = 


These critical loads increase without as approaches as 
in a set of angle sections with increasing angle, indicating that 
lateral buckling of the type contemplated becomes impossible. 
But when account is taken of the torsional effects with which we 
are concerned, it becomes evident that over-all (primary ) buckling 
remains a practical possibility regardless of the ratio 7; //,, for 


sections Which have one or no axis of symmetry, 

The tests of angle sections under pure bending reported in the 
section, Torsion of Angle Seetions Under Bending, show that 
the torsional rigidity can be doubled by the bending moment. 
If the bending moment were reversed, the corresponding torsional 
rigidity would be zero by equation [4], and this means insta- 


bility. The critical moment 


GCT 


obtained from Equation [4! corresponds to a torsional mode of 
buckling when transverse displacement of the vertex line of the 
angle is prevented by a smooth constraint. When there is no 
such constraint the stability analysis requires general equations 
(see, for instance, reference 9), which include the geometrical 
effects characteristic of the PrandtlMichell-Reissner theory, 
and a lower critical moment is to be expected. 

If the bending moment is not uniform we may expect that the 
bracket in Equation [4] is an adequate expression of the local tor- 
sional rigidity when M is the local bending moment. In a canti- 
lever, Fig. 10, it is evident that as the load Q increases the bend- 


Q 


big Cantinever of ANGLE 


ing Moment at the root can reach the value which reduces the 
local torsional rigidity to zero (disregarding possible prior failure) 


This occurs hen 


{10} 


The local torsional rigidity is zero, but only for an infinitesimal 
length. To examine the over-all effect we may consider a canti- 
lever asin Fig. 10, with lateral (horizontal) deflection prevented by 
a smooth constraint, and twisted by a torque 7’ at the loaded end 
z=/. At any section 2 the bending moment is Q(/ z), and we 
have from Equation [4 
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therefore zero. Evidently the load Q given by Equation [10} 

provides an upper hound on the buckling load. If the constraint 

with B as the torsional rotation at the section z. For the partieu- against lateral deflection is removed, the analysis must proceed 

Jar load Q determined by Equation [10] this reduces to from general equations for lateral buckling. Energy calcula- 
tions of this kind are reported in references (10) and (11). 

Measurements of vertical and horizontal deflection versus load 

are shown in Figs. 11 and 12 for six angle sections having in- 

- ; ’ cluded angles 45°, 50°, 62°, 71°, 76°, and 91°. The specimens 

Integration between two sections 2; and 27 yields were made from 61 S-T sheet aluminum 0.032 in. thick, and the 

11 leg of each angle was Lin. The cantilever length was 41"/i¢ + 

B,--B, = Q 3/,in. The arrangement was as in Fig. 10, no torque being ap- 

’ plied. Buekling is indicated by the fairly sharp break which 

and this relative rotation increases without limit as the section z, — appears in each deflection curve. Critical loads, obtained from 


K dp approaches the root (z; —» 0). The over-all torsional rigidity is 
T= |GC I 


dz 


7 = 
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the intersection of the prebreak and postbreak straight parts 
of the curves, are plotted in Fig. 13 against the section angle. 
Small corrections for the weight of the bars themselves have been 
included. 

The curve in Fig. 13 represents the load which reduces the 
torsional rigidity at the reot to zero given by Equation [10]. 
The agreement with the measured buckling loads is remarkably 
close—-considerably closer than that found for values calculated 
by general lateral buckling theory (11). 

The evanescence of the torsional rigidity at the root section 
means that excessive iocal twisting must appear there as the 
buckling develops. This will bring into significance the non- 
linear (at first cubic) terms in 8’ in the expression for the torque. 
The character of the deformation for typical well-developed 
buckling (in the 45-deg specimen) is shown in Fig. 14. It appears 
as a predominantly twisting deformation confined to the neigh- 
borhood of the reot section where the specimen is cast into a 
rectangular block. The twisting has a wavy form. It could be 
snapped over by hand into very closely similar twisting of the 
opposite sense, and would remain there, this indicating independ- 
ence of initial imperfection of form. A prior form of buckling was 
encountered, under the same load, with twisting rotation in the 
same sense all along the bar. 

A further effect is involved in this kind of buckling. With the 
bending loads in the plane of symmetry of the section, the in- 
fluence of the bending moment on the torsional rigidity is greatest, 
and this is the condition of the cantilever in the tests, Fig. 10. 
On the other hand, when the loads are perpendicular to the plane 
of symmetry the influence is zero (Ox in Equation [5] is an axis of 
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symmetry and « = 0). As a section in Fig. 10 undergoes its 
twisting rotation, the influence of the bending moment. is dimin- 
ished, since only one component is effective. 

This effect is exhibited by itself in torsion tests carried out on a 
bar of angle section under pure bending, the plane of the bending 
moment being perpendicular to the plane of symmetry, and the 
bending-moment vector therefore in the plane of symmetry, 
Fig. 15(a). The initial effect of the bending moment on the tor- 
sional rigidity is therefore nil. But if a section is rotated by an 
angle 8, Fig. 15(b), the bending-moment vector remaining hori- 
zontal, the component M sin B is effective, with a constant « cal- 
culated from Equation [5], the axes of 1 and y being as indicated 
in Fig. 15(6)—the y-axis lies in the plane of the effective bending 
Thus 


dp 
T = (| GC — M s 
( 3) de 


where J now means the moment of inertia relevant to the effective 
bending moment—that is, about the centroidal axis parallel to Or. 


moment. 


{11} 


big. 15) or Sretion Rotarian 


If the rotation is reversed, Fig. 15(c), the effect of the bending 
moment also is reversed, 


In the torsion test 7 is a constant, and 8 is zero at z = 0, 
Then Equation [11] integrates to 
7] = GCB, - (xM/1) (1 cos B,). {12] 


where 8, is the rotation at the end z = / 

The bar tested, Fig. 16(a), was of 90-deg angle section made 
from 61 8-T aluminum sheet '/» in. thick. The legs were 1 in, 
long. The central torque disk divides the bar into two test 
lengths of 18.4 in. each. 

The 7-8, curves predicted by Equation [12] are shown in 
Fig. 17(a) for several bending moments. 

The corresponding test results are shown in Fig. 17(b) but 
the curves have been displaced vertically for clarity, the zero- 
torque point being marked on each as 0. The agreement with 
Fig. 17(a) is qualitatively good, each set showing decrease of 
torsional rigidity for twisting one way, increase for twisting the 
other way. Quantitatively there are considerable differences. 
These may be attributed at least in part to initial twist of the 
specimen. In the absence of initial twist the curves in Fig. 
17(b) should all be parallel, at their origins, to the uppermost 
straight line which corresponds to zero bending moment, since 
the effeet of bending moment is felt only after some rotation has 
oceurred. The curves, however, show tangents parallel to the 
M = O line at points further and further to the left as Af in- 
creases, The horizontal interval between the point of tangency 
and the origin O of the curve should represent the torsional ro- 
tation caused by the bending moment alone in virtue of the initial 
twist 

Each of the curves in Fig. 17(@) has a maximum, only that of 
the lowest being on the diagram. In Fig. 17(b) the lowest curve 
appears to be just reaching its maximum at the right. Such a 
maximum would be, for a sustained load, a point of instability, 
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Svapover Torstonat Bucking of ANGLE SECTION 
Unper Benning 


since beyond it more torque is available than more rotation re- 
quires for equilibrium, Once this point is passed, the curve may 
descend to intersect the rotation axis (zero torque) and then rise 
again to intersect it once more, as the cosine in Equation [12] 
would indicate. In that case the last intersection would repre- 
sent a stable deformed equilibrium state under zero torque. 
Fig. 16(b) shows such a state. The specimen in Fig. 16(a), with 
the bending moment on it, but no torque, was twisted by hand, 
and at a certain twist it snapped over to the form in Fig. 16(b), 
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1942, p. A-103. 
10 ‘Lateral Buckling of Beams,"’ by 8. b. Kindem, Det Kongelige 
Norske Videnskabers Selskab, Forhandlinger Bd. X XI, Nr. 1, 1948. 
11 “Lateral Buckling of Bars of Monosymmetric Open Cross 
Section,”” by H. L. Engel, Technical Report No. 8, Contract N6- 
ONR-251 T.O, 12, Stanford University, Stanford, Calif., 1950. 
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Briet Notes’ 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'’, double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 


The Complex-Variable Approach 
to Stress Singularities 
By J. H. HUTH! 


ECENTLY some interest has centered on the problem of 

singularities in sector plates subject to extensions in their 
plane.? This note utilizes an entirely different. approach to re- 
examine earlier results. 

Consider an elastic sector of angle a@ with one face horizontal, 
and in a state of plane strain. The horizontal face is clamped 
while the other face is free. To investigate the possibility of non- 
vanishing stress fields, introduce two analytic functions of the 
complex variable 2 = © + iy. The conditions along the stress 
and displacement free faces become, respectively? 


iT,6 = + Mz) 4 (=) + = 0..{1] 


Ou 4 or 
8 
or or 


= — H(z) - Wz) = 0...(2 


Here og and 7,9 are the normal and shearing-stress components, 
respectively, «and» are Cartesian components of displacement, 
andk = 3 iv, where vy represents Poisson’s ratio. A primed 
quantity represents differentiation, while a bar, the complex con- 
Jugate. 

The function w = 27% maps the seetor into the upper half 
plane. Equations and then become 


T 
Pir) + Diw) 4 w P'iw) + uw) 0 
a 
ar 


! Pacifie Palisades, Calif 

Singularities Resulting From Vanous Boundary Con- 
ditions in Angular Corners of Plates in L-xtension,”” by M. L. Williams, 
JOURNAL OF Mecuanicos, Trans. ASME, vol. 74, 1952, pp. 
526-528. 

**Singular Integral Equations,”’ by N. I. Muskhelishvili, Common- 
wealth of Australia, Department of Supply and Development, Aero- 
nautical Research Laboratories, Fishermen's Bend, Melbourne, Aus- 
tralia, 1949, p. 254 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will be 
accepted January 11, 1954, for publication at a later date. Discus- 
sion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, March 17, 1953. 
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along the left and might portions, respectively, of the real axis. 
Define W in terms of ® as follows 


= — Ow) + k ww) 15] 


Equation [4] is then satisfied, and the problem reduces to finding 
a function analytic in the entire w-plane except for a branch cut 
extending along the real axis from the origin to minus infinity 
Substituting Equation [5] into Equation yields the 
condition 


(1 + + 4 (1 = [6] 


A superscript + indicates the value of ® on the upper side of the 
eut, while a-, the value on the lower side. Assuming solutions 
of the form (a + where a, b, and n are all real, Hquation 
becomes 

Jaan 


y 
(1 — e*)\(a + ih) + (a — ih) + ke2(a — the 


9 - 
+ 4+ = O \7] 
a 


This yields a pair of simultaneous homogeneous equations for a 
and b. Setting 6 = (@ + an), the resulting “eigenequation”’ for 
n takes the form 


<in? @ = 41 - sin? 
(3 — 4p) at (3 4v) 


This equation corresponds to Williams’,? “clamped-free’’ case 
and has a finite number of real roots. Continuity of displacements 


at the corner requires > —1, so that any roots in the range 
a 


i an O result in stress singularities. However, only the 
a 
real-root of Equation [8] represents admissable solutions except 
when @ = m7. This contradicts Williams’ assumption that all 
complex roots ure admissable. 

The particulamracse «f @ = m is degenerate in that w = z, and 
Equation [6] then only involves ®. Singularities resulting from 
the complex roots of the degenerate equation have appeared in 
the solution of a thermal-stress problem. 

General solutions of the form (a + ib) (—w)1 + will result in a 
set of four simultaneous homogeneous equations fora and It 
ean be shown that if y and B satisfy the following two simul- 
taneous equations, then nontrivial consistent solutions of the 
original four equations are possible 


1 2 vos 2a k%4*8 eos 2(2 4 ny) 


us 
2 (1 cos ( B? = {9} 
a 


sin (2a + 2ry)| 


to 
~ 
a 
> 
2 
to 


‘ 
cos (2a + 2ry) cos (da + 


2n / 
Bil cos 2a) sin 20 0 110} 
a 


Thermal Stresses in a Partially Clamped Elastic Half-Plane,” by 
J. HW. Huth, Journal of Applied Physics, vol. 23, 1952, pp. 1234-1237. 
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Unfortunately the resulting set of solutions cannot generally be 
used to satisfy an arbitrary loading on the outer boundary of a 
finite wedge. In order to handle finite wedges one would probably 
have to admit such functions as 


In2 
( 
2 1 V x2 1) 


This satisfies Equation [6] for @ = mw and v = 1/4 but has a 
branch line along the real axis for z > 1. 

In conclusion, studying an infinite wedge can lead to the order 
of possible singularities but not, in general, to a set of functions 
suitable for a complete analysis of the finite sector. 


Note on the Maximum Effect of a 
Moving Force on a Simple Beam 
By E. EICHMANN,! URBANA, ILL. 


Ho construction of monorail tracks for high-speed vehicles 
has revived interest in analysis of the dynamic behavior of a 
simply supported beam traversed at constant velocity by a 
concentrated force. In the case in which the foree is constant in 
magnitude, the maximum deflection-amplification factor appears 
to have been overlooked in the literature. L. lk. Goodman? 
has called attention to the fact that the maximum dynamie de- 
flection does not cecur at the instant the load leaves the beam, as 
is implied by Timoshenko,* but actually oecurs when the load is 
about three quarters of the way across. Furthermore, the correct 
maximum amplification factor is appreciably larger than that 
appearing in the literature and it corresponds to a velocity con- 
siderably lower than the so-called “resonance” velocity. 
Defining the ampligeation factor as 
= 
Wee 
Maximum dynamie deflection 

Maximum static deflection due to concentrated force 


we can obtain an expression, considering only the first mode, 
which has the form 


sin mit/l (trv /a@,l) sin 


where v = velocity of the constant force, 1 = span length, and 
w, = lowest natural frequency of the beam, The justification for 
considering only the first mode lies in the rapid convergence of the 
series solution for the deflection which contains the factor 7‘, 
where t Cenotes the mode order.* 

We now introduce the dimensionless quantities 8 = w/v, a 
factor which varies inversely with the velocity, and « = vt/l, 
which defines the position of the force on the beam at any time ¢. 


Then 
(1/8) sin 


Sin 
= 


Differentiating with respect to « 


' Research Assistant in Civil Engineering, University of Hlinois. 

2“Behavior of Structures Under Dynamic Loads’ —a course of 
lectures in the Graduate College of the University of Hlinois. 

Vibration Problems in Mngineering,”” by S. Timoshenko, second 
edition, D. Van Nostrand Company, Ine., New York, N. Y., 1937, 
pp. 352-356, 
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T cos BK 


= 
dk 1 


So that for a stationary value 


TK = + Bx 


K = [4] 


where the symbol n denotes some integer. From examination of 
Equation [3| it appears that n must be positive and, therefore, 
that the positive sign in the denominator of Equation [4] must 
be used. The most interesting possibilities aren = Oandn = 1. 

The case n = O implies 8 = m7. This is the case studied by 
Timoshenko. It was found by Timoshenko® that for 8 = 7 and 
k = 1, Le., the force just leaving the beam, the amplification fac- 
tor is 1.547. This value has been used in the literature as the 
maximum amplification faetor. The case n = 1, however, 
actually vields a larger amplification factor. In this case x = 
+ 2B) and substitution into Equation [2] gives 


_ M6 sin + B/m)| sin [2B/(1 + (5) 


1! 


This function has a maximum value of 1.743 for B = 1.647. 
Consequently the maximum dynamie deflection is approxi- 
mately 1.743 times the static deflection which would be caused by 
the same force if stationary. It occurs when the velocity is such 
that the time of transit is 0.82 times the fundamental period of the 
span. The corresponding value of « is 0.757 which means that 
the force has just passed the third-quarter point of the beam at 
the instant that the maximum deflection occurs. 

The analysis is limited in application by the fact that in prae- 
tice it is usually a constant mass rather than a constant force 
which traverses the span. In the former case, structure and load 
interact in a complex way and the force exerted on the structure 
is not constant. 
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A Resistor-Network Solution for 
the Torsion of Hollow Sections 


By J. H. WEINER,' NEW YORK, N. Y. 


C' ILIN and Newmark? have presented a numerical solution of 
the problem of torsion of a eylindrical bar with longitu- 
dinal holes. They use finite-difference approximations of the 
partial differential equation and boundary conditions and solve 
the resulting set of linear equations by relaxation. 

In this note, «a method of solution using resistor network is 
presented. The same finite-difference approximations are made, 
but the set of linear equations is solved by the network. 

' Assistant Professor of Civil Engineering; Assistant Technica 
Director, Heat and Mass Flow Analyzer Laboratory, Columbia Uni- 
versity. 

*“A Numerical Solution for the Torsion of Hollow Sections,’ by 
C. Colin, Jr. and N. M. Newmark, JournaL or AppLiep Me- 
cHanics, Trans. ASME, vol. 69, 1947, pp. A-313 to A-315. 
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Upper figures, values of ¢ by Colin and Newmark; lower figures from 
network, 2G)? = Ww.) 


RESISTANCE,R 
RESISTANCE Ry 
@ COMMON VOLTAGE, E 


Fic. 2) Resisror Network 


Consider a cylindrical bar, with n longitadinal holes, sub- 
jected to torsion. In the usual notation, the components of shear 
stress on the cross section are given by 


oy 
and = 
Or 


where the stress function satisfies the equation 


= -- 200 
Or* oy? 


at all interior points of the cross section of the bar, together with 
the boundary conditions 


on 


ds = 


In Equation [3], C, is the exterior boundary of the cross section, 
('; the internal boundaries. gv, is the value of g at any point of 
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The k, are constants. Wemay set = Oand tne = 1, 

., mn, must be such that Equations {2} to [4] are satisfied simul- 
taneously. In Equation [4], C’, is any curve enclosing C; but no 
other internal boundary, and Ac’, is the area enclosed by it. 

The resistor-net work method will be described as applied to the 
illustrative problem of Colin and Newmark, Fig. 1. Using a 
square of side A, a finite-difference approximation to 
equation [2] is 


mesh 


4) = 
A) + gir + + + 


+A) + ole y 
The tinite-difference approximation used for Equation [4] 

j 


where C', is the dashed curve shown in Fig. | and the summation 
is carried out over all the nodes which are connected directly to 
the boundary of the hole. ¢, is the value of g(a, y) at the jth 
such node. 

Consider now the resistor network shown in Fig. 2. (Because 
of symmetry, only half the network actually was set up.) Apply- 
ing Kirchhoff’s law to the currents flowing into a typical node, the 
following relation is obtained 


= 0 
Ry 


If Bis taken very large relative to any nodal value of e, the last 
term is approximately equal to E/Ry. Then the foregoing be- 


comes 


Also, the current 7, indicated in Fig. 2, is given by Equation 


(4h) 


Where the summation is carried out over the same nodes as in 
If a seale factor between e and gy is established 


Equation |4a}. 


then the two sets of equations, I:quations [2a] and [tal and 


Equations [26| and [44], respectively, are identical if 
RE/KR, 
T = KR {7} 


2602 6] 


The solution to Equations [2a] and [da], therefore, is obtained 
by means of the resistor network if the resistors and the voltage B 
are chosen according to Fquation [6], and 2, is adjusted until the 
meter indicates the current calculated from Equation [7]. Mqua- 
tions [3] are satisfied since the nodes on the external and internal 
boundaries, respectively, ave shorted together. The value of ¢ at 
each node is obtained from the vottage at each node using Mqua- 
tion [5]. 

* The network and numerical solutions, compared in Fig. 1, agree 

within a maximum discrepancy of 15 per cent. A more ac- 
curate solution of the original problem would require many more 
nodes, For a fine mesh, the network approach should be con- 
siderably quicker than the numerical oue. 


. 
= 
102.9 
183.7 
0.7 
1258 | I6£ 
= 
= *, {3] 
14] 
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A paper by Redshaw® recently has come to the author's at- 
tention which treats the torsion problem of solid sections by re- 
sistor networks and contains a discussion of the treatment of 
curved exterior boundaries, The foregoing method for rectangu- 
Jar interior boundaries may be modified for curved interior 
boundaries in a similar manner. 

The problem was solved on the resistor-network board of the 
Heat and Mass Flow Analyzer Laboratory at Columbia Uni- 
versity suitable for circuits with up to 576 nodes. 


Closed-Form Solutions for Plates 
of Variable Thickness 


By H. D. CONWAY,! ITHACA, N. Y. 


Hk. analysis of the bending of symmetrically loaded circular 
plates of variable thickness involves the solution of the dif- 
ferential equation (1)? 


df{do AD{dd 
+ = 4 d 
*) dr \dr + r qrar [1] 
where D is the flexural rigidity, @ is the slope at radius r, v is 


Poisson's ratio, and q is the intensity of loading. Having found @ 
for a particular problem, the bending moments are given by 


M, = Dido/dr + vd/r) 
Mg = D(b/r + vdd/dr) 


If the complementary solution of Equation [1] is known for a 
specific variation in flexural rigidity, the particular solution may 
be obtained by the method of variation of parameters. The labor 
involved in obtaining numerical results is likely to be greatly de- 
creased if the complementary solution can be written in closed 
form, and it is very useful to have a list of flexural rigidity varia- 
tions for which this is possible. 

In so far as the complementary solution is concerned, the dif- 
ferential equation governing the radial deformation of rotating 
disks of variable thickness is similar to Equation [1], D and @ 
being replaced, respectively, by the thickness h and radial dis- 
placement u. The results of investigations on rotating disks may 
therefore be applied to plate problems. Timoshenko (2) at- 
tributes the discovery of this analogy to L. Féppl. 

If a flexural rigidity D = Dor™ is assumed, where Dy and m are 
constants, the complementary solution (3) satisfies 


mv)d = 0.......[3] 


+ (m 4 (1 


This is the well-known Euler equation and the solution is 


m 


where da®? = 4-— 4mp + 
Assuming now a flexural rigidity D = (1 hrm)" where Do, 
k, m, and n are constants, substituting in Equation [1], and writ- 


ing r = kr™, the complementary solution satisfies 


Electrical Potential Analyzer,”’ by S.C. Redshaw, Proceed- 
ings of The Institution of Mechanical Engineers, vol. 159, 1948, pp. 
55-62 

' Professor of Mechanics, Cornell University. Jun. ASME. 

* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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2 — 
dr? dr m 
This is Riemann’s P-equation (4), the general solution being in 
terms of hypergeometric functions. From an investigation by 
Gran Olsson (5) of rotating disks of variable thickness, and as- 
suming as a special case that m = nv = 1, the general solution of 
'5| may be written in the closed form 


= +n ') + n) |. 0) 


With » = 3 and v = '/;, this solution has been used to analyze 
plates having « thiekness decreasing linearly toward the rim (6). 
Other variations of flexural rigidity may be treated by choosing 
appropriate values of n and v such that their product is unity. 
Suhara (7) has investigated rotating disks whose thickness 
varies according toh = hol kr)" und his results may be ap- 
plied to plates having « flexural rigidity of the form D = Do 
(1- This investigation shows —after a correction—that 
form = = 2,andv = the solution of Equation [5] is 


Equation 


kr™)®, 


B 
[7] 


'/,, the solution of Equation [5) is 


B 


For m 


=A 8] 


z*(1 —z) 


For the flexural rigidity D = Doe~*", where Do. k, and m are 


constants, the complementary solution of Equation [1] satisfies 


d 1 
+ ( mkym ( + [9] 
r dr r? 


Substituting @ = Ve*® 2 where r = kr™, the equation becomes, 
for 2v = m 


dy? 


By 
4 10} 
ar 


and it follows that 


= 2 [AT + B’Ki /2)) {11} 
where 7 and K are modified Bessel functions of the first and 
second kind, respectively. If (1/m —- '/,) is an integer, this 
solution may be written in closed form. For example, if m = 2/3 


and vy = '/;, we have after some reduction 

= — x) + B(2 + 7)! 
Other solutions in closed form ave possible for (m = 2/5, v = */s), 
(m = */;, vy = '/;), and so on, but these become progressivels 
more complicated, in addition to which the values of Poisson's 
ratio become progressively less realistic for metallic plates. An 
investigation similar to the foregoing has been made by Gran 
Olsson (8).* 


BIBLIOGRAPHY 


1 “Theory of Plates and Shells,”” by S. Timoshenko, McGraw-Hill 
Book Company, Inc., New York, N. 17., 1940, p. 238. 

2 Loe eit., p. 287. 

3 “Note on the Bending of Circular Plates of Variable Thicknesa,”’ 
by D. Conway, Journat or Mecuanics, Trans. ASME, 
vol. 71, 1949, pp. 209 210. 

4 “Ordinary Differential Equations,”’ by FE. L. Ince, Dover Publi- 
cations, New York, N. Y.. 1944. p. 391. 

* There appears to be an error in the example given on page 84 of the 
paper. 


= 
= m 
2a “2a 
@=Ar ? +B ? 
ws 


BRIEF NOTES 


5 “Uber einige Lésungen des Problems der rotierenden Scheibe.”’ 
by R. Gran Olsson, Ingenieur Archiv., vol. 8, 1937, pp. 270-275. 

6 “Axially Symmetrical Plates With Linearly Varying Thickness,” 
by H. D. Conway, Jovurnat or Apptinp Mecuanics, Trans. ASME, 
vol. 73, 1951, pp. 140-142. 

7 “On the Stresses in a Rotating Circular Dise Whose Thickness 
Is Expressed by z = Ar*(l Ar#)*,"’ by T. Suhara, Transactions ot 
the Japanese Society of Mechanical Engineers, vol. 3, February, 
1937, pp. 1-6. This rather general expression also yields Riemann’s 
P-equation for the complementary solution. 

8 “Biegung kreisférmiger Platten) von radial veriinderlicher 
Dicke,”” by R. Gran Olsson. Ingenieur Archiv., vol. 8, 1937, pp. S198. 


A Note on Mass Flow 
By E. C. KENNEDY,! DAINGERFIELD, TEXAS 


Ho ‘exact’ formula for mass flow of a compressible fluid is 

rather cumbersome and tedious to use even with a table of 
logarithms at hand. The objeet of this paper is to develop a 
simple and accurate formula for mass flow which will be useful 
to engineers and scientists interested in that field. 

Consider a quantity of gas in a reservoir equipped with a 
properly designed outlet. It is desired to find the amount of gas 
discharged from the opening under certain specified conditions, 
Let y = specific heat ratio of gas; A = area of outlet, in sq in., 
P, = pressure, psia at outlet (back pressure); Wo = weight of 
gas discharged, Ib per sec; 7) = reservoir temperature in deg R: 
and Po = reservoir pressure, 

Making the usual simplifying assumptions concerning flow (iLe., 
uniform isentropic flow, and soe forth) we write for the mass flow 
m 

= 


where V is the velocity, p the density, and any consistent units 
of measurement are used 

Using the adiabatic relationship and the compressible-fluid 
Bernoulli equation, it is easy to obtain the expression 


2y 
m=A P po (P,/Po) | [2] 


Tf po is eliminated in Equation [2] by means of the perfeet gas 
law, P = pRT, we get for the weight flow of air the well-known 
formula 

2.055 APs 
VT. 
where the values = 1716.32 ft?/sec? deg = 32.1740 ft sec?, 
and y = 7/; were used in obtaining the constant, 2.055 
Equation [2] is valid for 


P,/P,. 2 | } = (0.5283 
+4 


For all other values of the pressure ratio (supersonic flow ) 
formula W = 0.532 AP, VY 7) is ordinarily used. 

In the former case equation [3] gives “exaet” results, but it is 
cumbersome and awkward to handle especially with slide 
rule, Fliegner’s formula, Wo = 1.06 AW is 


simple and compact but not very accurate in some cases, as will 


(3) 


the 


be shown later. 

To develop « simple vet aceurate formula for weight flow we 
set Y = P,/Pyin Equation [3] obtaining 

1 Senior Research Engineer, Consolidated Vultee Aircraft Corpora- 
tion, Ordnance Aerophysices Laboratory 
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Expanding by the binomial theorem and collecting terms 


AP, [2 0 
2401 


The intinite series in the bracket converges rapidly for N < '/, 
Note that the N* term drops out, a faet that greatly simplifies 
Thus to a high degree of accuracy 


: O71 


A small amount of algebraic neuipulation leads to the accurate 


the formula 


and compact formula tor weight How 
1137 A 
V 15 


Ww 0.06687, (4! 
Let us compare the foregoing with Flegner’s formula by means 
of the following examples: 
Erample 1.) Given: P, = 
We find 


10, = 38, 7, 


Error = 3.3 per cent (Fliegner) 
Error = O.O1 per cent (Kennedy) 


Wo = 0.3606 
W = 0.3823 
10, P, = 22, 7% = 625, A = 1 


Example Given: Py = 


Whence 
= 0.73 per cent (Fliegner) 
Error = per cent (Kennedy ) 


W = 0.8438 
Wo = ONIS4 


Note that Fliegner’s formula is not so accurate as slide-rule 
computation whereas the author's exceeds it. Using the same 
method, a similar formula may be developed for any other gas if 


R and ¥ are known. 


Diametral Expansion of Helical 
Compression Springs During 
Deflection 


By A. M. WAHL,' EAST PITTSBURGH, PA. 


Design formulas are derived for the diametral expansions 
of helical compression springs assuming (1) ends free to 
rotate about the helix axis and (2) ends fixed against rota- 
tion. The results are of particular interest where helical 
compression springs are used in cylindrical guides. 


N many cases where helical compression springs operate inside 

cylinders or guides, the designer must provide clearance be- 
tween the spring and the inside surface of the guide. Although 
the problem of caleulating this clearance may be solved theoreti- 
eally,? no simple and yet aceurate formula appears to be available 
for design use. It is the purpose of this note to derive such 
formulas. 

For purposes of this discussion, helical springs may be divided 
into two cases: (1) Springs with ends free to rotate about the 
helix axis during deflection and (2) springs with ends fixed against 
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rotation about the helix axis. Case (2) springs will show lower 
diametral expansions than case (1) springs, while actual springs 
compressed between parallel plates will usually show a behavior 
intermediate between these two cases, 

Case (1) Compression Spring With Ends Free to Rotate About 
Helix Axis During Deflection. 
change in curvature Ax and the angular twist A@ per unit length 
of a rod of helical form (helical spring) when deflection takes 
place from an initial pitch angle @ to a final pitch angle @ are? 


For this case expressions for the 


costa cos? 
Ax = 


r ro 


sin @ COS Sin Ay COS 
46 = 2] 
r To 

In theserry and rare the initial and final mean coil radii, respec- 
tively. If a load P acts along the helix axis then Pr sin @ = 
EI( Ax) and Pr cos a@ = G1,(40), where EI and GI, are the 
flexural and torsional rigidities. (We assume round wire springs 
so that EI/GI, = 1.3 for Poisson's ratio = 0.3.) Using these 
equations in Equations [1] and [2], and eliminating ? we obtain 
r + tanta) costa 
{3] 

ro 
sin COs tan @ cos? ay 

The radial expansion during deflection will be r ro and the 
diametral expansion AD will be 


AD = = (: ') D, 
To 


where Do = 2ro = initial mean coil diameter. 
Using Equation [3] in Equation [4] and taking E//G1, = 1.3 
we obtain 


AD 
Do 
(1.3 + tan? a) cos? a — (1.3 + tan a@& tan a) cos? a 
~ [ (tan a@ tan + 1.3) cos*ay ] 
[5] 


This equation is not in very convenient form for practical use; 
hence to simplify the expression further we assume that the 
spring is compressed from free height (pitch angle ao) to solid 
height (pitch angle a) and calculate the expansion in diameter on 
this basis. 

Taking p initial pitch (or center-to-center distance between 
coils) at free height and € = AD/Dp, the following relations hold 

d p 


; tan a cos’a = 


t = = 
+ €) rly + p? 


mW? + €)* 


= a = 
+ €)? 4+ d? 


+ €)? + 

In general € will be a small quantity compared to unity and for 
a close approximation it may be taken as zero in these formulas. 
(Furthermore exact calculations indicate that for practical 
springs the error in AD/D, obtained by neglecting € is only a small 
fraction of 1 per cent.) 

Taking € = 0 in the foregoing trigonomet ge expressions and in- 
serting these into Equation [5], the following expression for 
AD/Dg results 

Theory of Elasticity,” by A. E. H. Love, fourth 
edition, Dover Publications, New York, N. Y., 1944, p 414. 
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pd + 13d? 
1.3? Dp? 


1.3p? — 0.30? 


1.3m? D,? (1 


Further caleulations indicate that for practical springs the 
term in the numerator, and the term 
(pd + 1.3d?)/(1.32?D,?) in the denominator of this expression 
may be neglected without affecting the accuracy more than a 
fraction of a per cent for the larger indexes where the diametral 
expansions are greatest. (For the smaller indexes the error may 
reach | or 2 per cent but this is still negligible for practical pur- 
poses, ) 

Thus taking 1.37? as 13 approximately, for design purposes 
Equation [6] reduces to the relatively simple expression 

AD 1.3p? — 0.34? pd 
Dy, 

In this, AD is diametral expansion as the springs deflect from 

free to solid height. Note that this formula also will apply for 


calculating the diametral “contraction” of a close-coiled tension 
d per turn, and assum- 


[7] 


spring when extended to a deflection p 
ing that the end coils are free to rotate. 

Test data‘ on two helical compression springs loaded so that ro- 
tation about the helix axis may occur freely, indicate agreement 
within about 3 per cent with results caleulated from Equation [7}. 
These springs had rather large indexes (12 and 15) and values of 
p/Do equal to 0.6 and 0.74. 

Case (2)—-Compression Spring With Ends Fixced Against Rota- 
tion About Helic Axis. In this ease, since the number of active 
coils does not change, the coil radius will remain proportional to 
the cosine of the piteh angle.2? Hence 

r cos @ 
To COS A 

We again assume compression from free to solid height (i.e., 
from pitch angle a@ to pitch angle a). Then if 1 = total active 
length of wire or bar and n = number of active coils, the following 


cos a 
COS - 


= + and using this in Hquation {8} 


r cos 
ro COS & 


Substituting this in Equation [4], the ratio AD/Dy becomes 


AD 14 
Dy 


In most practical springs the term in 
tion [10] will be small compared to unity and this equation then 
reduces to 


equation holds 

n2p? 
Taking 


[9] 


{10} 


p? — d? 


Tests made on the compression springs mentioned previously, 
the ends being fixed against rotation, showed values for AD/D, 
around 7 to 20 per cent higher than the values given by Equation 
{11}. This difference is probably due in part to the imperfect 
fixity of the end coils in actual compression springs so that results 
intermediate between the fixed and free-end cases may be ex- 
pected. 

4 The author is indebted to Messrs. T. R. Weber, B. Sterne, and K. 
Maier of the SAE Technical Board Spring Committee for test data. 
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Additional Data on the Relaxation 
Type of Vehicle Suspension 
By JOSEPH GALLAGHER! axon ENRICO VOLTERRA? 


HIS “Brief Note’’ should be considered as a necessary addi- 

tion to a previous joint paper,** in which a mathemati- 
cal analysis of the relaxation type of vehicle suspension was 
given. 

It is the object of this note to supply further data on the effects 
of parameter changes on the transient and forced vibrations of 
such a mechanical system by the presentation and use of root- 
locus diagrams and amplitudes and phase-angle curves. 

Of the five diagrams which are now presented, the first three, 
Figs. 1 to 3, are root-locus diagrams which show the effect of the 
damping factor ¢ on the roots of the characteristic equation for 
three values of the relaxation factor h = K./K»,, while Figs. 4 and 
5 give, respectively, the amplitude and phase-angle curves in the 
case of critical damping, h = 1. 

Comparison of the root-locus diagrams fork = 1 and h = 1.25 
indicates that € = Land A = 1 are the minimal values of damping 
ratio and spring-constant ratio which will just give real roots of 
the characteristic equation (Equation [15]'). This ‘determines 
the boundary between the oscillatory and nonoscillatory solu- 
tion. 


' Student, Oak Ridge School of Reactor Technology, Oak Ridge, 
Tenn. Jun. ASME, 

? Professor of Mechanics, Rensselaer Polytechaic Institute, Troy, 
N.Y. Mem. ASME. 

4A Mathematical Analysis of the Relaxation Type of Vehicle 
Suspension,” by J. Gallagher and E. Volterra, Journat or Appirep 
Mecuanics, Trans. ASME, vol. 74, 1952, pp. 389-396. 

*See the discussion on the previous paper,? published in the 
March, 1953, issue of the Journat or Apptiep Mecuanics, Trans, 
ASME, vol. 75, pp. 143-146. 

Manuscript received by ASME Applied Mechanies Division, April 
22. 1953 
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The amplitude and phase-angle curves were calculated from 
the following equation 
Xx 
(iw) 
X; 


4 
3f3 4 (*) 


which has been obtained from Equation [27] of the previous 
paper® by replacing S by iw in it. 


Note on Torsional Oscillation 
of I-T ype Beams 
By J. E. GOLDBERG,’ LAFAYETTE, IND 


N dealing with the twisting of I-type beams, it may be as 
| sumed? that the applied torsional loads are resisted by a com 
bination of shearing stresses distributed according to the Saint 
Venant theory and superimposed lateral shearing forces in the 
flanges. 
flanges, constitute couples about the longitudinal axis of the beam 


These latter, being equal and opposite in the respective 


The internal strain energy of a twisted beam may be assumed, 
therefore, to consist of the strain energy associated with the 
Saint Venant torsional stresses plus the strain energy of the 
flanges in lateral bending 


! Associate Professor, School of Civil Engineering and Engineering 
Mechanics, Purdue University. 

2*Strength of Materials,”” by 
tion, D Van Nostrand Company, Ine 

Manuscript received by ASME 
January 21, 105% 


Timoshenko, part 2, second edi- 
New York, N. Y., 1941, p. 282 
Applied Mechanies Divison, 
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The strain energy corresponding to the Saint Venant distribu- 


tion is 
L 2 
( 
(sy « 
2 0 or 


where C is the torsional rigidity constant of the cross section and 
> is the angular displacement. It may be noted that, for wide- 
flange sections, C is approximately equal to (G/3) (t,2d + 2t,7b), 
in which G is the modulus of rigidity, d is the depth of the section, 
b is the width of the flanges, and ¢, and ¢, are the thickness of the 
web and the flanges, respectively. 

If w is the lateral deflection of each flange, the strain energy 
resulting from lateral bending of the two flanges is 


OF L 2, \2 
2 0 or? 


Noting that w = + @h/2, where h is the distance between 
flange centroids, and since the moment of inertia of one flange 
about its minor axis is only slightly less than one half of 7), of the 


2 0 or? 


In the case of a beam which is free to warp but not to twist at 
the ends, i.e., flanges pinned with respect to lateral bending, the 
angle of twist may be represented in the form 


g(r, = > ,, sin = 


n=1 


entire section 


Substituting this series into the strain-energy expression, and 
performing the indicated integrations, the total strain energy is 
found to be 


CL<e nm \* WL nw \* 
2 2 


Assuming no appreciable distortion in the cross section, and 
neglecting displacements out of the plane of the cross section, the 


kinetic energy is 
‘ 2 
dr 
2 of 


where p is the mass density and J is the polar moment of inertia 
Using the series representation, it is found 


—~ 


The Lagrange equations for free vibration are 
d for ol’ 
di 070; 
Considering the @, as the generalized co-ordinates, the Lagrange 
equations become 


pJL CL fnr\’ Wh 


of the cross section. 
that 
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he 
| =0 


p(l,, + 1,,) 


Inasmuch as structural steel framing generally is fabricated with 
connections which offer very little restraint against warping, the 
formula derived herewith may be useful in certain problems asso- 
ciated with the design and analysis of elevated machinery plat- 
forms and similar structures. : 

It is interesting to note the magnitude of the error introduced 
into the frequency calculation by neglecting the term C. For the 
typical case of a 10 & 8-in-wide flange beam weighing 45 Ib 
per ft and 16 ft long, calculation yields the following values for 
the ratio f,’/f,, where f,’ is the computed frequency obtained 
by setting C equal to zero 

n ] ‘ 3 
Sa" 0.63 09 


Concentrated Radial Loads on 
Flat Curved Beams 


By J. N. GOODIER! anp J. C. WILHOIT, JR.,? 
STANFORD, CALIF. 


HE problem of concentrated radial loads on a flat curved bar 

has recently been treated by means of the Fourier Integral. 
The problem can also be solved by the superposition of a few 
simple existing solutions for ring plates. 

Consider the curved bar with an arbitrary load as shown in Fig. 
1. This bar can be thought of as a part of the fully loaded ring 
shown in Fig. 2, in which each of the loads, that is (0,),-4, 
(Tra)rma’y has been extended in some conven- 
ient way over the full ring, observing the requirement of 
equilibrium. The Fourier-series solution for the problem of « full 
ring with arbitrary loading is well known, and since the loads 
can be extended as continuous functions, good convergence can be 
secured. This solution is given in a particularly complete form in 
“Photoelasticity’’ by Coker and Filon. 

If a cut is now made at 6 = 7, the stresses across the cut are 
continuous and, in the general case, will give rise to a resultant 
normal, a resultant shearing force, and a resultant bending 
moment on each face of the cut. This is shown in Fig. 3. These 
resultants may be removed by «a combination of the Volterra 
dislocations shown in Fig. 4, in which the surfaces r = a and 
These solutions are also given in “‘Photo- 
By a suitable superposition of 


r = bare unloaded. 
elasticity’ by Coker and Filon. 
the solutions of the Volterra dislocations on the solution of 
Fig. 3, the ring loaded as in Fig. 5 is obtained. The portion of the 

1 Professor of Engineering Mechanies, Stanford University. 
ASME. 

2 Graduate Student in Engineering Mechanics, Stanford University. 

‘The Stresses in a Flat Curved Bar Due to Concentrated Radial 
Loads,"" by C. W. Nelson, C. J. Ancker, Jr., and Ning-Gau Wu, 
Journat or Mecuanics, Trans. ASME, vol. 74, 1952, pp. 
529-536. 

Manuscript received by ASME Applied Mechanics Division, April 
18, 1953. 
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ring shown in Fig. | is removed from Fig. 5 and the desired 
solution has been obtained. 


ConcenTRATED Loap 
For the problem of « concentrated radial load, Fig. 6, the solu- 
tion for the hollow ring shown in Fig. 7 is used. The well-known 
solution for a concentrated force acting on a semi-infinite bound- 
ary yields a certain distribution of stresses on the surfaces r = a 


and r = 6. This distribution ean be found readily in Fourier 


series by the complex variable method used by P. 5. Symonds.* 


Two such systems give the two concentrated forces in Fig. 7. 
Since these form a self-equilibrating system, the boundary dis- 
tribution will be a self-equilibrating system. Consider now Fig. 
8, in which the boundary distribution of Fig. 7 has been reversed 
in sign. The stresses for this loading are obtained by the Fourier- 
series solution for an arbitrary loading on a curved ring. If the 
solutions for Figs. 7 and 8 are superimposed, there results the 

Problems in Plane Strain, Plane Stress 
and Transverse Bending of Plates,”’ by P. 8S. Symonds, Journat or 
Mecuanties, Trans. ASME, vol. 68, 1946. p. A-185. 
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solution for a ring subjected to two diametrically opposite con- 
centrated forces.6 A cut is made and the resultant foree and 
moment on this face are removed by the use of the Volterra 
dislocations given in Fig. 4. 

Fig. 9 shows the result of superimposing Figs. 7 and 8 and 
making a cut, and Fig. 10 shows the resultant force and moment 
on the cut removed by means of the Volterra dislocations. The 
desired solution, Fig. 6, can, of course, be considered as a portion 
of Fig. 10. 

In these solutions, the resultant forees and moment at the free 
end are zero but normal and shear stresses remain. These, by 
Saint Venant’s principle, have only a local effect. 


§ This problem has been treated in ‘Stresses in a Ring Compressed 
by Two Forees Acting Along a Diameter,”’ by S. Timoshenko (in 
tussian), Polytechnical Institute Bulletin, Kiev, USSR, 1910; also 
“On the Distribution of Stresses in a Circular Ring Compressed by Two 
Forees Acting Along a Diameter,’ by S. Timoshenko, Philosophical 
Magazine, vol. 44, 1922. pp. 1014-1019; and “Critical Stresses in a 
Circular Ring,”’ by N. Davids and FE. A. Ripperger, Trans. ASCE, 
vol, 112, 1947, pp. 619 #28 


Discussion 


On Application of Impedance 
Method to Continuous Systems' 


H. M. Paynrer.?. The use of impedance techniques is well 
established in all branches of electrical engineering practice, and 
such methods have been and are being applied successfully in 
the analysis and synthesis of both lumped (or “‘diserete’’) and 
distributed (or The 
use of impedance and admittance concepts permits the facile 
determination of behavior under steady-state (statics, free and 
forced vibrations) as well as transient (unsteady-motion) con- 
ditions. 

Owing to the generalized nature of all engineering dynamics, 
at least in the linear case of small amplitudes, it may be inferred 
from the foregoing statement that such methods can be applied 
with comparable success in all fields of engineering science. 


“continuous” ) networks (or ‘“‘systems’’). 


In realization of this fundamental objective, the author has set 
forth a brief but significant exposition of impedance concepts 
applied to one-dimensional continuous mechanical systems, with 
wave-like properties, subjected to free and forced oscillations; 
particular attention has been given to the problem of determining 
natural frequencies. 

It is the present intent of this writer to show certain connec- 
tions between these studies and their counterparts in electrical 
and generalized dynamical concepts. This has value in enabling 
one directly to transfer established electrical theorems and tech- 
niques to corresponding mechanical engineering problems in- 
volving elasticity, vibrations, feedback control, and heat flew, 
for example. In addition, in order to secure fuller realization of 
the vast storchouse of knowledge to which impedance and ad- 
mittance concepts are the keys, the writer wishes to supplement 
the author's treatment by a brief survey of the use and value 
of impedances in determining the transient and steady-state 
response of all linear systems subjected to arbitrary input condi- 


tions. 

‘ By P. F. Chenea, published in the June, 1953, issue of the Jour- 
nat or Apptitp Mecuanics, Trans. ASME, vol. 75, pp. 233-236. 

? Assistant Professor of Hydraulic Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. Mem. ASME, 


In electricity, the impedance concept grew out of the desire to 
generalize the notion of “resistance” to make certain elemen- 
tary direct or “constant” current concepts applicable to problems 
involving periodically and aperiedically “varying” currents. 
Historically, this need arose in the last few decades of the 19th 
century, under pressure of the growing electric power and tele- 
phone industries. In dynamie analysis, even before 1900, Ger- 
man and British engineering scientists, notable among them 
Oliver Heaviside, saw the analogous strueture of eleetrodynam- 
ies and classical dynamics. For these early writers the natural 
analog of the electrical impedance, relating voltage to current, 
was the relation of force to velocity However, largely due to 
the historieal precedence of static elastic analysis in mechanical 
problems, the principal variables in mechanical problems were 
taken to be “force” and “displacement.”’ In this sense, me- 
chanical impedance as a force to displacement ratio may be con- 
sidered as the attempt to generalize Hooke's law and the notion 
of a spring constant to problems in dynamics. Perhaps in an 
intermediate class fall hydrodynamic problems where the notions 
of pressure and flow are cardinal. In short, the principal justi- 
fication for differing definitions of impedance between the elec- 
trical and mechanical fields is the practical requirement that the 
at least for small vari- 


between the principal 


steady-state conditions should reduce, 
to relations 


variables in the respective domains. 


ations, linear algebraic 
In order to compare certain of these significant interrelation- 
ships, Table 1 has been drawn up patterned after a comparable 
table in the text of von Karman and Biot (1).° Of particular 
interest is the fact that all linear dynamics may be embraced in 
the practien! (but somewhat obscure) matrix operational forme 


(1) 
(2) 


[3] 


p 


where 


d = ue neralized co-ordinate 


* Numbers in parentheses refer to the Bibliography at the end of 


this discussion. 
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f = generalized flux 

e = generalized effort 

z = flux impedance 

z? = displacement impedance 


Table 2 gives the commonly used terminology expressing these 
generalized variables in certain specifie media, as indicated. In- 
eluded as special cases of these equations are all the linear dynam- 
ies in every media, including of course, the continuous mechani- 
cal systems of the paper. What is perhaps not generally appre- 
ciated in any of the particular media is the fact that it is not al- 
ways necessary to write the explicit differential equations of a 
particular system to make use of many of the general impedance 
concepts. Even more significant is the fact that the impedance 
operators frequently may be obtamed with considerable pre- 
cision from a few simple experiments (sometimes only one) on the 
physical system itself. It is this aspect of impedances which 
should appeal to the engineer. 


TABLE 2) VARIABLES IN CERTAIN MEDIA 


Generalized ---- Physical media 
variables Electrical Mechanical Fluid Thermal 
Displacement Charge Displacement Volume Heat 
4 ‘ 
Flux Current Velocity Flow Flow 
qa 
Effort Voltage Force Pressure Temperature 


A particularly useful portion of generalized dynamics is con- 
cerned with what are called in electrical language ‘‘four- 
terminal networks” (in acoustics, transducers’), The general- 
ized counterpart of such systems is depicted in Fig. 1 of 
this discussion. All the examples of application by the author 
fall into this category as do most problems in one-dimensions! 
discrete and continuous systems. Instead of considering the 
input and output efforts and fluxes (or displacements) connected 
by the matrix operational equation 


fe] = [2] [f]... 
which, written out, would become 


it is found particularly convenient by an inversion to express 
these relations in a form directly relating input conditions to 
output conditions, namely 

Aish 


Anes + 
fi = Anes + Anfe... 

which may be written in operational matrix forni 
[Si] = [A] [S].. 0 


where the s-variable indicates the state of the svstem 


The advantage of this formulation lies in the ability to “couple 
together” readily the basic components of a complex structure, 
as is indicated in the works of Le Corbeiller (2) and Guilleman 
(3), as well as detailed in all standard works on electric power 
Woodruff (4). This approach leads 


transmission, such as 


simply and directly to a working understanding of the penetrat 
ing but olympian tensorial methods of Kron (5, 6, 7). 
Thus, if two physical media are connected in tandem or cas- 


eade such that. 


[Si] = [A] [8] (10) 
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e, System 


(c) 


Fie. 1 


[12] 


(S:] = [B] [Ss] 


then [Si] = [A] [B] 


This technique permits a direct visualization of the coupling 
process, as indicated in Fig. 1(b). Extension to repeated cascade 
couplings follows intuitively. 

Moreover, if the physical medium represented by the matrix 
operator [A] is spatially uniform (i.e., if Of A] /ox = 0), then the 
operator has the matrix expansion 


[A] = Be sinh (13) 


where 


= characteristic (or specific) impedance 
= 1/2 = characteristic admittance 
Y = propagation operator 


If any input-output medium as described by its four opera- 
tors A,, is terminated in an initia! impedance z,, as indicated in 
Fig. I(¢), sueh that = then the output impedance relating 
tof. would be given by 


= 
Au 


Apr 
For « uniform medium this gives 
— y 


1 — tanh y 


= 


572 
Physical | 
(a) 


DISCUSSION 


In terms of the author's first example, y = j(wr/c), and the 
foregoing equation reduces to his Equation |). 

If one considers his second example, that of the stepped shaft, 
this is merely the combination of the cases of Figs. 1(4) and (e), 
which would give results identical with his. 

There are additional advantages to this A-formulation, since 
one obtains all the operational or behavioral properties of a 
given medium or element without reference to its neighbors or 
terminal conditions. Certain dynamical theorems are always 
appropriate to this form. For example, in any symmetrical 
structure or system, be it lumped or continuous, Ay = Ae. 
Moreover, the reciprocity theorem, which is identical with 
Maxwell's law of reciprocal deflections in elastic structures, «nd 
which is valid for all passive linear systems, states that 
Ay Aw = 1. This is equivalent to the statement that 
Ze = 2m. Finally all the concepts of duality may be applied 
to all dynamical systems (2). 

For nonuniform continuous systems, elementary considerations 
of series and parallel resistors in d-c circuits or series and paralle! 
springs in elastic statics are sufficient to demonstrate the general 
nature of the author’s Equation [5]. This is demonstrated in 
Fig. 2(a and 6). From Fig. 2(c), it may be seen that 

] 
Z+dZ = zdr + 
+ 
Z 
which gives the general differential equation for the variable im- 
pedance z, namely 


dZ 


+ 
dr 


ar) = 0 


which is merely the author’s Equation [5] with yir) = g(r), the 
generalized shunt admittance per unit length, and 2(7) = —-A(r), 
the generalized series impedance per unit length. Substitution 
in Equation [5] or Equation [17], herewith, of expressions of 
the form 


= 
z = 2(2/L) } 


“ives rise to a generalized form of the author's Equation [10] 
which for certain values of a and B also will have solutions ex- 
pressed in terms of Bessel functions. This knowledge has been 
used to advantage in the field of hydrodynamics, where it is per- 
tinent to problems in tidal waves (8) and elastic waves (9). 

In closing, it is important to note that it was George Green 
in 1837 (10) who became aware of the fact that if the exponents 
a and B were very close to zero, or more generally, if in the gen- 
eralized one-dimensional wave equations 


+ G(r) of 
or 


or 
[19] 

of or 

— + ¥(z) 

or v ot 
and Wr) varied only gradually relative to the significant 
wave lengths, then the solution of these equations could be ex- 
pressed approximately in the form 
V 


f—f= ¥ [Fi(t— 7) + Fat + [21] 


This analysis was considerably refined by Evangelisti in the 
specific context of elastic plane waves (11), but the results are 
generally applicable to all one-dimensional wave dynamics, In 


Equivalent Resistane: Re=R, + 
Ri. Rs 


Equi valent Stiffness : 


substance, this method of analysis permits the use of uniform 
media wave relations for nonuniform media by applying ap- 
propriate transformations to the variables. Further details on 
procedure are to be found in the work edited by Tolke (12). 
Additional information on the mechanism of wave refleetions in 


gradually varying media derives from Rayleigh (13). 
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The Origin of Damping in High- 
Strength Ferromagnetic Alloys’ 


B. J. Lazan.? The author has presented an important contri- 
bution toward a better understanding of the mechanism of 
damping in materials at intermediate stress levels. Most of this 
type of analysis in the past has been concerned with the relatively 
small damping at very low stress levels and its relationship to 
physical metallurgical concepts. In the author’s work, however, 
both d:wnping and stress are sufficiently large to have engineer- 
ing design significance. 

Hlowever, the writer wishes to present data to indicate that a 
difference of opinion exists with regard to the relative importance 
of magnetomechanien! and plastic behavior as a cause for damping 
in materials at engineering stress level. The paper states “. . .in 
high-strength alloys, . . ., plastie flow oecurs noticeably only at 
stress levels beyond those for which the structure is designed ”’ 
The author then concludes: “Consequently, only the magneto- 
mechanical effect contributes significantly to the large damping 
capacity in high-strength alloys; and this effect, of course, is 
limited to ferromagnetic materials,” 

The writer differs with the foregoing conclusion. 
2" of this discussion are presented as evidence that extremely high 
damping (probably caused by plastic flow) occurs at high stresses 
in the range frequently encountered in engineering applications. 
These figures indicate the inch-pounds of damping energy ab- 
sorbed per cubie inch of material per evele of vibration by several 
temperature-resistant near the 
fatigue limit. In general, each material must be represented by 
a family of curves to show the effect of stress history since the 
number of eyeles of stress prior to measurement may affect greatly 
the damping energy in this stress range. If these curves are 
plotted on a log-log basis rather than on the semilog basis shown 
in Figs. | and 2, it is found that the curves are reasonably straight 
and, therefore, it is possible to express damping at a given stress 


Figs. | and 


various stresses 


history by the equation 
D= J s" 


where 2) = damping energy in in-lb/eu inyeyele, and J and n 
are constants, the latter constant being determined from the 
slope of the log-log plot. 

For the materials diagrammmed in Figs. 1 and 2 the exponent n 
has values ranging from 3 to [4 in most cases (in one case being 
as high as 30 at a high stress level). It is thus apparent that 


1 By A. W. Cochardt, published in the June, 1953, issue of the 
Journat or Mecnantcs, Trans. ASME, vol. 75, pp. 196 
200), 
? Professor of Materials Engineering and Direetor of Engineering, 
Experiment Station, University of Minnesota,, Institute of Tech- 
nology, Minneapolis, Minn. Mem. ASME, t 

’ These figures are from the paper, ‘Damping, Elasticity, and Fa- 
tigue Properties of Temperature-Resistant Materials,”’ by B. J. Lazan 
and L. J. Demer, Proceedings of the ASTM, vol. 51, 1951, pp. 611 
646. 
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damping increases extremely rapidly with increasing stress at 
high stress levels (near fatigue limit). Furthermore, the fact 
that damping energy is not constant above a certain critical 
stress, the variety of damping exponents found, and the fact that 
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DISCUSSION 


most of them are well above three would indieate that magneto- 
mechanical effects are not the predominant cause of damping at 
these stress levels. 

A direct comparison between the “12 per cent chrome steel” 
used by the author and the similar steels diagrammed in Figs. | and 
2 cannot be made since more details are required on the chemical 
composition and processing procedure used for the author's steel 
However, if the damping of the type 403 stainless steel diagramed 
in Fig. 1, which contains 12.6 per cent chromium, or that of the 
other steels in this figure which contain from 12 to 20 per cent 
chromium, are compared in the same units with the author's 
steel, it is found that the damping at the fatigue limit is con- 
siderably larger than that at the critical stress indicated by the 
author. 

Although considerably more data are required before definite 
conclusions can be formulated the following tentative statements 
appear justifiable: 


1 Since the high stress damping exponent n averages approxi- 
mately 7 for the temperature-resistant materials studied to date, 
magnetomechanieal effeets probably are not the cause of the 
damping observed near the fatigue limit. 

2 Damping near the fatigue limit (probably caused by plastic- 
flow effeet) appears to be much larger than that caused by mag- 
netomechanieal effects at the critical stress (approximately 10 
per cent of the fatigue limit for the author’s steel) for the materials 
investigated to date. 

3 Thus, although magnetomechanical effects may be the 
most important cause of damping of ferromagnetic materials 
neur their critical stress, the damping caused by plastie strain 
appears to predominate near the fatigue limit. 

4 The relative bnportance of low-stress damping, produced, 
for example, by magnetomechanical effects, and high-stress damp- 
ing as produced by plastic flow depends on the application and 
the magnitude of damping exponent n. In general, the more 
concentrated the stress (thai is, the smaller the per cent of volume 
at near peak stress) and the lower the damping exponent, the 
more important does low-stress damping become as a limiter of 
near-resonance vibration. In cases, however, where the per cent 
of material at near peak stress is significant and the damping 
exponent n is large, the damping at high stress levels becomes the 
primary consideration. Thus additional work on ‘‘stress-dis- 
tribution function”’ discussed by the author and the “cross-sec- 
tional shape’’ and “longitudinal stress-distribution” factors‘ is 
highly desirable to further understanding on this relationship. 


It would be appreciated if the author would give more details 
on the 12 per cent chrome material and type of specimen used in 
his work so that more direct comparisons may be made with 
other work. 


AuTHor’s CLOSURE 


The author is grateful to Professor Lazan for his interesting 
remarks. Most of the questions raised have been answered in 
a second paper.’ The conclusions reached in that paper agree 
with Professor Lazan’s statement 4, but not with statements 
1 and 3. The question of whether the high-stress damping (or 
plastic-flow damping) is more significant than the damping due to 
magnetomechanical hysteresis depends on the material used and 
the stress system to which it is subjected, 
cal damping is of primary importance for ferromagnetic materials 


The magnetomechani- 


*See “Effect of Damping Constants and Stress Distribution on 
the Resonance Response of Members,” by B. J. Lazan, or 
Appetiep Mecuantcs, Trans. ASME, vol. 75, 1953, pp. 201-209. 

6° A Method for Determining the Internal Damping of Machine 
Members,”” by A. W. Cochardt, to be presented at the Annual Meet- 
ing of the ASME, Nov. 30-Deec. 4, 1953. Paper No. 53—A-44. 
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they vibrate similar to cantilever or simple-supported 
beams. This is explainable since most of the volume of such 
members is subjected to only a fraction of the peak stress. The 
high-stres» damping therefore does not contribute much to the 
total damping even if the peak stress is near the fatigue limit 
and regardless of whether the damping energy increases with the 
fifth or tenth power of stress at larger stresses 

There are, of course, cases where plastic flow is the primary 
This has been explained im 


when 


source of the material damping 
detail in the paper mentioned. 
The composition of the 12 per cent chrome steel” is Fe 
12.5 per cent Cr, 0.5 per cent Ni, and 0.1 percent C. The alloy 
was forged at 1950 F and annealed for two hours at 1750 F. 
Finally, the specimens used were conventional Féppl-Pertz 
torsion specimens® having a diameter of ' inch, an effective 


length of 6° and ends in. 


Axisymmetri¢ Flexural Temperature 
Stresses in Circular Plates’ 


H. Lancuaar.? The author has obtained a remarkably 
simple solution of a problem that is becoming increasingly im 
The method of that he employs provides us 
with an insight into the nature of the phenomena that accom- 
pany temperature gradients in plates. Much of the value of this 
method is lost, however, if we abandon the classic assumption 
that normals to the middle surface remain straight and normal 
This assumption, which is equivalent to neglecting the shearing 
stress 7,,, accounts for the simplicity and the generality of the 
results that Since the shearing stresses 
may be expected to depend on the dimensionless products 
(h/T) (AT dr) and the conclusions that have 
been derived are perhaps valid only if the temperature varies 


portant, “outs” 


have been obtained. 


gradually in the radial direction. 

The case that has been treated belongs to the class of thermal- 
stress problems in which the temperature distributions are axially 
symmetrical, This whole class of problems is « fertile field for 
research. Presumably, some exact solutions can be obtained 
that represent thermal stresses in plates with special types of 
axially symmetrical temperature distributions. Such solutions 
are potentially valuable, not only because they apply for thick 
disks and for disks with large racial temperature gradients, but 
also because they supply a check on the assumption, 7,, = 0 
However, an exact general solution of the plate problem for all 
axially symmetrical temperature distributions that vary linearly 
with the axial co-ordinate z can scarcely be expected 

Possibly approximate solutions for moderately thick plates, 
and for plates with rather large radial temperature gradients, 
may be obtained in the form of truncated power series in z 
This method has been applied to shell problems by PS. Epstein,* 
though not with consideration of thermal strains 


Aurnor’'s CLosuRE 


The author is indebted to Professor Langhaar for his mterest 
ing and constructive comment. The solution which was pre- 
sented, since it implied the usual assumptions of classical plate 

Damping Machine,” Metals and Alloys, New Prod 
February, 1931, p. 2s 
published in the June, 1953, issue of the 
ASME, vol. 75, pp. 257 
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theory, is valid for thin plates in which the radial temperature 
gradients are “well-behaved.” Indeed, the problem came to the 
author's attention in connection with the design of certain items 
of refinery equipment wherein these restrictions were presup- 
posed. However, the solution may give results of sufficient 
accuracy for engineering purposes in many cases where the re- 
strictions of the parameters mentioned by Professor Langhaar 
are overlooked and should, at least, serve as a first approxima- 
tion in such cases, 

One notes that the shearing stress 7,, is identically zero within 
the “central disks” used in the synthesis of the solution, Also, 
in the case of unloaded plates, the average value of 7,, through 
the thickness at any point must be zero to satisfy statieal equilil- 
rium. These facts lend some support to the intuitive feeling 
that the range of validity of the solution may be stretched a 
little for engineering purposes, 

The present closure affords an opportunity to present a more 
compact derivation of Equations [8]. In terms of the radial and 
tangential moments, 7, and A/), respectively, the equilibrium 
condition for the axisymmetric problem of circular plates is 


dM, 
dy 


M, 4 M,+ Vr =0 
in which Vis the unit shear acting on a circumferential are. 
slope-moment-temperature relations are 


dy r h 


do IT 


r dy 
where 7 is the temperature difference between the faces of the 
plate, Noting that Vo = O if the plate is not loaded, and substi- 
tuting Equation [2] into Equation [1] yields 
1 do 


dy? rod h dy 


d dT 
= 


+ dT dT 


Integrating twice, one obtains 


pp = Tr dr 4 


Regularity at the origin requires that C. = 0. Hence 


/ Tr dr + 
pP 


Substituting equation into Mquation [2] 


M, = / Trdr +C 
0 


Since the integralsin Equation [5] represent the statical moment 
about the origin of the area under the 7 curve bounded by the 
ordinate at p, they may be replaced by the quantity Ay hi 


thus reducing Equation [5] to the form of Equation in 


the paper. 
One may also arrive at Equation [3] by a slightly more physical 


reasoning. We imagine that while plate is being brought up to 
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its final temperature distribution, it is restrained against dis- 
placement by a set of surface loads. If the displacements are 
zero throughout then, initially, M; = Mz = — a@(l + w)DTJh 
= —k,DT. Substitution of these moments into Equation [1] de- 
fines, by means of shears, the surface loading necessary to pre- 
dT 
vent displacements, and it is found that V = &,D ir} To 
ar 
remove these constraints, we merely superimpose a set of equal 
and opposite surface loads, i.e. a set of loads characterized by V = 
D(aT /dr), for which 
P dT 
dr* pa dr 


This is identical with the predecessor of Equation [3]. 


The End Problem of Rectangular 
Strips' 


M. Z. v. Kezywostockr.2 The author should be congratulated 
for not following the bad habit of using the doubtful “strain- 
energy method” and for seeking some new methods of solution of 
elasticity problems. But since the author mentioned the writer's 
name and since he mispresented a few facts, it is believed that 
some remarks are in order to correct the situation. 

It should be mentioned that the only rigorous solution of the 
problem of a minimum of an integral functional like that of 
minimum of potential or strain energy is connected inseparably 
with the calculus of variation and with its principal equation, 
ie., Muler-Lagrange differential equation. This fact should be 
known to everybody who attacks any such problem and it is 
explained thoroughly in such properly written books on elasticity 
us that of Sokolnikoff. 

However, it is also known that the contrary is true and that in 
this Journal there have appeared in the past many articles whose 
authors showed a complete lack of knowledge of the facts. Owing 
to the great difficulty of solving Euler-Lagrange differential equa- 
tions some approximate solutions must be used. In 1908 a Swiss 
physicist, Walther Ritz (who died prematurely), proposed a new 
approximation method of solving the problems of a variational 
character. One may find its description in the original Ritz’s 
paper, or in many papers on this method written in the last half 
eentury, 

A few sections from R. Courant’s address on this method fol- 
low: 

“Suppose we seek the minimum d of an integral expression /(@). 
We then start with a minimizing sequence @), @», . 
that is, a sequence of funetions, admissible in our variational prob- 
lem, for which lim,—+./(@,) = d, d, being the lower bound of the 
functional 

“Ritz’s construction proceeds as follows: We start with an ar- 
bitrarily chosen system of co-ordinate functions wy, @e, 
which should satisfy two conditions: (a) any linear combination 
= ca €,@,, of them is admissible in the varia- 
tional problem; (6) they should form a complete system of func- 
tions in the sense that any admissible function @ and its relevant 
derivatives may be approximated with any degree of aceuraey by 


+ mary 4+ 


# linear combination of co-ordinate functions and of their corre- 
sponding derivatives, respectively. If we begin with such a sys- 
tem of co-ordinate functions, it is clear that for n sufficiently large 

We can 
differs arbitrarily 


and for a suitable choice of the coefficients ¢,, 
find admissible functions @, for which /(@, 


' By G. Horvay, published in the March, 1953, issue of the Jour- 
Trans. ASME, vol. 75, pp. 87 94 
of Gasdvnamies, University of Tlinois, Urbana, HI. 
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little from d. In other words, it is possible to find a minimizing 
sequence @, as a sequence of linear combinations of co-ordinate 
functions. 

“In order to obtain such « minimizing sequence, we consider 
any function @, and substitute it in our variational problem. 
then becomes a function F(c,, ..., ¢,) of the n parameters 
which we may now determine from the ordinary minimum prob- 
Jem of the caleulus 

.¢,) = min; OF /dc; = = 1,2,... {1} 


“Often [(@,) is a quadratic or bilinear functional and [1 | leads 
toa system of n linear equations for the parameters, and thus the 
minimizing sequence is found. But, while the convergence of 
/(,,) tod is assured, it is by no means generally true that @, tends 
to uv, the solution of the original minimum problem, or, even less 
so, that the derivatives of @, tend to the corresponding derivatives 
From a practical poirt of view, almost any suecess depends 
If these functions are 


of u. 
on the selection of co-ordin«te tunetions. 
chosen without proper regard for the individuality of the prob- 
lem, the task of computation will become hopeless 

“Tt is important that the initial function be already a fair ap- 
proximation, and furthermore, that the function @, should be suf- 
ficiently different so that increasing the number of terms will 
lead to an actual improvement of the approximation. A weak 
point in the Ritz procedure is that it does not contain a principle 
for estimating the accuracy of the opproximation. The vagueness 
us to the accuracy of the approximation obtained is only one of the 
objections to the Ritz method that may be raised. More annov- 
ing is that a suitable selection of the co-ordinate functions is often 
very difficult: and that laborious computations are sometimes 
necessary.” 

Kitz proved the convergence of the minimizing sequence (but 
pointed out very clearly that the limit of convergence may be 
quite different from the sought solution) and applied his method 
to problems of a plate, vibrating string, that of Dirichlet, ete 

In 1924 Timoshenko published a paper in whieh he wrote 

“The object of this paper is to outline an approximate method 
for investigating the two-dimensional problems by using the ex 
pression for the potential energy.!! (Here is the footnote in the 
“The method was used by the author for calculating the 


paper: 
See his “Treatise on 


stress distribution in a compressed block 
Elasticity,’ vol. 1, p. 1438, St. Petersburg, 1914, in Russian.” 
“We assume that the stress function can be represented by the 
series @ = do + + + ..., [3], where do, . 
functions specified in such a manner as to correspond to the given 
If we substitute [3] into the expression for 


boundary conditions 
the energy function, we obtain the energy function Vo as a quad- 
ratie function of the coefficients ay, as, ‘eng 

The next condition derived by Timoshenko is 6V = 0 and he 
continues: To obtain an approximate solution of any problem, 


we take a few terms in the series (3), and using the condition 


= 0, we determine the coefficients ay, as, 


.. from the 
dV /da, = 0,.. ete.” 

In the entire paper Timoshenko does not mention the name of 
In the list of 
papers in Timoshenko's 60th Anniversary Volume, the writer did 
not find any paper of his on this method before TW0S 


linear equations dV da, = 0 


Ritz, although he obviously Ritz’s method. 


Let me cite other Timoshenko textbooks. Ino “Strength of 
Materials” (p. $26 


supports and for the supports whose motion is perpendicular te 


, he wrote: 

Applic ution ot ¢ ‘astighane Theorem bor immovable 
the direction of the reactions, the partial derivatives of the 
strain energy with respect to the unknown reactive forces niust be 
Henee OV ON 


It can be shown that these equations represent 


equal to zero by the Castighano theorem 
oy = O, ets 


the conditions for from which it follows 


iminimumoof funetion 


that the magnitudes of statistically indeterminate reactive forces 
are such as to make the strain energy of the system a minimum 
This is the principle of least work as applied to the determination 
of redundant reactions.”’ 

It is obvious that the procedure of Castigliano’s theorem sp- 
plied to continuously distributed stresses expressed by means ot 
Equation [3] (as followed by Hoff and his students, for example 
is nothing else than again Ritz’s method. 

a few sentences from Timoshenko's “Theory of 
“Application of the Principle of Least 


Let me cite 
Elasticity” Cp. 150, §43 
Work — Rectangular Plates” ) 

the correct expression for the stress function @ is that satis 
fying the boundary conditions and making the strain energy a 
We take the stress function in the form @ = @e 4 
such that boundary conditions are satisfied, and the 


minimum, 
+ 

magnitudes of the constants can then be calculated from the 
O = 1,.. .), which will be 
By suitable choice of the func- 


minimum conditions OV da, = 
linear equations in 
tions @,, we can usually get a satisfactory approximate solution 
by using only a few terms in the series.”’ 

This is almost the literal translation of Ritz’s paper. Hence it 
is obvious that the principle of least-work method (identified often 
with the Castigliano’s theorem with partial derivatives equal to 
zero) is nothing else than the Ritz’s method, applied to strain 
energy. The same procedure was applied by von Karman (1923), 
Cioodier, Hoff and his students, Conway, and many others. The 
literature on Ritz’s method is enormous. Tt must be stated 
bevond any doubt that since all the papers by all the authors were 
Ritz can claim the 
originality for this method 

One has to keep in mind that Ritz was not only the author of 
the method, but also derived the proof of convergence under 


published after no one other than 


certain conditions, discussed the method in all its ploses and 
items, ete., and applied it. Whereas, Timoshenko did only one 


thing, te., he applied, it, without even mentioning the name of 
Ritz. To avoid any charge of plagiarism, it is a matter of ethies 
always to cite the names of authors whose method is used. 

It is signifieant that in many papers and books, including all the 
texthooks of Timoshenko, there are attached to this method either 
ho names or other names, usually that of Timoshenko (forexample, 
and Morgan) but not that of Ritz. The living 


persotis, ine luding Timoshenko, do not correct this error, thus 


Conway, Chow 


doing « great injustice to the late physicist 

In addition, when some time ago TL sent a note on the matter to 
this Journal, with some rigorous derivations and few integrals, the 
note was returned to me witha remark that it was too mathemati 
eal. Tam sorry to state that the author is definitely wrong in his 
statement that Timoshenko was the first to make systematic use 
of the variational method in problems of stress analysis In the 


name of historic facts, Pstate that it was Ritz who did it first and 


that his name is omitted as concerning this fact 
Any stiecess of the principle of least work method, which the 
writer has shown to be the Ritz method, depends upon the seler- 


tion of co-ordinate functions Thos it is obvious that all the 


attacks on the writer by Conway with a statement by Croodter 


maintaining that this procedure always leads to a minimum 


value of strain energy), or Tay that the Fourier 


series is quite gener thand must lewd toa total elastic en my“ hich 


is ano absolute minimums, ete., prove only a lack of knowledge of 


the literature 


the chotee of the this 


procedure mary give a very rapid convergence Cas shown in some 


‘ bey 1 nkevorma te il results how 


in the writer's examples in the past beach partioulur type ot 


whiel 
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Hence again, the author’s remark regarding the writer’s state- 
ment on convergence should be corrected in this sense, that it was 
not the writer but the author of the method, W. Ritz, who al- 
most half a century ago warned about the possibility of obtaining 
no result at all by his method. 

The matter is more odd that Timoshenko, discussing the (total) 
potential-energy method, cited Ritz’s name (Elasticity, p. 252; 
‘Timoshenko-Goodier, p. 280) as if there be some difference in Ritz’s 
method in these two cases: strain and potential energy. Finally, 
it should be mentioned that Péschl, reviewing writer's paper, 
called strain-energy method used by the writer the Rayleigh-Ritz 
procedure, thus also disregarding Timoshenko or anybody's 


authorship in this case. 
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Hi. Ponrrsky.* The problem considered in this paper is one of 
great difficulty and any real contribution to its solution is of in- 
terest. 

The “energy” or “Rayleigh-Ritz” methods of solving the Airy 
differential equation 


with proper boundary conditions over the boundary of an area A, 
consist. in replacing the satisfaction of Equation [1] by the 
minimization of the integral 


among all functions / (possessing proper derivatives) and satis- 
fying the required boundary conditions over the boundary of A. 
\ proper solution by the energy method must be capable of ren- 
dering J as close to its minimum J,, as desired. 

If for the rectangle « > 0,— 1 < y < 1, the expansion 


F = + afl — + . [3] 


where fiw), fiw), . . . . are the author's orthogonalized poly- 
nomials, is applied to the boundary conditions which correspond 
to the first term afi(y)gi(z) only, then all the coefhicients a,,n > 1, 
will vanish. However, the first term does not satisfy Equation 
{1}. Hence for this example the value yielded by Equation [3] 
for the integral J is not the true minimum. Only by allowing the 


'Consulting Engineer, General Electric Company, Schenectady, 
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first k g; to vary independently anew with each value n = k of n 
will the true minimum of J be approached. When this is done 
there results for g; combinations of exponentials e* where A, 
satisfies an algebraic equation of degree 4n. The resulting com- 
plexity of the determination of F is so great that the direct ex- 
pansion of F in product solutions of Equation [1] of the form 


F, F {y) 4) 


is not unfavorable in comparison. 
It is of interest to point out that the exact product solutions, 
Equation [4], of Equation [1] satisfying the boundary conditions 
F=0, =Oony = +1...........[5) 


do possess an orthogonality property, namely, the following one 


1 


This can be proved by repeated application of Green’s theorem to 
the functions F,, F,,. It is not obvious, however, how to utilize 
this property for the problem in question. 


E. Srernserc.* This paper represents an interesting con- 
tribution to an important and difficult problem. The difference 
between the author’s approach and that previously adopted by 
Fadle® may be summarized as follows: Fadle’s solution satisfies 
the two-dimensional field equations rigorously and meets the 
boundary conditions in the mean (in the sense of a minimization 
of the square error); the present solution satisfies the equi- 
librium conditions and the boundary conditions rigorously but 
conforms to the compatibility equations in the mean (in the sense 
of a strain-energy minimization ). 

In so far as computational labor is concerned, the lack of 
orthogonality in the boundary tractions to which Fadle’s aggre- 
gate of component solutions gives rise is, admittedly, trouble- 
some. On the other hand, a good deal of computational effort is 
involved in the orthogonalization process employed by the 
present author. At any rate, it would appear that the question 
as to which of the two approaches is better suited to this problem 
cannot be decided on such grounds. 

In comparing the two methods, it should be noted that in 
Fadle’s solution the error in the satisfaction of the boundary con- 
ditions is known at every stage of the approximating process. 
No comparably significant error estimate is available in the energy 
approach. ‘To be sure, the sequence of energy approximations 
supplies a sequence of upper bounds to the strain energy of the 
exact solution. Moreover, the “method of the hypercircle’’¢ 
would yield both upper and lower bounds to the exact total 
strain energy. It is not possible, however, to draw any con- 
clusions as to the error in the local stress values from a knowledge 
of the error in the strain energy, despite the fact that an inde- 
pendent sequence of upper and lower bounds for the stresses at a 
fixed point of the medium can be constructed with the aid of the 
hypercirele method.” Finally, although convergence is not the 
issue here, it may be worth recalling that neither Fadle’s nor 
the present process is assured of convergence. 

In conclusion, there is one difficulty inherent in energy methods 
which is peculiar to problems of the type under consideration. 


4 Professor of Mechanics, Illinois Institute of Technology, Chi- 
eago, Ill. Jun. ASMP. 

Die der Quadratischen 
Scheibe,”” by J. Fadle, Ingenteur-Archiv., vol. 11, 1941, p. 125. 

§* Approximations in Elasticity Based on the Concept of Function 
Space,"’ by W. Prager and J. L. Synge, Quarterly of Applied Mathe- 
matics, vol. 5, 1947, p. 241. 

7*“Upper and Lower Bounds for the Solution of Problems in Flas- 
ticity,”’ by J. L. Synge, Proceedings of the Royal Irish Academy 
vol. 53, sect. A, 1950, p. 41. 


The kind of averaging process underlying all energy methods is 
apt to mitigate steep local stress gradients, and to blur local 
effects in general. Yet it is precisely a local effect which is sought 
in the problem treated by the author. Perhaps this danger, 
which is aggravated in case the region extends to infinity, has 
heen dismissed too readily. 


AvuTHOR’'s CLOSURE 


The author appreciates the interesting comments of Messrs. 
M. Z. v. Krzywoblocki, H. Poritsky, and E. Sternberg. Four 
issues appear to be raised: 

(a) How does one expand the prescribed boundary values of a 
stress in terms of derivatives of a complete set of nonorthogonal 
biharmonie eigenfunctions? 

(b) How does one estimate the error in the stress value that 
results from the use of approximate eigenfunctions? 

(c) Will the method preseribed for the improvement of the 
approximate eigenfunctions guarantee their convergence to the 
true set? 

(d) Why doesn’t a person quote another author who does not 
write on the same subject? 

To these questions the author wishes to add a question of his 
own. Does the paper contain any errors of signifieanee, and if so, 


what? 


al 


(a) (b) 


(a) Let the semi-infinite beam in Fig. 1(a) of this closure be 
subject to (self-equilibrating) normal and shear boundary stresses 
6, 7 on the left edge.” and let it be free of tractions along the two 
horizontal edges. Suppose we have solved the eigenvalue prob- 


= 0 {la! 


(»,4) =0 


+1 +1 
f dy = 0 f “ Ps dy = 0, 
+1 
f 1 dy = [le] 


(the three Equations [le] constitute the conditions of self- 
equilibration) and arrived at Fadle’s precise eigenfunctions 


Poven = (cos yy + Ay sin Yy) 
= (sin yy + Ay cos 2] 
(the first of which, &, has the parameters y, = 2.106196 4 
1.125364 7, A, = 0.166228 + 0.899240 7). What is the remaining 


task? Clearly, it is to find two expansions 


* Bars denote boundary values at the left edge, r = 0. The fune- 
tions Ge, Hx of this discussion are not to be confused with the Ge» of 
the paper. Otherwise we adhere to the original notation. 
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N 
Giz, u) = = (aM + 


[3! 
so that 
Giyy 8, —Hrey ) 
as N+ 4) 


Gu, Hy, +0 


The difficulty in obtaining such expansions does not originate 
with the nonorthogonality of the eigenfunctions R®,, 9”, 
This nonorthogonality is a minor matter which may be removed 
by orthogonalization of the functions by the Gram-Schmidt 
process. The crux of the difficulty is that Fadle’s eigenfunctions 
violate the “requirement” 


Grey = % Hayy = 9 (5] 


of “separated boundary values."’ Requirements of this type do 
not arise in the case of the Laplace equation, but they do arise in 
all equations = 0. n > 1. Fadle’s functions categorically 
violate the Conditions [5], in the sense that one cannot employ 
a “finite” aggregate of functions, RD,, I, of the type of [2] and 
still satisfy [5] ~as one can, for instance, employ finite aggregates 
and satisfy precisely the condition of orthogonality —infinite sets 
must be used? As a result the expansion coefficients ay JB, 
of Equations [3] cannot be determined by conventional methods 
but must be determined by other means, such as a collocation 


requirement, ort least-square requirement 


\ \ 
1 2 — 2 


and soon. The theoretical and practical difficulties that arise 
from such determination are discussed by Sommerfeld (2) 

In contrast, the self-equilibrating product eigenfunctions pro- 
posed by the author, while approximate, do satisfy Conditions [5] 
This appears to be an overwhelming advantage in problems 
where extreme accuracy is not required. True, there is an initial 
labor involved, that of tabuluting these functions, but this has 
now been completed (3)." 

(bh) As always, one can readily bracket the strain energy (4). 
Using as specific example the strip of Fig. (a) subject to the nor- 
mal tractions 


a, = = ANASy? 1), Ne = 1.109 


one finds by virtue of the expression 


a + 3 
a? = (3/20/7/2 +1) 
B.2 = (3/2)(+/7/2 1) 

*In contrast, the biharmonie polynomials {RI 


(2") may be recombined in finite aggregates so that at the edges 
r= taof Fig. 1(+) they give rise only to oa, stresses (of form y*), 
Tr. oi. being zero, or give rise only to stresses, an being zero, 
ete. This recombination has been carried out in (1)! for k 1 

© Numbers in parentheses refer to the Bibliography at the end of 
this closure. 

ot may be mentioned that in a paper on “Thermal Stresses in 
Rectangular Strips,’ now beimg prepared, it is shown that the Airy 
function of the problem may be developed “precisely” into biharmoni« 
eigenfunctions, without eroployment of conditions of type [5] or [6] 
While the expansion so obtained is exceedingly simple, the labor in- 
volved in deriving stresses from the untabulated Punetions [2] is 
formidable, and the present approximate method still appears to be 
the preferred approach 
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of the approximate second eigenvalue, and on the basis of Equa- 

tion [19b] of the paper, that the strain energy has the upper 

bound 

Uy = (g2"? + Og2"* + 639%,/2)dr 
= 0.789N,2/E 19] 


A lower bound is arrived at by starting with deformation fune- 
tions . 


Eu = 4Ni(3y? 
= ANA Sy 


= 1 


which were chosen in accordance with the boundary conditions 
for the normal stresses 


ao, (O,y) = Eu, (0,4) = INA3y? 1) b| 
+1) = Ev(z,+1)=0  f 


we have assumed yw = 0; (this is no restriction so long as we are 
interested in the strain energy only) but ignore the boundary 
conditions for the shear stresses. On writing the strain-energy ex- 
pression 


= +1 
U = + + (u,, + dy dr 


15 36 1048 32 
2 7 


we find the Muler-Lagrange equation 


16 


1155 


A815 4950 
131% ™ 0 (j = A, B) [13] 
. ‘ . 
the eigenvalue 
a + = 2.0943 + 1.3270: {14} 
and the solutions 
da = (A/alg +h, gy = (Bi/adg + Bh 
(15) 
sin Bx ‘ 
Br + sin ar), h 
The coefficients 
A = —1.3794, B, = --0.9333, B, = 1.8665 [16] 


are determined from the requirement that the potential energy 


+1 
(A, By, B:) = U f (—-6 {17} 
bea minimum. (The double minus sign results from our defining 
positive & in Opposite sense to positive a) There results, from 
Equation [12] or [17], the lower bound estimate 


+1 
(--6)idy = O0.699N.2/E 


0 3 
0 16 0 57 1 63 
2 209 1 61 1 63 
4 5 64 $74 1.44 
506 
5 20 3.65 
10 2.91 0 58 
1.2 3.00 2.15 0 38 
16 1 36 ow 
20 0 36 
24 18 10 0 00 
2.8 “ol ool oo 
3.2 oo ool 0.00 
3.6 0 o1 0 00 
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The Upper Bound [9] and Lower Bound [18] are quite close. 
Admittedly this does not yet guarantee that our stresses are 


also fairly close to the true stresses. But it will be recalled that 
Poritsky has proved (5) that the present approach properly por- 
trays the functional behavior of the various quantities in the z- 
direction and averages out only the behavior in the y-direction, 
the direction of the narrow edge, where the variation of the 
various quantities is necessarily modest (since the variation of 
the input stress & with y is also modest). This suggests that we are 
on the right track. However, besides presenting such qualitative 
arguments favoring the expectation of small errors, we may quan- 
titatively estimate the stress error as follows: 

Following the suggestion of Prof. FE. G. Lee (at the oral discus- 
sion of the paper at the meeting) one operates by V‘ on the fune- 
tion go(r y) and obtains 

= {19} 


The values of the “error’’ p(2,y) are given in Table 1 of this 
closure and are plotted in Fig. 2. For the correct solution, ®., 
this error, V “®., must be zero. 

We provide the correct solution 


[12] 
= + wiry). {20} 


of our problem if we superpose on the approximate, g.f., solution, 
the solution w.(x,y) of the problem 


Viw, = —pla,y). . [21a] 
subject to the boundary conditions 
6=7 =0; ie = = 9 ) 


£1) = £1)0; ie.,w,,,(2, +1) = w,,,(2, +1) =0 
[21h| 


Seemingly, we merely shifted from a homogeneous problem to an 
inhomogeneous problem. While the difficulties involved still 
appear to be formidable, our present task is immeasurably simpler 
than before. (a) Since p.(r,y) is quite small, we may be satisfied 
with an approximate solution of Equations [21] and yet obtain 
excellent results, if we are satisfied with engineering accuracy 
and do not insist on mathematically rigorous results. (6) Relaxa- 
tion-type methods lend themselves more readily to solution of 
inhomogeneous problems of type [21] than of homogeneous prob- 
lems of type [1]. (c) Since the problem [21] is identical with the 
problem of finding the curvatures, or the bending moments 


'27t may be mentioned that on assuming in Equation [15] ga as 
(A/ajg + Arh, one finds precisely the same results. To the co- 


efficients [16] there is now added A; = 1. 


TABLE 


1 

72.9 
0 31 10, 82 21 63 37 68 
4.10 1 39 3.76 12 65 

31 14-25 15 75 15 56 
487.72 21 90 25 52 
7 83 16 58 30 26 05 
6.19 13 60 17. 85 22.38 
155 10 27 13 67 17.43 
2 07 8S 6 65 68 
O75 1 87 2 60 3.48 
0 20 0.53 0 77 1 
oot 0 06 oll 18 
08 0 05 0 06 0 06 
0 05 0 07 0 08 
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4 


Fic. 2 


(22) 


of a plate, 2 X ©, of unit stiffness ), clamped at all edges, and 
having w = 0, physical visualization of the deflection shape 
greatly facilitates locating the critical regions and helps in esti- 
mating the stresses, without going into deep analysis. 

Indeed, we may conclude at once that the deviation from the 
original estimate of Gymnas 


= 5.612 1.1093 = 6.24 


must be in the range 


16.6 < w,,,(0,0) < +6 


as determined from the formula for uniform load (6) 


w,,,(0,0) = (0,0) = 0.0571 2p (25 ] 


using for p the lowest value of p(.r,y), — 73, and the highest value, 
+26, respectively. In this manner we may establish definite 
bounds for the stresses, and it is easy to see that the bounds may 
be tightened significantly, without too much labor. If, further- 
more, we are with error rather than 
“bounds,”’ then the range can be narrowed down very considera- 
bly. From Fig. 2 it is clear that the variation of the load p is very 
rapid over distances comparable to the strip width, and still the 


satisfied “estimates”’ 


peaks of p are not too high, so that no local effeets, as would be 
More- 
over most of p is concentrated along the edges where the plate 
and the effeet of p is insignificant beyond 


associated with concentrated loads, need be considered. 


is particularly rigid: 


x =2. Thus, by regarding the total load 


+1 
P= f polyds 


qi + 2y'f +g Tio = 118 (26) 


as uniformly spread over a 2 X 2 built-in plate, we obtain a con- 
servative estimate for the largest w,,, (6) 


0.0513 X = O61 [27] 
We conclude that the exact 0, max is lower than the value —46.24 
given in Equation [23 | by less than 10 per cent, probably by 2 to 5 


w,,(0,0) = 


per cent. 

A more detailed comparison of approximate and exact stress 
and deformation distributions in rectangles is carried out in 
references (7) and (1) and confirms reliability of the present ap- 
proach. 

(c) In some problems it will be found that the approximate 
eigenfunctions are insufficiently accurate. such 
eases the present method will lose much of its appeal when 
awkward but exact eigenfunctions, hike Fadle's, are available. It 
will retain its appeal in problems where exact eigenfunctions are 
not available, for the method has the distinet advantage, not 
shared (to the author's knowledge) by other methods, that the im- 
provement of a high mode, g,f,, does not require the use of all 
lower modes gofagifi, . . . but requires use only of the immediate 
neighbors g, This canbe best lustrated by an 
example 

Consider the potential problem 
= 0, (0.4) = prescribed, P(r, +1) = @,y) = 0 {28} 
in the region of Fig. (a). This problem leads to the precise eigen- 
value 
= 0, 1, 2, | 


vy, = (k 4 
and the precise exgentunetions 
=e {20h | 


By the methods of (8) one finds that the present approach leads to 


the approximate eigenfunctions 


+1 


= (15/16) (1 y?) 
fo 
+ 


= (3/4) “(1 


= (1 128) “(1 


= (457/512) “(1 + 


52y? 4+ 


= (11319-16384) "(1 


| 


4 4108/7 


+ 48459" 


7429 fo 


+ 


= (45045 65536) 


We listed only the functions f, even in y. 
The sealar products 


and the « ,. lor the funetions f, tof have values as follows 


= 1437/2, = 17:24/2, = 7107/2, 


\ - 
= e . 
| 
A 
| 
/ | 4 
/\ | \ 
A, |/ \ 
| 
\ 
\ 
\ -32 
| 
\ 
// \ 
24 \ -48 
\ 
\ 
-64 
| 
| 
f 
| 
| 
| 
» 
— 
e+) 
Cu -{ dy Cu [31] 
to, = (173/2'-7) cm = (7-172/2?-11) 
Con = (72-17 
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The first approximation to the 6th eigenvalue 


195.57" = 14.082 33a] 


differs from the exact eigenvalue 


vor = 10.996 
by 27.2 percent. On using the neighboring functions /,, f,, we ob- 


tain from the secular equation 


the second approximation 


Vou = 11.490... . [35a } 
which differs from vex by 4.5 per cent. The third approximation, 
utilizing the functions f. to fio, leads to a 5-row determinantal 
equation and gives 

Moin = 11.046 . 
This differs from vee by 0.45 per cent. All these approximations 
vield upper bounds to the true eigenvalue. However, on replacing 
in the determinant of the third (No = IIL) approximation all 
» 2(N -- 2) = 2 by zero (i.e., on placing 
= 0), we obtain a lower 


elements cy with 


= Cx% = (10 = 


bound 


ve = 10.682. 
This remarkable phenomenon was verified also in another ex- 
ample. It also was observed that by replacing the function set 
f,, which progresses in powers of 1°, by a less satisfactory function 
set f,, which progresses in powers of y', the upper bound is 
moved up, the lower bound is moved down. Hence the existence 
of these bounds is not accidental but is inherent in the method. 
While at this time no formal proof for the behavior is available, 
the conclusion is inevitable that there is more in the method 
than meets the eye 

(d) Great men are habitually modest. They do not like to refer 
to their own work by always pushing their own names ahead, 
Look at Rayleigh’s “Theory of Sound.”’ How often does he refer 
in it to “Ravleigh’s method?’ Not a single time. On the other 
hand, writers, as a rule, will not quote another author’s work if 
they are not aware of its existence, or, if aware, they regard it as 
nonpertinent to their problem. Admittedly, one meets ocen- 
sionally people who, because of lack of originality and ability, 
practice plagiarism in order to achieve fame, but, as a rule, these 
people are quickly weeded out. It has dismayed ond greatly 
grieved this author to find that there are competent men in the 
field who do not share his respect and sense of profound indebted- 
ness to one of the most prominent educators and scientists of the 
century. 

Professor Krzywoblocki's other criticism, that this author has 
failed to mention Ritz’s name in the paper is, however, well 
taken. This author has always used the expressions variational 
method, and Rayleigh-Ritz method — rightly or wrongly —(and, 
asa matter of fact, rather wrongly than rightly) interchangeably. 
On rereading the paper he notes with regret that Rayleigh, Ritz, 
their predecessor Kirchhoff, and his predecessor (according to 
reference 2) Ohm, were not mentioned specifically for their con- 
tributions. He wishes to make amends for these omissions. He 
also concurs with Professor Krzywoblocki that the use of the 
variational method is frequently too uncritical, and that papers 
are seen here and there, where a Rayleigh-Ritz polynomial and an 
elasticity problem are thrown into the melting pot, and stresses 
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are pulled out with no regard to convergence difficulties or to 
possibilities of stress concentrations. 
(e) (2) The deformation expressions, equations [53 | of the origi- 


nal paper, are incorrect. They should read, for any function q,f,, 


Eu = g,f,,” 
Ev = y,"f, 


+ 


, . (37) 


where the functions J and A are determined from the requirement 
that the average ot 


E(u,, + 21 + wor [38] 
Il to +1, should 
The requirement 


over the x-range, 0 to ©, and over the y-range, 
It is to be recalled that = 


vanish. 
yields 

Ji(y) =0 [34a | 
{ Oforn = even 


K,(z) if, 1) 


| 
for n = odd f 


(27) In recent work it has been found convenient to transfer a 
factor 3 from the expression of x;, and a factor 5 from the expres- 
sion of xy a8 given in Table 1 of the original paper, to the normali- 
zation factor. 
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by A. Sommerfeld, Academic 


Influence of Viscous Effects 
on Impact Tubes' 


Donato Ross.2 The writer recently completed a reanalysis® 
of Nikuradse’s* smooth-pipe data in which it is shown that 
Nikuradse actually failed to confirm the existence of the laminar 
sublayer with his velocity measurements, as originally pointed 
out by Miller.S Although Nikuradse’s results are largely at- 
tributable to the relatively large diameter of his pitot tube, the 
viscous effects described by the authors also may be a major cause 
of similar discrepancies. It can be shown readily that impact 

' By C. W. Hurd, K. P. Chesky, and A. H. Shapiro, published in 
the June, 1953, issue of the JournaL or Apptiep Mecuanics, Trans. 
ASME, vol. 75, pp. 253-256. 

2 Associate Professor of Engineering Research, Ordnance Research 
Laboratory, The Pennsylvania State College, State College, Pa. 

3**A New Analysis of Nikuradse's Experiments on Turbulent Flow 
in Smooth Pipes,” by Donald Ross, Proceedings of the Third Mid- 
western Conference on Fluid Mechanics, March, 1953. 

‘“CGesetzmiissigkeiten der turbulenten Strémung in glatten Roh- 
ren,’ by Johann Nikuradse, Forschungsheft, VDI 356, 1932. 

*“The Laminar-Film Hypothesis,"” by Benjamin Miller, Trans. 
ASME, vol. 71, 1949, pp. 357-367. 


ce Cw 
v= cy = 0 [34] 
is; 
res 


tubes cannot be used to measure accurately the velocities in 
laminar sublayers. 
The Reynolds number of the tube is 


Rey 
v 


In the laminar sublaver 


which is Equation [2] of the paper. 


Substituting for 


where us is the friction velocity, u, = Vr, ‘p. 


V in Equation [1] yields 


6, 6, v 

where 6, is the thickness of the laminar sublayer. The value of 
6, u,/v is of the order of 10; and, to obtain accurate measure- 
ments, the diameter of the impact tube should be a small frac- 
tion of the laminar sublayer thickness, say less than one fifth. 
It follows that 


Rey < 20 {4} 


The various graphs presented by the authors clearly show that 
impact tubes operated at such low Reynolds numbers must read 
high because of viscous effects. 


AvuTuors’ CLosuRE 


This is an interesting confirmation that impact tubes give false 
readings in the low-velocity regions of thin boundary lavers. 

It is of historical interest that the first experimental investiga- 
tion of how viscous effects enter into impact-tube readings, that 
of Miss Barker,* was motivated by Stanton’s suspicion that his 
measurements of boundary livers close to the wall of a tube were 


incorrect and that viscosity was at the heart of the matter. 


Unsteady Radial Flow of Gas 
Through Porous Media’ 


V. Pascukis.?. This paper presents a most interesting tech- 
nique and is a worth-while addition to the literature in the field 
of computing techniques. Several questions come to mind, the 
answers to which might be of general interest. 

1 In the field of analog computers it is customary to work 
with space increments of equal thickness, rather than with in- 
creasing thickness as is done in the paper. One obvious advan- 
tage of the increasing thickness as used here is that the resistance 
elements are the same throughout. Has a study been made 
indicating if either of the techniques is more accurate? 

2 The authors introduce a fictitious thickness, justifying the 
step by the statement that after a short time span, steady flow 
oecurs in the layers near the well. This statement obviously is 
meant as an approximation beeause theoretically steady state 


®“On the Uses of Very Small Pitot-Tubes for Measuring Wind 
Velocity,”’ by M. Barker, Proceedings of the Royal Society, London, 


england, series A, vol. LOL, 1922, 435 445 

1 By R. Jenkins and J. 8. Aronofsky, published in the June, 1953, 
issue of the JounNnat or Mecuantes, Trans. ASME, vol. 75, 
pp. 210-214. 

? Technical Director, Heat and Mass Flow Analyzer Laboratory, 


Department of Mechanical Engineering, Columbia University, 


New York, N. Y. 
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does not oceur before the field is drained completely of gas. How 


close is the approximation? 

3 The problem dealt with in this paper can be solved on 
analog computers. Therefore it would be interesting to know 
what time is required to solve the problem by the technique shown 
here; obviously the time may be broken down in coding and set- 
up, operation, and evaluation and plotting. — If time records were 
kept it would be interesting to know the items separately. 


Autnors’ Closure 
The authors appreciate Dr. Paschkis’ interest in their work 
and feel that his comments cover some points of fundamental 
interest to computing technology. We have the following re- 
marks to make in reply to his questions: 


1 The authors do not have any quantitative information on 
the relative accuracy of space increments of constant versus in- 
creasing size. However, the system of exponentially increasing 
radial increments used by the authors gives a much larger fraction 
of grid points near the well bore, where pressure. gradients are 
highest. In facet, the pressure gradients decrease continuously 
with radial position; hence it is desirable to have a grid system 
whose spacing increases continuously with radius. 

2 Caleulations were made with a fieticious well radius 8 
times the actual well radius that overlapped similar caleulations 
made using the actual well radius; the difference in dimensionless 
pressure ratio was approximately 2 per cent (relative error), It 
was found possible to improve this accuracy to less than 0.5 per 
cent relative error by shifting all the curves the same small 
distance on the time axis, 

3 The authors estimate that 3 to 5 man-days would be re- 
quired in coding and setup time for this complete problem, with 
approximately 4 hours of machine operating time for each special 
case, ‘Time for evaluation and plotting would depend on the 
manner in which the results are to be presented, 

These time estimates are based on use of the IBM type 604 
ealeulator and personnel familiar with its use. Shorter times 
might be expected with more advanced computing machines, 


Elastic Waves Created During 
Tensile Fracture’ 


J.D. Camesnece.? In this most interesting paper the author 
refers to a “more exact theory” of the propagation of flexural 
waves in a uniform rod. The writer has not seen that paper,* 
but would like to question the statement, “the fastest flexural 
wave travels with the speed ¢ [ = V (Ey, y)).” 

According to the Timoshenko theory, the maximum phase 
velocity of flexural waves is 0.5906 ¢, and according to the theory 
of Pochhammer and Chree it is 0.5764 ¢ (Poisson’s ratio being 
taken as 0.29). These figures are given by Davies,* who also 
shows that the maximum group velocity according to the latter 
theory is about 0.638 e. 

It follows from this velocity that the time of arrival of the first 
flexural disturbance at any point is about 1.57 times that of the 


1 By Julius Miklowitz, published in the March, 1953, issue of the 
Journator Mecuantes, Trans. ASME, vol. 75, pp. 122.140 

? Lecturer in Engineering Science, University of Oxford, Oxford, 
bengland 

2’The Propagation of Waves in the Transverse Vibration of Bars 
Plates,” by Ya. S. Uflyand, Prikladnaia Matematika i Mek- 
hanika, vol. 12, May-June, 1948, pp. 287-300 

Critieal Study of the Hopkinson Pressure Bar,"’ by M 
Davies, Philosophical Transactions of the Royal Society, London 
England, series A, vol, 240, 1948, pp. 375 457 (see appendix 3) 
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first longitudinal wave. Thus at station 2.5, where the first 
longitudinal wave arrives at ¢ = 55 usec, the time of arrival of the 
first flexural wave should be about 86 usec; this is considerably 
greater than the value (67 ysec) obtained from the analog- 
computer solution. 

It would be interesting to know with what accuracy the time 
of arrival of the first flexural wave can be obtained from the com- 
puter curves. 

It seems possible that errors in these curves may be caused by 
the use of a relatively small number of cells in representing the 
beam. 


E.G. Cur0n.2 The fascinating possibility of studying com- 
pression waves in solids without the use of impact has been out- 
lined clearly by the author. It is unfortunate that the method 
is limited so severely, not only by the use of extremely brittle 
materials, but also by the limitation of the impact-wave shape. 
The need for complete definition of the latter has been pointed out 
by the author, and his future results should be of great interest. 

The writer would like to ask if it is not perhaps possible to 
obtain an.experimental verification of A(t) by electrical condue- 
tivity measurements of the specimen during the breaking proc- 
ess. Then, if the assumption of a circular front is reasonable, 
R(t) could be computed readily. 


CGrorce Gerarv.® In suggesting an explanation of the phe- 
nomenon of double fracture of a tensile specimen, the author 
states in the Introduction, “. . . this second failure is due to the 
superposition of the longitudinal strain (from the unloading wave, 
which through reflections becomes tension) and the resultant 
flexural strain, which together total more than the original static 
tensile fracture strain.” The flexural strain waves were said to be 
produced “. .. by the moment that develops as the erack propa- 
gates across the bar from its origin at a surface discontinuity.” 

The statement which is questioned by the writer is contained 
in the parentheses in the quoted material. Wave-propagation 
theory clearly indicates that when elastic strain wave strikes a 
rigid boundary, it is reflected in the same sense as the incoming 
wave, resulting in a total strain of twice the original magnitude 
Thus, for the tensile specimen supported by a grip, which ean 
he considered as a rigid boundary, the unloading wave following 
fracture is “negative tension” which is reflected as a ‘‘compres- 
sion” from the rigid boundary. 

To verify this, refer to Fig. 1 of this discussion which is taken 
from a paper by Gerard and Becker.’ Fig, | shows a thin alu- 
minum-alloy strip buckled by the unloading wave following frac- 
ture which was reflected by the grip. This is a clear indication 
of the compression character of the wave after reflection from a 
rigid boundary. ‘The retlection would become tension as stated 
by the author only after striking a free boundary. 

Since the explanation offered by the author apparently must be 
rejected, it is pertinent to consider a possible mechanism for ex- 
plaining the phenomenon of double fracture observed in brittle 
materials. It appears that the theory of impact buckling given 
in the paper mentioned’ may apply to this phenomenon. 

Accordingly, it is postulated that the tension specimen tends to 
buckle following reflection of the unloading wave. Since the 
material is brittle in this case, the fact that a second fracture 
generally occurs at the fillet of the specimen can he attributed to 
buckling of the clamped-free column (which is the remainder ot 
the specimen following the first fracture). Because the bar is 
* Shell Development Company, Emeryville, Calit 

* College of Engineering, New York University, New York, N.Y. 

7*Column Behavior Under Conditions of Impact.” by G. Gerard 
and HL, Becker, Journal of the Aeronautical Sciences, vol, 19, January, 
1952, pp. SS 61 
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essentially clamped at the base, the bending moment is a maxi- 
mum there leading to fracture of the brittle material. If the 
material were ductile, then buckling would be observed after the 
test if the conditions were proper to produce permanent wave 
forms. Tension tests run by the writer on thin round wires have 
produced severe buckles above the grip. 

It is interesting to note that tentative confirmation of the sug- 
gested mechanism can be obtained from the test data given in 
Table 1 of the paper. In fact, the apparently anomolous be- 
havior of the specimens in which single fracture was observed in 
some cases and double fractures in others can be explained by 
applying the impact-buckling theory to this case. 

In Fig. 2, herewith, the test data are plotted with cantilever 
length-to-diameter ratio as a function of the initial fracture 
stress. According to the previous paper the eritical slenderness 
ratio can be given by 


Lict/p = — 


For a specimen of circular cross section, po = d 4, and there- 


fore Equation [1] becomes 
= (2! 


Equation [2] is also shown in Fig. 2 for a value of FE = 26 * 106 
psi. 

The data shown in Fig. 2 indicate that two regions separated 
by the theoretical line exist: One in which buckling is not possible 


theoretically, and therefore only single fractures would be ob- 
served; and the other where buckling is possible and therefore 
two fractures are observed. Although the theory of impact 
buckling does provide a satisfactory check with the .test data, 
additional tests are necessary, particularly for larger length- 
diameter ratios, to establish confidence in the proposed buckling 
analysis for the double-fracture phenomenon 
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Ek. B. SHanxp. This paper points out the importance of elastic 
waves generated during the fracture process on the failure of 
brittle bodies. There is no doubt thet fracture in brittle bodies 
may produce elastic waves:* in fact, the presence of the para- 
bolic traces on the fracture surfaces (Fig. 2 of paper) are evidences 
of this effect. It also has been shown that fracture of brittle 
bodies may be caused by the reflection of intense longitudinal 
compressive waves.'''? There also are indications that the 
less violent waves set up by the fracture process can at least 
produce cracks of limited depth. 

While the author's analysis appears to check the phenomena of 
the primary and secondary fractures, in addition there may be 
certain discrepancies. The total fracture times of the two frac- 
tures are presumably of quite different orders of magnitude, which 
suggests that the initial breaking stress for the secondary frac- 
ture would have to be materially higher than for the primary 
fracture. This condition is not evidenced in Fig. 7 of the paper. 
It would be desirable to have further experimental cheeks made 
to confirm that the mechanism considered in the paper is that 
actually causing the second fracture. The measurement of the 
time interval between the two fractures would be of particular 
interest. 

The author's assumptions regarding the variation of applied 
stress during fracture are open to serious question, although the 
effect on the analytical results may not be serious. This matter 
is complex and cannot be discussed here in detail, However, 
the stresses during the dynamic phase of fracture will be affected 
by the load relaxation resulting from the rapid elongation of the 
specimen at the point of fracture and the inertia of the test equip- 
ment. There tends to be a maximum value of local stress which 
ean be attained at the boundary of the crack, as noted by Pon- 
celet,’? but this again may be modified by the additional energy 
which may be dissipated in the generation of elastic waves. 
Probably the assumption of « maximum local stress at the crack 


* Staff Sales Engineer, Corning Glass Works, Corning, N.Y. 

*'Uber den zeitleichen Ablauf des Bruchvorganges in Glas und 
Kunstglas,”” by H. Schardin, D. Elle, and W. Struth, Zeitschrift 
der Technische Physik, vol. 21, 1940, pp. 393 400 

Derfahren zur Messung und Bruchfortpflanzungs-Geschwindig- 
keiten an Bruchflachen,”” by A. Smekal, Glastechnische Berichte 
vol. 23, 1950, pp. 57-67. 

“Glass Cracking Caused by High Explosives.”” by FE. M. Pugh, 
Rh. v. Heine-Geldern, 8. Foner, and C. Mutsehler, Journal of 
Applied Physics, vol. 23, 1952, pp. 48 53. 

“Fractures Produced in Glass and Plasties by Passage of Stress 
Waves.” by D. G. Christie and H. Kolsky, Trans., Society of Glass 
Technology, vol. 36, 1952. pp. 65 73 

i“ Theory of Static Fatigue for Brittle Solids,’ by E. F. 
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boundary will be the most practicable for analytical investigation 
although this will represent an oversimplijieation of actual 
conditions 

Anu approximation of the stress-concentration factor of the 
crack, as it extends radially from the origin across the diameter of 
the specimen, may be represented by Fig. 3 of this discussion 
On the basis of the foregoing assumption, the average stress in 
the part of the section still intact will be proportional to the re- 
ciprocals of the stress-concentration factors. 


AvutTuor’s CLosuRE 


In considering Dr. Campbell's important comments it should 
first be stated that the “Snore exact theory’’ referred to in the 
paper is the Timoshenko theory (this terminology is defined in 
footnote 3 of the paper). It is known that the governing equa- 
tion of this theory permits two modes of wave transmission for a 
particular wave length, « low-velocity and high-velocity mode. '* 
In the low-velocity mode the velocity approaches 0 for long waves 
and approaches ¢, (= \ ‘k'Gag y, the modified shear-wave ve- 
locity; in Davies’ work this is the 0.5006 ¢ value) for very short 
waves. In the high-velocity mode the velocity approaches » 
for long waves and approaches ¢ for very short waves. This 
latter mode is acknowledged in the work of Davies* but neglected 
in accord with the lack of physical significance attached to it by 
Preseott.!° A comparison then shows close agreement between 
the Timoshenko theory and the exact theory (due to Pochhammer 
and Chree) with regard to the velocity-wave length relation.‘ 

The velocities mentioned by Dr. Campbell are the limiting 
velocities for short waves involved in this comparison. The 
statement questioned is based on the Uflyand work* which pre 
sents a method for deriving wave solutions from the governing 
equation of the Timoshenko theory. Here, the influence of both 
modes of wave transmission is obviously involved. Actually, it 
is shown that any particular solution of this equation represents 
two resultant waves, with ¢ and ¢, a8 respective limiting velocities, 
ie, wave-front velocities. A plot of the resultant waves for a 
particular time ¢o would show one of them continuously distrib- 
uted from the source (say, at.c = 0) to the limit 2 = ety, and the 
other from the source to x = ¢fo. Henee wave solutions, in 
aceord with the Timoshenko theory, show that there are ve 
locities involved (of component waves) which are greater than ¢,, 
but bounded by ¢«. The analog solution, in showing its first 
disturbance at Station 2.5 at ¢ = 67 psee, gives support to ve- 
locities greater than ¢,. This might have been expected since the 
analog method used is essentially a finite-lifference approxima- 
tion based on the Timoshenko theory 

Unfortunately, no exact statement can be made on the ae- 
curacy of measurement involved in pin-pointing the initial dis- 
turbance at a particular station. This point was loeated by 
magnifying a diagram and noting, as closely as possible, the first 
deviation of the moment-time curve from the time axis. Be- 
cause of the small magnitudes of the initial disturbances, sizable 
errors were therefore possible. As suggested in footnote 8 of 
the paper, more accurate determination of the initial point might 
be secomplished through a focus of attention on the very early 
times of the analog diagram, employing expanded scales 

It is true, of course, that the number of cells used to represent 
the beam has a direct bearing on the accursaey of the analog 
solution. For one thing, the addition of more cells would add to 
the solution the action of still shorter waves. Such an analog 
solution might be expected to vield even earlier occurring initial 


Bermerkungen zur Ausbreitung von Beigewellen in Staben 
und Platten,”’ by L. Cremer, ZAMM, vol. 25, 1943, p. 201 

“Elastic Waves and Vibration of Thin Rod- by J. Preseott, 
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disturbances than the analog solution in the paper, in view of the 
influence of the velocity c for short waves (limiting velocity of 
the higher transmission mode, see the foregoing). 

With regard to Dr. Chilton’s remarks on limitations, some 
clarifying statements seem in order. Since what is suggested in 
the paper is a method for studying elastic waves, the author can 
hardly agree that the use of extremely brittle materials is limiting. 
Actually, it is in brittle materials, and in normally ductile mate- 
rials influenced to act in a brittle manner, that elastic waves 
play their greatest role from a strength-of-materials standpoint. 
Hence the extremely brittle material becomes the model material 
for the study. It also should be pointed out that the so-called 
impact wave is composed of an unloading wave (compression ) and 
a group of flexural waves, and that it is a study of the latter that 
would be aided the most by additional facts on the associated 
fracture process, Since the major disturbances of the flexural 
group travel more slowly than the longitudinal unloading wave, a 
study of the latter can be isolated from the former, In such a 
study the unloading-wave rise time (equal to the crack-propaga- 
tion time) can be measured readily, and the initial amplitude of 
the wave can be read on the tensile testing machine (fracture- 
load reading). Further facts on the brittle-fracture process would 
only influence the shape of the wave front, and this is probably 
of only secondary importance since the magnitude of the rise 
time indicates the probability of a well-behaved front. 

The author appreciates Dr. Chilton’s suggestion for deter- 
mining the intact area function A(t) experimentally. It seems 
that the method would be useful but, as Dr. Chilton points out, 
still requires the assumption of a circular crack front. The brittle- 
fracture literature supports the occurrence of subsidiary fracture 
initiations ahead of the main-crack front as discussed in the paper. 
These initiations are believed to be close to the main-crack front 
in high-speed fractures which, in view of the indicated radial 
mode of crack propagation, prompted the author to make the 
assumption of a regular main-crack front, circular in shape. 
Obviously, it would be desirable to investigate experimentally the 
nature of the crack front also. It would seem that high-speed 
photographs of the initial fracture surfaces during fracture, em- 
ploying the longitudinal optic system of the plexiglas specimen, 
could establish this; hence both the A(¢) and R(t) functions ex- 
perinentally. 

Unfortunately, Dr. Gerard has misinterpreted the explanation 
of the double fracture presented by the author. Dr. Gerard has 
interpreted the work as implying that the second fracture occurs 
just after the first reflection of the unloading wave. The paper, 
however, points out that it is not after the first, but the third 
reflection that the second fracture occurs. Even the very paren- 
thetical expression criticized expresses this in containing the 
plural of the word reflection. In order to eliminate any further 
confusion on this point, Fig. 6 of the paper, which clearly describes 
the reflections involved, is presented again as Fig. 4 of the closure, 
The upper dashed horizontal line in each of the stages is the initial 
tension in the specimen. ‘The solid line in stage 1 is the fully 
developed unloading wave front (i.e., initial fracture just com- 
pleted). Stage 5 shows the strain state at the second fracture 
section z = 1/8 when the first wave reflection arrives there. 
This stage, which shows the compressive character of the re- 
flection, is in agreement with the well-known facts on wave reflec- 
tions pointed out by Dr. Gerard. Two subsequent, reflections 
are exhibited in the figure, however. Stage 6 shows one at the 
initial fracture section (then a free end), The reflected wave is 
Stage 7 exhibits the final reflection in the process, 
This of course is also a tension 


now tension. 
which occurs at the fixed end. 
reflection, As the figure and paper point out, the horizontal por- 
tions of the curves in each of the stages are actually coincident. 
They have been separated a little to enable the reader to follow 
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the various reflections. Hence in stage 7 the strain at rz = 1/8 
is equal to the full value of the unloading wave, U/l, ie., the 
algebraic sum of the five ordinates involved. It is just after 
stage 7, with the aid of the additional strain due to the flexural 
waves (see paper for reasons why additional strain is needed), 
that the second fracture is believed to occur. Fig. 4 was con- 
structed with the aid of Equation [7] of the paper, which gives 
the strain-wave solution for the unloading-wave problem. 

Dr. Gerard’s use of the unloading wave in buckling experi- 
ments with thin strips is interesting. Aside from what has been 
written in the foregoing, it is perhaps worthy to consider if buck- 
ling plays a role in the author’s work, i.e., possibility of fracture 
after stage 5, but before stage 6. The data in Table 1 of the 
paper, which are plotted in Fig. 2 of the discussion, can hardly 
be considered confirming support for the argument. Equation 
[2] has been plotted in Fig. 2 with EZ taken as 26 X 10® psi. This 
is a rather fictitious steel, to the author’s knowledge. KE = 30 x 
10° psi is a more normal value for the average steel. Actually, 
the modulus for the steel represented in Table 1 (high-speed tool 
steel, properties given in paper) is closer to 32.5 & 108 psi."® On 
the basis of this last value the critical line would lie just above 
the four closely neighboring open circle points (representing dou- 
ble-fractured specimens) instead of just below it, hence putting 
these double fractured specimens in the single-fracture region. 
The recent experimental work of Gaumer" gives further support for 
the probability that buckling is not involved in the author's work. 
Gaumer worked with lucite tensile specimens, similar to the 
author’s plexiglas specimens, but with very short gage lengths. 
Through conversations with Mr. Gaumer the author learned 


“Mechanical Properties of Metals and Alloys,""by J. L. Ever- 
hart, et al., National Bureau of Standards Circular C447, December, 
1943, Table 20, p. 218. 

" “Study of the Effect of Preloading on the Tensile Strength of 
Methyl Methacrylate When Strained at a Rate of 890(in /in) /min,”’ 
by R. G. Gaumer, thesis for MS in Engineering, UCLA, June, 1953. 
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that double fractures were produced in roughly 50 per cent of the 
lucite tests made. Calculations obviously showed that if the 
results of these tests exhibiting double fractures were plotted in 
a diagram such as Fig. 2, they would lie far below the critical 
line; the L/d ratio in most cases was approximately 2.3 and a 
typical L../d value corresponding to one of the cases was 12.8, 
‘In connection with the data of Table 1 of the paper, the author did 
offer a plausible reason for three of the five single-fracture cases. 
The paper pointed out that the amplitudes of the unloading waves 
involved in these cases were very low; i.e., the fracture loads were 
less than one haif of some of the fracture loads exhibited by speci- 
mens with two fractures (notches employed for instrumentation 
purposes were evidently the cause of this). 

The author appreciates Dr. Shand’s interest in this work. In 
his second paragraph Dr. Shand speaks of the terms ‘‘the total 
fracture times of the two fractures” and “initial breaking stress 
for the secondary fracture’ with relation to Fig. 7 of the paper. 
These terms, of course, have no meaning in so far as Fig. 7 is 
The theory of the paper is involved with only the 
time up to the onset of the second fracture. Hence “total frae- 
ture times of the two fractures” is meaningless. In the event 
that the region marked “Probable 2nd Fracture Occurrence” in 
Fig. 7 is involved in Dr. Shand’s thoughts on this point, it should 
be stated that the text of the paper defines this region as being 
that which probably contains the initiation point of the second 
fracture, somewhere within its bounds, ie., corresponding to a 
short-time region just after stage 7 (see Fig. 4 shown here). Fur- 
ther, Fig. 7 of the paper, as its caption states, is 4 strain-time plot 
at the second-fracture section z = 1/8, in which only the strain 
due to the unloading wave is plotted. Since the theory points 
out that the second failure results from the superposition of the 
unloading-wave strain and the outer-fiber strain due to the flexural 
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waves involved, Fig. 7 obviously would not give the initial 
breaking stress for the secondary fracture. Superposition of 
the plots in Figs. 7 and 9 of the paper (outer-fiber strain versus 
time at 2 = 1/8), however, does yield this information. Gaumer's 
work!” offers some of the needed experimental verification sug- 
gested by Dr. Shand. Fig. 17, and other similar results in that 
work with short lucite specimens, established that there was « 
time interval between the two fractures exhibited in the tests. 
The figure shows eight frames, adjacent to one another, from a 
Fastax motion-picture-camera study (6000 frames/sec) of one 
of the tests. The third frame shows no failures, the fourth, one 
and no sign of another, und the fifth two complete failures. The 
fifth and last three frames suggest, through the rotation of 
the center gage section exhibited, that a moment (diseussed in the 
author’s work) is involved. 

It should be pointed out that the assumptions regarding the 
variation of applied stress during the initial fracture are not 
totally those of the author but are based primarily on informa- 
tion available in the brittle-fracture literature (see Analysis in 
references 3 to 6 of the paper). It is important to mention that 
the assumption used in the paper of a constant average stress on 
the intact area during fracture is not void of stress-concentration 
consideration. Reference to Poncelet* (reference 4 of the paper ) 
will show that this assumption is based on the idea that the Inglis 
factor (stress-concentration factor; ratio of crack-tip stress to 
average stress on intact area) is a constant throughout most of 
the fracture process. This idea is supported by the statements 
Dr. Shand made concerning Poncelet’s later work,'’ which aiso 


appear in his earlier work." 


“Fracture and Comminution of Brittle Solids,"’ by FP. F. Ponce- 
let, Metals Technology, AIME, Technical Publication No. 1684, 
April. 1944 (see particularly footnotes, pp. 16 and 17). 


A Nondestructive Test for 
Thin Shells' 


Wenk, The experimental technique deseribed pro- 
vides an ingenious method for determining the incipient buckling 
pressures of thin shells subjected to external pressure and should 
find useful application under certain special conditions, It is 


believed, however, that the author might amplify the statements 
regarding both the possible limitations of this procedure and the 
descriptions of behavior of thin shells under the action of external 


pressure, 

It may be noted that the Equations [1] and [4], as well as 
(6] and [8] apply to a thin cylindrical shell only if it is of infinite 
length. Thus all of the subsequent stated relationships which 
depend upon Equation [1] may not apply to shells of finite length 
or, as the author has noted, to cylinders reinforced by rings * 
In lieu of more exact relationships, the following questions arise 
Is the short length of model taken into account when determin- 
ing the effective modulus of the material by these nondestructive 
tests? Also, is the nonlinearity observed in the relationship be- 
tween external and differential pressure due to use of non- 
Hookian materials or to a nonlinear elastic behavior? 

Iixperience with multibay cylinders tested at DT'MB indicates 
that due to inevitable initial imperfections, the pressure at which 
the first lobe occurs is not usually the maximum, Additional 
lobes appear with inerease of pressure, and the observed maxi- 
mum, perhaps 20 to 50 per cent above the buckling pressure, is 
noted when the buckling is so severe that yielding, and finally 
rupture, at sharply folded lobes occur, Under these cireum- 
stances would the pressure-differential relationship demonstrate 
a marked discontinuity providing the sought-for incipient buck- 
ling pressure of the shell or of the shell-stiffener combination? 

The observations just cited suggest that the failures with 
explosive violence do not always occur, and buckling may not 
even be uniform, The extent of damage is probably a function 
of the energy available from compression of the pressure fluid and 
elastic deformations of the pressure tank. Thus a small model in 
an infinite medium may collapse explosively whereas a model 
within a tank only slightly greater in size might fail and yet de- 
velop only small deformations, In fact, it is possible that if the 
volume of pressure fluid were sufficiently small, a different tech- 
nique could be available for a nondestructive test without requir- 
ing the use of fluid on the inside of the model, Careful measure- 
ments of buckling displacements indicate that a change in volume 
occurs such that if the available potential energy in the testing 
svstem were small, by careful metering of the pressure fluid, 
deformations in the model could be controlled. 

In any ease the use of a pressure fluid within the model under 
test suggests considerable difficulty with instrumentation, In 
many research investigations, it is desirable to measure the radial 
displacements or change in circularity as well as elastic strains, 
and submergence of instruments increases complexities enor- 
mously. Also, in tests conducted to check the buckling theory it 
has been found important to measure the shape of the lobe de- 
veloped upon buckling for purposes of checking the assumptions 
in theory. Such measurements do not seem practicable when 
this technique is employed. 

When comparing observed differential curves in Fig. 3 of the 


! By J.C. New, published in the March, 1953, issue of the Journat 
or Apptiep Mecuantcs, Trans. ASME, vol. 75, pp. 48-52. 

? Head, Structures Division, Navy Department, David Taylor 
Model Basin, Washington, D.C. 

3 With short or multibay cylinders, the relationships for AV/V 
may be obtained from the approximate theory of von Sanden and 
Gunther or the more exact nonlinear results of Salerno and Pulos 
(Polytechnic Institute of Brooklyn, PIBAL No. 171A). 
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paper, with the ideal curves in Fig. 1, questions arise concerning 


the curvature of graph 3C-a. Up to the yield pressure, it would 
seem that if the original curvature in graph 3C was attributed 
entirely to the nonlinear properties of the material the exercising 
procedure would cause the material to demonstrate linear behavior 
when loaded a second time. Furthermore, it would be interesting 
to determine the cause for the curvature of 3C-a to differ from that 
of 3C after the yield pressure was exceeded. 

The stepwise procedure described to obviate need of a high- 
capacity pressure vessel is quite useful. However, would not the 
pressure capacity of such a vessel still exceed that needed if no 
differential-pressure test is employed? This is indicated in Fig. 
6 where with the step procedure a tank is required having a 
capacity of twice that ordinarily provided for a pressure test. 

In view of these considerations, would not the nondestructive 
feature (i.e., no permanent set) possibly be limited to test speci- 
mens which fail uniformly by elastie instability where residual 
stresses and working stresses combined are considerably less than 
the yield strength of the material? 


Auruor’'s CLosuRE 


The author is appreciative of Dr. Wenk’s thoughtful discussion 
wherein he raised a number of questions. It is believed that 
answers to these questions will have more meaning if we first 
review the essential features of the differential-pressure test. 

This test is applicable to any thin shell subjected to external- 
pressure loading. The experimental technique of 
completely filling the internal volume of the closed shell with a 
compressible fluid, such as water, and monitoring the internal 
pressure as the external pressure is increased, The incipient 
buckling pressure is detected by observing the point at which 
the difference between the external and internal pressures —the 
differential pressure--becomes a constant. The extent of shell 
deformation after buckling is started may be controlled by regu- 
lating the external pressure acting on the shell until a state of 
yield exists, Thus, with proper experimental technique, the 
test can be performed in a nondestructive manner whenever it 
is necessary to save the test structure for future service, which 
is often the case, especially when proof testing is required. 

Karly in his discussion, Dr. Wenk stated that Equations [1], 
{4}, [6], and [8], in the shell analysis given in the paper under con- 
sideration, were applicable only to infinitely long shells. Never- 
theless, it is well known that the infinite-length assumption of- 
fers no serious restriction when the analysis is applied to many of 
the thin shells of finite lengths that occur in practice. Although 
analyses for thin cylindrical shells, which are justifiably claimed 
to be more exact than the simplified theory, are available in the 
literature, a review of these analyses shows that their exactness 
is needed more for the evaluation of stresses than for volume 
changes. And, in particular, they permit the calculation of higher 
localized stresses than are unobtainable from the simplified analy- 
sis in which a uniform distribution of stress is assumed. Since 
the differential test, however, integrates the action occurring 
throughout the shell, the error introduced by the difference be- 
tween two analyses is usually less than experimental error. For 
example, if we assume a evlindrical thin-walled steel shell with 
an L/tratio of 50 and with rigid end closures, so there is no radial 
displacement at the ends, the Voliietrie contraction AV/V is 

computed to be about two per cent less than the value computed 
from Equation [1], which is based on the simplified analysis. 
Under the conditions of the foregoing example and with a value 
of C determined by test, the effective modulus E computed with 
the rigorous analysis is found to be less than two per cent smaller 
than the # calculated from Equation [5], which was derived from 
the siraplified analysis. As the L/t ratio increases, the differences 
discussed in the foregoing approach zero. In any case, the analy- 
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sis of the pressure relationships and volumetric changes as they 
pertain to the differential-pressure test was presented not only 
to make it available to the profession but also as a concise and 
convenient illustration of the kind of shell behavior that makes 
this test functionable. The significant point to remember is that 
the test leads to valid results that are correct, except for experi- 
mental error, irrespective of the analysis that may be chosen far 
use subsequent to conduct of the test. On the other hand, the 
accuracy of the calculation of associated parameters, such as 
the effective modulus, is affected by our choice of formulas, but 
it can never be better than the accuracy of the experimental 
results, 

The nonlinearity observed in the pressure curves $C and 
3C-a is attributed to (a) fabrication imperfections, which per- 
mitted nonelastic displacement under loading and (6) experi- 
mental technique, primarily allowing mechanically entrapped 
air to remain inside the shell. Also, aluminum alloy and plastic 
shells have exhibited a certain amount of nonlinear elastic be- 
havior. Many tests have been conducted with more idealize1 
specimens than 3C and with the use of improved experimental 
methods. The resulting curves have displayed excellent linearity 
in the first stage of the test. However, the difference in curva- 
ture between curves 3C and 3C-a can be attributed to the fact 
that the initial conditions (volumes and imperfections) for the 
two trials were not the same owing to yield (as evidenced by the 
sharp drop near the end of curve 3C) which was allowed to take 
place during the first trial. Therefore we might reasonably 
expect a change in curvature during the se-ond trial (8C-a). In 
addition, the use of non-Hookian materials tends to distort the 
pressure curve, but this in no way compromises the basic result 
of the differential-pressure test, i.e., a reliable determination of 
the incipient buckling pressure. 

One salient feature of this test is that it may be used on shells of 
any geometry or construction—multibay or otherwise. In fact, 
its usefulness is enhanced in these cases, because, in general, an 
exact analysis is rarely known, is compromised by manufacturing 
imperfections, or is unduly cumbersome. This test will detect 
first buckling, which alters the rate of volume change owing to 
lobe formation; and, after equilibrium is attained by virtue of 
the internal pressure, the formation of subsequent lobes will be 
indicated. Thus an investigator can expect to find both the 
initial buckling of the shell wall and the later buckling of the 
sheli-stiffener combination, if the latter occurs at 20 to 50 per 
cent above the former. The limitations that apply in such cases 
are simply that the wall buckling strength must not be negligibly 
small and the buckling strength of the shell-stiffener combination 
must not exceed the capacity of the test vessel. If the shell 
reaches a state of yield, as Dr. Wenk mentioned, this will be in- 
dicated by a drop in the pressure curve, see Fig. 3. Often the 
operator loses control of the test at this point, because equilib- 
rium can no longer be maintained unless the external pressure 
is relieved. Under the circumstances described in the foregoing, 
the precision of the experimental results will be largely controlled 
by the aceuracy and keenness of experimental technique and ol - 
servation. The detection of an interme liate buckle of small size 
can be lost if the increment of external pressure is too large. Con- 
tinuous monitoring, as contrasted to stepwise readings of the 
differential pressure, is helpful in such instances. 

Dr. Wenk’s discussion of the role of energy in pressure testing 
appears to be directed toward the case where there is external 
pressure only. His deductions expressed in that connection, 
however, are inapplicable to the differential-pressure test wherein 
there is internal pressure whose generation is a function of the 
external pressure. As an explanation of the energy relations in 


the latter case is rather lengthy, perhaps it will suffice here to say 
that before and after buckling but prior to yielding of the shell 


material the extent of damage is independent of the energy, 
whether infinite or small, that is available in the pressure fluid 
and tank asa source for continuance of damage. After vielding, 
the extent of damage is dependent upon the plastic stress-strain 
characteristics of the shell material and the compressibility of the 
fluid inside the shell as well as upon the potential energy in any 
system that is exterior to the shell. 

Before leaving the questions raised by discussing energy, 
there is one that should be clarified further. It is certain 
that there is theoretically a nondestructive test which requires no 
interior fluid in the specimen. Such a test is based on a suitably 
close matching of the volume changes of the pressure medium 
and tank with the volume change of the test specimen at incipi- 
ent buckling. Further thinking along this line indicates how 
impractical it is to try to set up a test of this kind. We see that 
to set it up would call for so much pretest data on the displace- 
ments of the shell specimen that, after calculating these data, if 
this could be done without too much inaccuracy for the given 
shell, there would be no need to conduct the test. Even with 
careful metering of the pressure fluid, it appears unlikely that a 
reliable nondestructive pressure test could be established. To 
maintain the nondestructive feature, the metering response must 
be induced immediately and continuously by the condition of 
the shell; and, as quickly as it is required by the shell, the meter- 
ing system must supply relief from or support of part of the in- 
crease of external pressure. These conditions prevail in a water- 
filled shell, but they have not, as yet, been obtained for an empty 
shell. Moreover, it seems doubtful that they can be readily ob- 
tained in the near future. 

In regard to instrumentation, it has been found that radial 
displacements, elastic strains, and lobe shapes can be measured 
in the differential-pressure test. It is necessary that the meas- 
uring instruments be waterproofed. The writer has successfully 
measured deflections up to one and two inches with errors below 
two per cent under pressures up to 1100 psi using linear differ- 
ential transformers which were enclosed in brass housings to iso- 
late them from water-pressure effects. The leads were brought 
out of the pressure vessel through copper tubing. Likewise, 
waterproofing techniques for wire-resistance strain gages are 
well established. For measuring lobe shapes, it is felt that the 
differential-pressure test offers a distinet advantage in that not 
only can the lobe be measured but the progress of its formation 
can be studied due to slowing its rate by means of the control 
inherent in the test method. Measurements can be made by 
the use of a traversing system while the test is being conducted. 

In using the stepwise procedure outlined in the writer's paper, 
one must exercise caution when reducing the internal pressure. 
If the shell is near the point of buckling, the buckling may occur 
during the internal-pressure reduction process attended by inade- 
quate control of the test at this point. This can be avoided by 
slowly reducing the pressure accompanied by the same care in 
taking readings as that employed when the external pressure is 
being increased. If we accept the foregoing procedure, the capae- 
itv of the pressure vessel need be only slightly greater (of the or- 
der of 50 psi) than the capacity of a vessel used in applying ex- 
ternal pressure to an empty test shell, 

It is hoped that the foregoing discussion will help to clarify 
questions about the original paper, especially where there may 
be a tendency to believe that the test ic applicable only under 
certain special conditions. Numerous tests made at the Naval 
Ordnance Laboratory have successfully demonstrated the gen- 
eral applicability of the method. For the sake of brevity some 
discussion of this test method has been omitted in this closure 
and in the original paper, but it may be found in an earlier report, 
which is available at the Naval Ordnance Laboratory 
The writer is grateful to Dr. Wenk for his stimulating diseus- 
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sion. He would also like to express appreciation to his colleague, 
Dr. Manford B. Tate, who not only has critically reviewed this 
discussion but also kindly offered much helpful advice and en- 
couragement with respect to the original work. 


Response of a Cylindrical Shell to a 


Shock Wave' 


M. C. Juncer? It is believed that certain simplifying as- 
sumptions in this analysis may give rise to appreciable errors 
The approximation to be discussed here is connected with the 
differential equations of motion of the shell. In the paper, these 
equations do not include the coupling effect between flexural and 
extensional modes for n > 0. The importance of this effect 
increases very rapidly with frequency ;* this is to be expected, by 
intuition, since high frequencies excite particularly the high- 
frequency (i.e., extensional) modes. Since a step-funetion type 
of disturbance necessarily has extremely high-frequeney com- 
ponents, inevitably it will excite the extensional modes neglected 
in this analysis. The damping ratios connected with these 
modes are larger than those connected with the flexural modes.* 
Hence the extensional modes will be damped out at an early 
stuge: the negleet of the coupling effect therefore does not give 
rise to a significant error in the later stages of the transient re- 
sponse of the shell. However, in the time interval immediately 
following the incidence of the shock wave, the error may be of 
the order of 50 per cent for modes n > 0. Fortunately, inclu- 
sion of the coupling effect introduces only minor complications in 


the analysis. 
Acrnors’ CLosurs 


The authors agree essentially with Mr. Junger’s statement 
concerning the effect of the extensional modes for n > 0, par- 
ticularly with the conclusion that neglecting them introduces 
no significant error for the later stages of the response. As a 
matter of fact, the authors made the approximation for this very 


reason. 

A refined analysis, using the same general approach as the 
paper but including all extensional effects has been completed 
recently.4. While no fundamental difficulty arises, it was found, 
contrary to the discusser’s statement, that the numerical integra- 
tions required become much more cumbersome and time-consum- 


ing. 


Topics in Gyroscopic Motion’ 


F. B. Jenninas.? If one wishes to analyze and understand 
the motion of gyroscopes, the most useful equations are Mqua- 
tions [72] and [74] of the paper. These equations are so im- 


1 By R. D. Mindlin and H. H. Bleich, published in the June, 1953, 
issue of the Journat or Mecuantcs, Trans. ASME, vol. 
75, pp. 189-195. 

? Research Fellow in Acousties, Acoustics Research Laboratory, 
Harvard University, Cambridge, Mass. Jun. ASMI 

2 Vibrations of Elastic Shells in a Fluid Medium and the Asso- 
ciated Radiation of Sound.” by M. C. Junger, Journar or Appiiep 
Mecuantcs, Trans. ASME, vol. 74, 1942, pp. 439 445 

4A Further Study of the Response of an Elastic Cylindrical 
Shell to a Transverse Shock Wave." by M. L. Baron, PhD disser- 
tation, Columbia University, New York, N. Y., June, 1953. 

| By H. Poritsky, published in the March, 1953, issue of the Jour- 
nator Apptiep Mecuanics, Trans. ASME, vol. 75, pp. 18 

Supervisor of Aiweraft Instrument, Development Engineering 
Unit, General Flectric Meter and Instrument Department, 
West Lynn, Mass, 
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portant that it will be worth while to investigate their physical 
significance. 

They include the effect of gimbal inertias and apply when the 
gyroscope’s case R, is stationary. The inner gimbal is assumed 
to be dynamically balanced, which is not always a valid as- 
sumption. Equation [72] gives the total angular momentum 
of the moving parts 


M=ila + Dw 


The inner gimbal “effective” inertia dyadic and angular ve- 
locity are 


® = + + Ky) + jl K + Je) + K + Ky + K,) 
= + @ = Sin Gy + + kody cos 


It is interesting to note that the outer gimbal ean be considered 
* weightless, if its inertia Ky is added to both the i: and ke prin- 
cipal inertias of the inner gimbal and locked rotor. 

The torques applied to the gyro will be those needed to acceler- 
ate and precess the relative spin momentum in/d@ and those 
needed to move the rigid body whose angular momentum is ®w 


Q =M = +o i: la; + + w Dw 


The partial time derivative gives rate relative to the inner 
gimbal, iy, jo, and k» being held constant. It is a useful approxi- 
mation to ignore the quadratic term w X @®@ whenever the 
spin d is large compared with w. 

Equations [74] give the torques applied by the rotor-driving 
motor Qa, the inner-gimbal torque motor Qa, and the outer- 
gimbal torque motor Q,;. Bearing and windage torques are 
neglected, although they could be included in expressions for 
the torques. We shall not repeat the author’s Equations [74] 
but instead give the approximate linear equations obtained by 
ignoring small quadratic terms. An expression for rotor driving 
torque from a synchronous inotor also is included to show that 
Dé is the main source of damping in a gyro 


Qa, = kst—— ka, — Déy — (J sin 
Qar (K + + (lay cos ae 
Qay = = sin — cos ay) 
+ {Ky + (K + K:2) cos? ay + (1 + Is) sin? ay! ay 


Often the motor stiffness & will be great enough to permit us to 
set & = 8s = const, The bracketed quantities are considered 
to be constants in the linear equations. With no applied torques, 
these equations become the same as Mquations [94] used by the 
author. We have found these linearized equations very useful 
in analyzing such problems as transient response, stability of 
servosystems, and effect of rotor acceleration, 


Autruor’s CLosuRE 


The author wishes to thank Mr. Jennings for his interesting 
comments regarding the usefulness of the Equations |72] and 
of the paper. 
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On an Iterative Method for 
Nonlinear Vibrations’ 


K. Kvorrer.? In the writer's opinion, the significance of the 
paper, which discusses a previous one by J. .. Brock, rests on the 
following points: 

1 The author frees Brock’s procedure from some incidental 
accessories (e.g., the use of a particular method for numerical 
integration) and he appraises the role of that procedure from an 
analytical point of view. 

2 The author shows that the same treatment may be applied 
to systems of more than one degree of freedom. 

3 He shows, furthermore, that dissipative systems need not 
be excluded from the treatment. 

The method, however, is reviewed exclusively for its own 
merits, and no comparison is attempted to assess its advantages 
or disadvantages in regard to other methods available. 


CLosurE 

Professor Klotter has given an admirable summation of the 
principal goals of the paper. With regard to the relative ad- 
vantages of this method over others, the author feels that there 
probably are none when the method is considered to be a one- 
term analytical approximation. It may, however, have ad- 
vantages when used as a purely numerical method, similar to 
Brock’s original treatment. The most promising facet of the 
method is relative to higher approximations. However, as 
stated in the paper, the general questions of convergence and re- 
lation to classical existence theorems have not been examined 
thoroughly. 


Stress Singularities Resulting From 
Various Boundary Conditions in An- 

1 
gular Corners of Plates in Extension 


Prof. A. Erdélyi has called to the author's attention a paper 
by Lelia Ricci? which tabulates the minimum roots of the complex 
equation 

sinz = +kz 


which equation is of the type occurring for several of the bound- 
ary-condition combinations given in the author’s paper. 

By using Ricci’s values to check Fig. 1, a slight error was found 
in Case 2 between 180 and 360 deg. The following values should 
be used: 


180 225 270 300 360 
1.000 0.736 0 604 0 555 0.500 


The author wishes to thank Professor :rdélyi for this reference 
as the solution of this eigen equation is quite time-consuming. 


1 By R. E. Roberson, published in the June, 1953, issue of the Jour- 
NAL OF Appiiep Mecuanics, Trans. ASME, vol. 75, pp. 237-240. 

? Professor of Engineering Mechanics, Stanford University, Stan- 
ford, Calif. 

1 By M. L. Williams, published in the December, 1952, issue of 
the Journal or Mecnanics, Trans. ASME, vol. 74, pp. 
526-528. 

? Tavola di radici di basso modulo di -in’equazione interessante la 
Scienz, delle Costruzioni,”” by L. Ricci, Pubblicazioni N. 296, Istituto 
per le Applicazioni del Caleolo, Rome, Italy, 1951. 


Stability of Thin Elastic Plates' 


The author has referred to a paper 
In order to clarify some 


M. Z. v. Krzywosuockt.* 
by the writer on the theory of plates.* 
of the points which may not be obvious to the reader, let us con- 
sider Bergman’s method. Bergman’s method has two important 
features, highly valuable from the application standpoint: (a) 
In the solution of the differential equation in question there are 
two arbitrary analytic functions of the argument } z (1 — @). 
Besides the condition of analyticity (in a complex variable) and 
regularity for sufficiently small values of the argument no other 
conditions are superimposed upon these functions. As a matter 
of fact, they may be given or chosen. In the first part of his 
work, Bergman proved that the theorem which concerns the solu- 
tion yields a local result; i.e., it states that the solution is valid 
only in a sufficiently small neighborhood of the origin. (6b) By 
proving a theorem concerning analytical continuation in the 
complex domain of solutions of the differential equation with 
analytic coefficients, Bergman has shown that his representation 
is valid in the large, i.c., in a finite domain. 

In the writer's application of Bergman’s method the property 
(a) was not fully utilized. As a matter of fact, it was assumed 
that these functions f and g are expressible in terms of a power 
series with all of the coeflicients equal identically to 1. Certainly 
one cannot choose « simpler representation, The reason for this 
was that no one had any experience in dealing with this new 
method. But it must be emphasized that owing to the existence 
of these functions there are great possibilities from the application 
standpoint, greater perhaps than we may expect today. These 
possibilities are fully utilized in Bergman’s method applied to 
second-order equations (hodograph method) but not as yet as 
applied to fourth-order equations. The point (6) of course, was 
fully utilized. 

The author assumed « priori a solution in the form of a power 
series in the complex plane. From the form of the differential 
equations in question he obtains conditions on the coefficients, 
but in his approach, he does not possess arbitrary functions f and 
g. Thus he does not utilize fully all the advantages of Bergman’s 
method but only a part of them, namely, the use of the complex 


plane and the solution of the boundary-value problem. Although 
his approach is Bergman’s proposition, it is —strictly speaking— 
It isa 


not Bergman’s method in the full meaning of this word. 
“degenerated” Bergman's method. Dr. Zizicas reproduces Berg- 
man’s proposition of solving the boundary-value problem but 
does not use his powerful method of solving the fourth-order par- 
tial differential equation (which the writer used). 

Moreover, his solution is valid enly in the neighborhood of the 
origin. 
analytic continuation considerations are given. 
ditions on the coefficients are essentially equivalent to those pro- 
posed by Bergman which is quite understandable from the forms 
of these series, and since he utilizes the writer’s solutions of those 
coefficients, one cannot wonder that his final form of the solution 
But his statement that 


Since his con- 


of the equation is similar to the writer's. 


' “Stability of Thin Elastic Plates Covering an Arbitrary Simply 
Connected Region and Subject to Any Admissible Boundary Condi- 
tions.”’ by G. A. Zizicas, published in the March, 1953, issue of the 
Journat or Appiiep Mecnuantes, Trans. ASME, vol. 75, pp. 23-29. 

? Professor of Gasdynamies, Department of Aeronautical Engineer- 
ing, University of Ilfinois, Urbana, II. 

*“*A General Approximation Method in the Theory of Plates of 
Small Reflection,” by M. Z. v. Kraywoblocki, Quarterly of Applied 
Vathematics, vol. 6, 1948, pp. 31-52: also vol. 7, 1949, p. 236. 
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the writer’s results “become a special ease and are reached di- 
rectly in a simple way” seems to prove a misunderstanding of the 
entire method, 

Bergman's method and the writer's results are proved to be 
valid in “the large’ and they involve arbitrary functions f and g 
which are “being carried” throughout the entire solution and do- 
main. On the other hand, the author's method is valid in the 
neighborhood of the origin, and it does not possess arbitrary fune- 
tions, except two arbitrary conditions for defining the first fune- 
tions in the reeursion formulas, which subsequently serve to de- 
termine higher-order coefficients. The full diserepaney between 
these two approaches will come to light in numerical approaches 
and in the rate of convergence of both propositions. 

When reading the paper, one may get the impression that the 
author proposed a simplified method and that (using his words) 
Bergman’s method and the writer's results “become a special 
case.”’ Whereas the fact is that Bergman's method is today one 
of the most general methods of solution of the discussed type of 
differential equations because of its validity in the large and its 
content of arbitrary functions. The author's “simplifications” 
are valid locally in the neighborhood of the origin; they do not 
possess arbitrary functions, and thus they are only a special case 
of the writer's solutions. The latter are valid in the large and 
may be referred in an elucidative way to the entire class of fune- 
tions f and gq. Instead of generalizing the writer’s results by 
using different possibilities of those functions, the author simply 
got rid of them, thus restricting his approach to a little significant 
ease, ignoring completely the crucial and the most valuable and 
general point in Bergman’s method. 

Truly speaking, one may wonder what is the purpose of the 
author’s approach. There is no contribution to the theory of 
plates, since by simple avsumptions in the first steps of Berg- 
man’s method one ean always express Bergman's solution in 
terms of a simple power series (as the author did), thus restriet- 
ing and not generalizing the solution. Why use a solution in 
“the small” if one has a solution in the large? There is no con- 
tribution to the theory of differential equations. The most recent 
tendency in that theory is to use not power series of a medieval 
flavor but much stronger methods, and Bergman’s integral-opera- 
tor method is one of the most significant developments in recent 
vears in that respect. Instead of twisting this method, one 
should follow it. It is of a secondary importance that in subse- 
quent steps of the approach one can develop these integral opera- 
tors into some special forms of power expansions due to the “ana- 
Ivticity” of the functions. Any other representations may be used, 
as well. Anvhow, the power-series representation is not an or- 
dinary one. The coefficients of this expansion contain the notion 
of arbitrary functions and validity in the large. 

There are numerous well-known disadvantages of ordinary 
power series, their reStrictions being one reason why we do not 
want to use them. Thus it is not understandable, why, after 
Bergman proposed a strong method of integral operators, the 
author attempts to reduce the problem back to the worst possible 
power series, from which Bergman separated by taking a great 
step forward toward something better. Perhaps the author 
will contribute something more in subsequent papers, since the 
present paper is only a reproduction of the solution of a boundary- 
value problem which was proposed by Bergman 20 years ago and 
subsequently elaborated by the writer, plus changes which, in ef- 
fect, reduced Bergman’s powerful method of solving the fourth- 
order partial differential equation to the less powerful method 
previously existing (ordinary power series), the result being 


simply meaningless. 


A>, 


592 


H. F. Weinpercert anp A. Weinstein.’ This paper is of 
great interest and deserves closer scrutiny. The author expects 


to find an approximation to the critical buckling load from values 
n 


of k for which the Equations [18] of the paper Za,,c; = 0 have a 
| 


nonzero solution, If these equations are multiplied by ¢, and 
summed, one finds that 2Za,,c,c; = Oor, in other words, that the 
linear combination [10] Ye,f(kr, ky) satisfies exactly the bound- 
ary conditions of the buckling problem. That such an oceur- 
rence is extremely unlikely can be seen by putting n = 1. Then 
the determinant which has to vanish is just 


F + AIGA) ds 


If this is zero for some k, fi(kr, ky) must satisty the boundary con- 
ditions as well as the differential equation of buckling. Thus 
either f(kz, ky) is the correct buckling mode, in which case k? 
is the critical value, or f\(kz, fy) is one of the higher buckling 
modes, It is unlikely that a random choice of the function fy 
will result in such a mode, Thus the determinant usually will 
not vanish and will vield not only no approximation but no value 
of k at all. The method gives a result only if the solution is 
already guessed. 


Avutuor’s CLosure 


The author wishes to express his appreciation to Profs. M. Z. v. 
Krzywoblocki, and A. Weinstein and Dr. H. F. Weinberger for 
their interest in the paper and their critical comments. Several 
of the points they raised make mandatory an amplification on the 
paper, 

Professor Krzywoblocki appears to have overlooked the main 
contribution of the paper which consists in presenting a method 
for the solution of elastic stability problems of thin anisotropic 
plates. Bergman's theory of integral operators for fourth-order 
linear partial differential equations® and Krzywoblocki’s applica- 
tion of the method? are restricted to equations with biharmonic 
fourth-order terms, i.e., to isotropic plates. Therefore any com- 
parison between Krzywoblocki's and the author’s approach can 
be made only for isotropic plates, and such plates constitute 
a special case of anisotropic plates. Hence the statement that 
“there is no contribution to the theory of plates” 
a misunderstanding of the paper. 

In comparing his approach to Bergman's, for isotropic 
plates, the author nowhere in the paper tried to underestimate, 
as Professor Kraywoblocki’s discussion seems to imply, the 
theoretical contributions of Professor Bergman. It may be 
pointed out, however, that in both Bergman’s® and Krazywo- 
blocki's? papers after the formulation in terms of integral opera- 
tors is given, recourse is made to a representation of particular 
solutions by means of expansions in series. The author then felt 
that if the final result is going to be a series expansion anyway, 
why not proceed in a simpler way with a series expansion to begin 
with, especially when such « method is not restricted to isotropic 
plates only but is applicable to anisotropic plates as well, and 
conceivably also could be extended to any linear partial differ- 
ential equation. Moreover, both Bergman* and Kraywobloeki? 
have shown that the series expansion is very satisfactory for 
practical purposes if punch-eard machines are used. Krzywo- 
blocki? found explicit solutions for the recursion formulas of 
Bergman associated with power-series expansions and applied 


seems to prove 


* Research Associate, Institute for Fluid Dynamics and Applied 
Mathematics, University of Maryland, College Park, Md. 

* Research Professor, Institute for Fluid Dynamics and Applied 
Mathematics, University of Maryland. 

* Reference (33) of paper. 

* Reference (35) of paper, or Footnote 3 of discussion. 

® Reference (34) of paper. 
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them to the solution of a specific problem. Essentially the same 
recursion formulas were derived by the author by specializing 
his direct-series approach from anisotropic to isotropic plates. 

An argument against the use of power series can only be based 
on the existence of procedures for the solution of the problem at 
hand which have practical advantages in comparison to the 
power-series expansion, Such a proof is not given in the discus- 
sion. On the contrary, it is inconceivable that Professor Krzywo- 
blocki can argue against the power-series expansion which he him- 
self followed and at the same time defend his paper in which this 
approach was applied. 

The author did not assume a priori a solution in the form of 
power series as Professor Krzywoblocki claims. This is proved 
by the statement in the paragraph preceding Equation [20] of 
the paper, “This equation is of the elliptic type and, at least 
when the coefficients are polynomials in 2 and y, it has analytic 
solutions in the finite cy-plane.”” Any criticism therefore should 
have been concerned with this statement. If anything, Berg- 
man’s theorem of analytic continuation of particular solutions in 
the large® presents corroborating evidence for the author's point. 
Onee such an analyticity of solutions is established the expres- 
sions of Equations [26] and [34] of the paper follow rigorously on 
the basis of the elementary theory of complex variables and are 
valid for the entire finite complex plane. Hence the argument 
that the author's expressions are not valid in the large is not 
tenable either. 

A point also is claimed in favor of the presence of arbitrary 
analytic functions f and g in the integral-operator approach as 
contrasted to the author’s use of two arbitrary analytic funetions 
in his recursion formulas. Any analytic particular solution ob- 
tained by « certain choice of the functions f and g can be ex- 
panded in power series within its domain of convergence, and 
since it satisfies the differential equation it also must satisfy the 
author's recursion formulas and thus give certain values for the 
arbitrary analytic functions appearing in the formulas. If 
these functions are inserted in the author's recursion formulas 
the result clearly will be the same particular solution which was 
obtained through the chosen functions f and g. Likewise one 
may argue in the converse direction, but this is hardly necessary 
since it has been established that any particular solution resulting 
from an arbitrary choice of the analytic functions f and g can 
be obtained also by a suitable choice of the arbitrary analytic 
functions of the author's recursion formulas. Furthermore, the 
only proposed evaluation of the integral operators is by means 
of power series and recursion formulas, as seen from Equations 
|7| and [8] of reference (35) of the paper. In view of this eor- 
respondence, Professor Krzywoblocki’s statement that “the full 
discrepaney between these two approaches will come to light in 
numerical approaches and in the rate of convergence of both 
propositions,” becomes meaningless, 

The author did not have in mind a contribution to the theory 
of partial differential equations when preparing his paper. But 
since such a question was raised in the discussion he wishes to 


point out that his method is applicable to a much wider class of 
equations (the anisotropic-plate equation being only one such 


case) than Bergman's. Moreover, he is not aware of any ease 
in which his approach has been followed and would weleome any 
such references if they exist. 

The criticism of Dr. H. F. Weinberger and Prof, A. Weinstein 
is very pertinent, Their scrutiny proves that the author's hopes, 
stated in the last paragraph of the paper, for substantially 
diminishing the computational work by omitting an additional 
constraint (which incidentally Professor Krzywoblocki used cor- 
rectly in his paper) cannot be realized. As a result a modifiea- 
tion of the procedure for the computation of critical loads is 
necessary Which can be best established by means of the energy 


criterion of elastic stability of plates. It can be seen readily that 
the critical value of the parameter A can be obtained as the mini- 
mum of the expression A = V4, where V, is the bending strain 
energy of the plate associated with the deflection w(x, y) of the 
middle plane, subject to the constraining condition A = 1, where 
A is the work done by the forces acting within the middle plane 
of the plate.” Admissible functions w(x, y) are any functions of 
sufficient continuity satisfying the preseribed boundary condi- 
tions. On the basis of the Lagrangian multiplier theory these 
conditions lead to Equation [1] subjeet to the boundary condi- 
tions, Equations [11], of the paper. Now in the approximate 
formulation of the boundary conditions by means of Equations 
[16] the associated requirements are 


A = minimum V, | 
A=1 {1} 
(F + = min 


p 


where p is the value of the integral expression for the boundary 
conditions. The first two of Equations [1], herewith, lead again 
to the differential equations of the paper on the basis of which 
the’ particular solutions were constructed. However, the third 
equation cannot any more be taken separately, as it is permissible 
for an exact formulation of the boundary conditions, but must be 
taken in conjunction with the constraining condition A = 1, 
which must be thought of as imposed on both the first and the 
third of Equations [1]. 

As stated in Equation [18] of the paper, the performance of in- 
tegration for an expression of the type of Equation [10] reduces 
the boundary condition to an expression 


n n 


p= 


while a similar integration would reduce the constraining condi- 
tion A = toa form 


n n 


By the Lagrangian multiplier theory again, a necessary condition 
for the minimal problem of Equations [2] and [3], herewith, is 
that the determinant of the equations (7,7 = 1, 2, 3,...n) 


vanishes, i.e. 
—pb,;| = 0 


The quadratie forms entering Equations [2] and [3] of this dis- 
cussion are positive definite and hence Equation [5| has n real 
roots, which are in particular positive because of Mquation [2]. 
Rach root gives an approximation for the boundary value expres- 
sion p of Equations {1}. For elastic-stability problems one seeks 
the closest possible approximation of the boundary conditions so 
that only the smallest root p = p, is needed. The value of A (or 
k?) for which p,; obtains its minimum is the critieal one. In other 
words, the conditions of Equation [19] of the paper must be 
substituted by the foregoing /:quation [5|. The remaining roots 
p» p, correspond to higher modes of vibration. 

* See, for instance, author's dissertation, reference (36) of the paper, 
pp. 85-89. 


DISCUSSION 


Damping Constants and Stress 
Distribution in Resonance 
Response’ 


A. P. Boresi.? The paper is a clear, concise exposition upon 
an increasingly important aspect of engineering design. Un- 
doubtedly, with the increasing emphasis on welding of structural 
joints and the resulting decrease of damyping due to slippage and 
other joint factors,’ inherent damping of materials will play a 
more important role in limiting resonance amplitudes in strue- 
tures, 

In applying the author's theory to a particular case, since the 
resonance-amplifieation factor is highly sensitive to changes in 
stress amplitude, it may be well to point out that in practice, if 
the damping capacity of « material is to be determined for design 
purposes, the setting up of testing conditions equivalent to the 
service conditions and the determining of a stable value of the 
specific damping are necessary requirements.‘ If, for example, 
damping is observed as an indication of progressive damage by 
repeated stress eycles, the specimens in the damping and the 
fatigue tests must be subjected to identical stress amplitudes. 
Furthermore, if under these conditions the damping properties 
tend to arrive at stable values, the damping values are charac- 
teristic of the material only in the condition of the material as 
changed by the test. If different testing procedures are used in 
the damping and fatigue test, usually the equivalence of these 
tests may be assumed only for very small stress amplitude. 

In the author's tests the foregoing conditions are fulfilled and 
the correlation between experiment and theory is satisfactory. 
However, when these conditions are not satisfied, no correlation 
between experiment and theory should be expeeted. 

Another observation may be made in the case of vibrations of 
beams of constant cross section, The natural frequencies of 
lateral vibration of a simply supported bean may be written as® 


nin? 
“ 
For a continuous beam the fundamental frequency is 


(3.416)? kl 
= = 


and similar expressions give the higher frequencies, Tlenee, for 
beams of constant cross section, reducing the resonance-amiplifiea- 
tion factor by exposing as much volume as possible to near peak 
stresses, as suggested by the author, is equivalent to increasing 
the moment of inertia / and hence changing (increasing) the 
natural frequency of vibration from the resonant condition, 

Avexanver Yoratapis.® This paper is a substantial eontri- 
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bution to the field of resonance vibrations. Analyses and data 
for predicting performance of uniformly stressed members have 
been available, but little has been done to analyze the behavior 
of nonuniformly stressed structures, made of material of known 
damping constants. Hence it is believed that this paper will be 
of great use to those who are confronted with problems of strue- 
tural resonance. 

The writer has the following critical comments on certain 
specific parts of this paper: 


1 The maximum fatigue stress in a member subjected to 
direct stress loading cannot be assumed to be ?’/A at a section 
of sharp discontinuity because of stress concentrations. For- 
mulas for cases IC and ID therefore would have to consider this 
in order to make them valuable in practice. 

2 Table 3 of the paper gives amplification factors of three 
beams of the same material but of different cross-sectional shape 
and shows a theoretical variation of 3.75 to 1 in the two extreme 
cases. All these beams are assumed to have a maximum stress 
of 80,000 psi induced at resonance, by proper excitation. It is 
interesting to see what happens if the beams are compared on 
the basis of stress So, the maximum stress in the beam if the 
exciting force or moment were applied statically. From the 
definition of A, 


From Equations [8] and [16] of the paper 


wh,k, 
EJS,*"* 


A, 


Eliminating S,, from Equations [2] and [1] and solving for A, 


Now, comparing a diamond and square-shaped beam subjected 
to the same So, we see that the relative values of A, are propor- 
tional to the (n — 1)th root of K,. The author selected «a ma- 
terial for which n is 13, so that (n — 1) is 12. While A, in the 
diamond-shaped beam is 3.75 times larger than that in the square 
beam, A, is only 1.116 times larger. Similarly, the circular beam 
has a AK, which is 1.875 times as large as that of the square 
beam, but its A, is only 1.054 times larger if calculated by means 
of Equation [3] of this discussion, 
Rearranging equations [1 | and [2] and solving for S,, 


It we now compare the same three beams on the basis of the 
same cross-sectional area and same exciting bending moment, we 
find that the diamond-shaped beam with a section modulus 1.414 
times that of the square beam has a smaller So, and therefore, 
while its resonance S,, is higher than that in the square beam, 
their difference is only 8.5 per cent. The round beam with « 
section modulus 0.845 that of the square beam has an S,, which 
is 6.9 per cent higher. 

All these values are meant to show that while shape is a faetor 
in these calculations, the magnitude of this factor depends on the 
basis of comparison. 
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3 The denominator of Equation [15] of the paper for K, has 
the following integral 
u"Zdy (5) 


Under certain conditions, this integral will equal zero. This will 
occur, for example, when Z is constant, n is an odd integer, and ¢ 
is equal to t’. The author may have accounted for this by 
changing the sign of t’, although this is not elear. To avoid any 
possible error it is suggested that this integral be expressed as the 
sum of the following two integrals 


f y" Zdy + f ly"|Zdy. . (6! 
0 0 


The first of these is proportional to the energy lost in the region 
above the neutral axis, while the second is proportional to the 
energy lost in the region below the neutral axis. These two are 
always added, and never subtracted, as might be the case if the 
author’s expression were used. 


Auruor’s Closure 


Mr. Boresi emphasizes the importance of considering the effect 
of stress history on damping in relating laboratory tests to serv- 
ice behavior. Considering the magnitude of the stress-history 
effects illustrated in the paper this certainly is a major factor in 
some cases, Unfortunately, a theory for predicting the effects 
of a variable-magnitude stress history, such as might be encoun- 
tered in service and duplicated in the laboratory, from constant- 
magnitude stress-history data, such as procured in most labora- 
tory tests, is not available at this time. 

There are many different bases for comparing the resonance be- 
havior of beam and other types of members, since there are many 
different conditions and design requirements encountered in serv- 
ice. Mr. Boresi, in his discussion of laterally vibrating beams, 
compares beams of constant cross-sectional area. Mr. Yorgiadis, 
in his second comment, also does this and analyzes the author's 
experimental data on the basis of the same exciting moment 
(rather than same ercited moment, as used by the author), As 
would be expected, the basis for comparison may pronouncedly 
affect the relative rating of cross-sectional shapes, material 
(with regard to damping capacity), and other design factors. 
Tn justification of the author’s method of comparison on the basis 
of the same excited stress, this approach is probably best when 
concerned with the fatigue-failure problem during resonance. 
Tn such cases one is usually more concerned with the relative 
ability of parts to receive exciting force without exceeding the 
fatigue stress rather than the relative stresses caused by constant 
excitation. The Yorgiadis’ basis of comparison would probably 
be best if the problem were one of noise generation under constant 
exciting force. 

Needless to say, many refinements in the equations presented 
can be made to cover actual stress distrioutions rather than as- 
sumed ones, This is covered in Mr. Yorgiadis’ first point. How- 
ever, the main purpose of this paper was to reveal and discuss 
Thus several simplify- 
The ap- 


proach presented can now be used to cover specific cases involving 


general trends rather than specifie cases. 
ing assumptions were made, as discussed in the paper. 


complicated stress distribution. 

Regarding Mr. Yorgiadis’ third point, it was intended that 
using the appropriate sign for (’ would avoid a zero integral. 
However, Yorgiadis’ equation [6] would avoid any possible con- 
fusion on this point and is therefore probably preferable. 

The author thanks the discussers for their aid in eclarifving a 
neglected subject, 


= 
Sn 
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Elasticity and Plasticity 


Tueory oF Evasticiry anp Priasticiry. By H. L. Westergaard. 
Harvard Monographs in Applied Science Number 3. Harvard 
University Press, Harvard University, Cambridge, Mass., and 
John Wiley & Sons, Inc., New York, N. Y., 1952. Cloth, 6 & 8"/s 
in., xiii and 176 pp., 19 figs., tables, bibliography, author and 
subject indexes, $5. 


Revirwep By J, N, Goopter! 

I" is evident in this book that its author did not rest in the 

orthodoxies of his subject without searching for fresh points of 
view. Almost everything is done otherwise than the reader is 
likely to expect unless he has had the privilege of hearing the late 
Professor Westergaard’s lectures recently. These had under- 
gone development from their beginning in 1925 at the University 
of Illinois and since 1936 at Harvard University. In 1949 the 
author was able to begin forming them into a book in the con- 
viction that they had*reached a justifying maturity. At his 
death in 1950, enough had been done to form the present volume. 

The plan was to proceed as quickly as possible to the treatment 
of problems in three dimensions. The problems included are 
those of Lamé on the cylinder and sphere under pressure; the 
rotating disk; thermal stresses, briefly; the problems of Kelvin, 
Boussinesq, Cerruti, and Mindlin as to concentrated forces within 
the infinite solid, on the surface of the semi-infinite solid, and in its 
interior; concentration of stress at a spherical hole; and the 
Hertz theory of contact, stress. The preparation for this, the 
general theory forms the first half of the book, after two intro- 
ductory chapters. One—‘‘Scope’’—skillfully distills the simple 
precise elements of the idealized theory from the complexities of 
the real, delineates the roles of theory and experiment in this 
particular subject, and sets it in relation to mechanies of materials, 
structural mechanics, and soil mechanics. The second-—‘“His- 
torical Notes’’—is intended to be read at the beginning, not to be 
treated as though it were a conventional preface-—“Historical 
notes can be a natural and most suitable means of presenting 
ideas, provided that the ideas can be explained in terms that are 
understood.””. The beginner will, T think, find here much that 
must remain strange until he has studied the subject itself, yet 
helpful if taken as an aerial view, preceding the intimate familiar- 
ity with the countryside which can come only with pedestrian 
effort. These historical notes can be read again with new satis- 
faction after the whole book has been traversed. 

The systematic development of the general theory is in terms of 
vectors and dyadics. The distinctiveness of the treatment ap- 
pears at once in the “dyadic circle” (due to Mohr and Land) used 
instead of the more familiar Mohr circle for stress in a plane 
Mohr’s three circles for three-dimensional stress are derived by a 
method of the author’s. This originality of method is also 
characteristic of the book, making it one whose contents include 
much that is not to be found in the same form elsewhere, The 
general analysis of stress and strain terminates with octahedral 
strain, plastic strain deviations, and plastic detrusions (a term 
preferred to “shearing strain’’), a discussion of the simplest con- 
ceivable laws of plasticity, and comments on departures from 
them. This is the extent of the excursion into plasticity. It is 
of course most probable in view of the title given to the work that 
something further was intended. 
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The solutions of specific problems are in terms of “strain 
potentials’ (the displacement, the gradient of a harmonic fune- 
tion), which are adequate for the Lamé problems and some others, 
andin terms of the “Galerkin Vector” as well asfor the concentrated 
force problems. This is a general form of elastic (Hooke’s law) 
displacement in terms of three biharmonic scalar functions, which 
in turn are easily expressible in terms of harmonic functions. 
Simple choices of these functions furnish the specific solutions. 
An interesting item of originality here is the author’s method of 
“twinned gradient,’’ devised to convert solutions for mathemati- 
cally advantageous special values of Poisson’s ratio—for in- 
stance the value ' ) for the incompressible solid — to solutions for 
the general value. It is neatly effective in several instances. 
The derivation of Mindlin’s problem—the solving of which was 
inspired by Westergaard’s appreciation of Galerkin’s papers — is 
recast by resort to ‘strain potentials.” 

This small book is written in an elegant, lucid, and compact 
style, inviting the reader to regard pencil and paper as essential 
equipment. Tf he fills in conscientiously from one signpost to the 
next from a knowledge of the usual engineering-degree subjects, he 
will come to see the book as bigger than it looks, although still, as 
was the author's evident intention, one to accompany and not to 
supersede the older treatises. He is thought of as a first-year 
graduate student. The question “At what level was the book to 
be?” brought from the author the pregnant reply, “The trail begins 
at the foot of the mountain.” The pace is brisk, the mountain 
always interesting, the view rewarding. The subject would have 
been further permanently enriched if it had been possible also to 
have the distinguished author's report of the trail all the way to 
the top. 


Mechanics 


Lectures on Theoretical Physics, Vol. 1. By Arnold 
Sommerfeld. Translated from the fourth German edition by 
Martin ©. Stern. Academie Press Ine., New York, N. Y., 1952. 
Cloth, xiv and 289 pp., figures, index, $6.50. 


Mecuantcs 


Revirwep BY Pickerr? 
TEXTBOOK in mechanics for students of physies. This is 
the first of a series of six textbooks based, respectively, upon 
six general courses in classical physics that Dr. Sommerfeld taught 
at Munich. The courses were: 
1 Mechanics 
2 Mechanics of Deformable Bodies 
Electrodynamics 
4 Optics 
5 Thermodynamics and Statistical Mechanics 


6 Partial Differential Equations in Physies 


The first chapter applies Newton's laws of motion to the move- 
ment of a particle. Planetary motion is included as well as dis- 
cussions on variable masses and space-time reference systems, 

The second chapter takes up the principles of virtual work and 
d’Alembert’s principle. These are applied to various problems of 
rigid-body motion such as a rolling sphere, the maneuvering of a 
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falling cat so as to land on its feet, and the balancing of marine 
engines. 

Chapter 3 is a fairly brief treatment of vibration problems in- 
cluding the simple, compound, spherical, and double pendulums. 

Spinning tops, gyroscopes, and planets are discussed in Chapter 
4. The chapter is closed with supplementary material on the 
game of billiards. 

Chapter 5 is a brief treatment of relative motion. Foucaults’ 
pendulum, and Lagrange’s case of the three-body problem are 
among the applications. 

Chapter 6 treats the integral and Chapter 7 the differential 
variational principles of mechanics. Applications are made to 
problems previously treated such as pendulums and tops. Other 
topics are the principles of ‘Least Action,’ “Least Constraint,” 
and “Least Curvature.”’ The eighth and final chapter is on the 
“Theory of Hamilton,” 

Problems for each chapter and hints on their solutions are given 
at the end of the book. These problems make a fine source of 
material for student participation in the class period. They 
supplement rather than repeat the text material. 

The book is more than a text on mechanics. It is also a 
message from a great science teacher to students who will never 
have the privilege of sitting in his classes. An engineer with some 
interest in physies should find this book interesting and valuable. 


Physics 


By Charles Kittel. John 
Cloth, 6 *& 9 in., 


INTRODUCTION TO State Paysics. 
Wiley & Sons, Inc., New York, N. Y., 1953. 
174 figs., 56 tables, xii and 396 pp., $7. 


Revirtwep py Francis Brrrer® 


HIS should be a most useful addition to the relatively limited 

literature on the physics of solids not only for the college 
senior or beginning graduate student in physics, chemistry, or 
engineering for whom it is written, but for many physicists, 
chemists, and engineers who wish to review recent advances in 
this field. During the past decade or so, many new concepts have 
been developed and accepted. These have been, and to a 
certain extent still are, hidden from many readers in original 
papers where the main interest lies in describing tests for cheek- 
ing their validity rather than in simple descriptions of the con- 
cepts themselves. We have here an excellent example of the 
presentation of new ideas integrated with older inherited knowl- 
edge in such a way us to present to the student in readily under- 
standable terms what the crux of the matter in this or that field is 
today. 

The general plan of the book is to emphasize descriptive 
material first and then to turn to explanations. For example, 
the electron band theory is introduced after the main discussion 
of the electric and magnetic properties. This arrangement is 
particularly suited to the reader who may expect to encounter 
difficulty in connection with the theoretical parts. The writing 
is clear and the illustrations are good. The modern tendency to 
compress the text by leaving only very little space between 
captions and text is perhaps carried a bit far. There are num- 
erous problems at the end of each chapter and of course a complete 
index. 

As to content, the first five chapters deal with crystal structure 
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and lattice energies, leading to a review of elastic and ther- 
mal properties. This part includes a discussion of symmetry 
properties, of Miller indexes, of x rays, an analysis of stresses, 
strains, and elastic constants, of lattice vibrations in one, two, 
and three dimensions, and of various thermal properties, including 
a brief discussion of the phonon concept. This is followed by six 
chapters on electric and magnetic properties, including dielectric 
properties, ferroelectric crystals, dia-, para-, ferro-, and anti- 
ferromagnetism, and a most welcome chapter reviewing facts 
and theories about superconductivity. hen finally we come to 
two chapters devoted to a theoretical discussion of electrons in a 
box and in a periodic potential. The last three chapters deal with 
impurity phenomena, ie, semiconductors, rectifying barriers, 
transistors, order-disorder in alloys, various kinds of lattice defects, 
and their effect on the optical, mechanical, and thermal properties 
of solids. 


Superconductivity 


Superconpuctivity. By D. Shoenberg. Cambridge Monographs 
on Physies, Cambridge University Press, New York, N. Y., second 
edition, 1952. Cloth, 5'/2  8'/2 in., x and 256 pp., figs. 
tables, appendixes, bibliography, author and subject indexes, $6. 


Reviewep By AARON WEXLER‘ 
HIS excellent monograph is written by one who has himself 
not only watched with great interest the exciting develop- 
ments in a field of physics at its very frontier but has also con- 
tributed importantly to its development by a voluminous amount 
of original research. Since the appearance of the first edition of 
this book in 1938, there has been added to this intensely active 
field a body of knowledge which has resulted in a new volume 
about twice the size of the original one. 

The chapter headings serve as an excellent guide to the material 
covered: 1 Introduction, 2 Magnetic Properties of Macroscopic 
Superconductors, 3 Thermodynamic and Other Thermal Proper- 
ties, 4 Structure of the Intermediate State, 5 The Depth of 
Penetration of a Magnetic Field into a Superconductor, and 6 
Theoretical Aspects. 

The author has written a thorough, yet selective book, which 
should be valuable to students as well as research workers. Each 
topic is set in proper historical perspective and is subjected to 
critical discussien by the author. Ta keeping with the practice 
adopted in the first edition, which incorporated an appendix on 
recent work, he has made this book as up-to-date as is possible in 
a field in which new findings appear almost daily. One is struck 
by numerous references to personal conversations with the 
authors of work on which crucial arguments turn. 

Adding to the merit of the book is a series of well-organized 
tables and graphs of critically evaluated data. The author's 
familiarity with the Russian literature has insured firsthand con- 
sideration of an important segment of the literature on super- 
conductivity. 

This book merits a distinguished place in every scientific 
library. Students and low-temperature specialists can, with 
profit, read the entire book, Those who are content with a more 
cursory consideration of the subject will profit from reading the 
introduction and the small, descriptive section on fundamental 
theories, 


4 Manager, Magnetics and Solid State Physics Department, West- 
inghouse Research Laboratories, Fast Pittsburgh, Pa. 


AN ASME PAPER 


Its Preparation, 
Submission and Publication, 
and Presentation 


To a large degree the papers prepared and presented under the 
ASME sponsorship are evidence by which its professional standing 
and leadership are judged. It follows, therefore, that to qualify 
for ASME sponsorship, a paper must not only present suitable 
subject matter, but it must be well written and conform to recog- 


nized standards of good English and literary style. 


The pamphlet on “AN ASME PAPER” is designed to aid authors 
in meeting these requirements and to acquaint them with rules 
of the Society relating to the preparation and submission of 
manuscripts and accompanying illustrations. It also includes 
suggestions for the presentation of papers before Society meetings. 


CONTENTS 


PREPARATION OF A PAPER— 
General information—Style, Preferred Spelling, Length Limitation, 
Approvals and Clearances. 


Contents of the Paper—Titie, Author's Name, Abstract, Body of Paper, 
Appendixes, Acknowledgments, Bibliographies, Tables, Captions, Photo- 
@raphe, Other Illustrations. 


Writing the Paper—Outline Tabulations, Tables, Graphs, Charts for 
Computation, Drawings, Mathematics, Accuracy, Headings and Number- 
ing, Lantern Slides, Motion Pictures, Typing, Number of Copies. 


SUBMISSION AND PUBLICATION OF A PAPER— 


Incention to Subayit Paper Required in Advunce, Meeting Dates, Due 
Dates for Manuscript, Diescussers, Review and Acceptance, Proofs, Ad- 
vance Copies and Reprints, Discussion and Closure, Publication by 
Others. 


PRESENTATION OF A PAPER— 
Time Limit, Addressing Your Audience, Public Address Systems, Use of 


| REFERENCES— 
References on Writing and Speaking, Engineering Standards. 


Price 40¢. No discount allowed. A remittance must accompany 
@ll orders for $5.00 or less. U.S. Postage Stamps are acceptable. 


THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS 
29 West 39th Street, New York 18, N. Y. 


| 
| 
Slides. 


DESIGN DATA AND METHODS 


GLOSSARY OF TERMS 
IN NUCLEAR SCIENCE 
AND TECHNOLOGY 


Here under one cover are all of the design data which were published in the 


Journal of Applied Mechanics from 1945 to March 1953 along with all of the 
material in the first (1944) edition of Design Data. The compilation—200 
pages in length—inciudes formulas and methods of calculcting stresses in 
beams, bars, columns, plates, shafts, and crane hooks; stress component 
formulas; procedures for computing stresses and deformation in pressure 
vessels; design data on press- and shrink-filled assemblies and also for 
piping; factors of working stresses; numerical valves of tangentic! stress 
in thick-walled cylinders; numerical solution of problems of gas flow when 
properties change continuously; and graphical ond numerical procedures for 
method of characteristics for two dimensional supersonic flow; 
oblique shock woves under water; accurate bearing calculations; and methods 
of treating and solving problems of vibration and of balancing rotating appa- this Glossary. 
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DIGITAL AND ANALOG 
COMPUTERS 
AND COMPUTING METHODS 


This book summarizes the present state of high speed 
computation in the field of applied mechanics. It 
discusses the use of analog computers and their ap- 
plication to aircraft design problems and to mechan- 
ical problems. It also shows how digital analog com- 
puters are being used to solve linear algebraic equo- 
tions and to find eigenvalves and eigenvectors. 


1953 $3.60 


chart for 


Now, under one cover, precise definitions for about 
2000 terms used in the fields of reactor theory, reactor 
engineering, chemistry, chemical engineering, biophysics 
and radiobiology, instrumentation, isotopes separation, 
metallurgy, and physics. The Glossary is divided into nine 
sections to enable the user to readily locate the terms pe- 
culiar to each of the afore-mentioned fields. An alpha- 
betica! arrangement of the terms has also been included 
to indiccte the section ar sections in which the definitions 
and the terms will be found. 


Seventeen scientific and technical societies, ten govern- 
mental agencies, and four divisions of the National Re- 
search Council have co-operated in the preparation of 


$7.00 
$4.00 


PROCEEDINGS OF THE FIRST (1951) U. S. 
NATIONAL CONGRESS OF APPLIED MECHANICS 


One hundred and fifty nationally recognized authorities have pooled their 
knowledge and experience to make possible this record of advances in modern 
applied mechanics. The 130 papers in its thousand pages were presented 
at the first technical conference to be held in the United States in 1951; the 
objective of which was to survey the problems confronting the field and to find 
out what engineers were doing to solve them. The coverage includes re- 
searches and investigations in dynamics, vibration, impact, elasticity, photo- 
elasticity, plate theory, elastic instability, plasticity, behavior of moterials, 
fluid flow, aerodynamics, and heat. 


Supplementing the text are comprehensive bibliographies keyed to many 
of the articles, numerous charts, illustrations, and graphs. 


$20.00 


THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS 
29 W. 39th St, New York 18, N. Y. 


DRAMATIC LIFE STORIES OF DISTINGUISHED ENGINEERS — 
TO READ—TO OWN—FOR CHRISTMAS GIVING 
DEXTER S$. KIMBALL—A vital story of a dynamic ee ee 
era and an equally engrossing story of the apprentice Committse Aeronautics, invention re 
machinist who became Dean of Cornell's Engineering 
School. of stories reported in this varied career. 
$4.00 $4.00 
FRANK end LILLIAN GILBRETH—Here is the full impressive story of Frank Gilbreth’s early work in motion study 
and of Lillian Gilbreth’s insistence upon sound psychological approach as a tool of management. : ean 
MORTIMER E. COOLEY—Dean of the College of En- WILLIAM LEROY EMMET—Best known for his inven- 
gineering, University of Michigan, active in consulting tion, design, and development of the mercury-vapor 
engineering, in public service, and as a leader in the power system, Mr. Emmet was also prominently iden- 
work of engineering societies his autobiography re- tifled with other important phases of electrical de- 
flects a breadth of experience achieved by few engi- velopment. interesting accounts of these and his 
neers. many other tasks are interwoven into this self-told story. 
$3.75 $3.50 
i 
TO ASME MEMBERS 


RESOLUTION CHART 


100 MILLIMETERS 


INSTRUCTIONS Resolution is expressed in terms of the lines per millimeter recorded by a particular 
film under specified conditions. Numerals in chart indicate the number of lines per millimeter in adjacent 
“T-shaped” groupings. 

In microfilming, it is necessary to determine the reduction ratio and multiply the number of lines in the 
chart by this value to find the number of lines recorded by the film. As an aid in determining the reduction 
ratio, the line above is 100 millimeters in length. Measuring this line in the film image and dividing the length 
into 100 gives the reduction ratio. Example: the line is 20 mm. long in the film image, and 100/20 = 5. 


Examine “T-shaped” line groupings in the film with microscope, and note the number adjacent to finest 
lines recorded sharply and distinctly. Multiply this number by the reduction factor to obtain resolving power 
in lines per millimeter. Example: 7.9 group of lines is clearly recorded while lines in the 10.0 group are 
not distinctly separated. Reduction ratio is 5, and 7.9 x § = 39.5 lines per millimeter recorded satisfacto- 
rily. 10.0 x § = $0 lines per millimeter which are not recorded satisfactorily. Under the particular condi- 
tions, maximum resolution is between 39.5 and 50 lines per millimeter. 

Resolution, as measured on the film, is a test of the entire photographic system, including lens, exposure, 
processing, and other factors. These rarely utilize maximum resolution of the film. Vibrations during 
exposure, lack of critical focus, and exposures yielding very dense negatives are to be avoided. 
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